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Sammendrag

Statistisk sentralbyrd har i mer enn 40 & gjennomfart omfattende undersakelser om
levekarene for den norske befolkningen. Fra disse undersgkel sene finnes det feks informasjon
om personer er gkonomisk fattige, har darlig helse, lav utdanning, svakt sosialt nettverk, osv.
For & analysere denne type data er det viktig a ta utgangspunkt i den simultane fordelingen av
de aktuelle variablene og dermed ta hensyn til at en og samme person kan vaare darlig stilt pa
flere variable. Men siden det kan vaare vanskelig a avslare et klart manster ved
sammenligning av flere simultane fordelinger for et gitt land over tid eller mellom land for et
gitt &, er det nadvendig & benytte summariske ma som er konstruert for & fange opp
hovedtrekkene i de simultane fordelingene av et sett av levekarsindikatorer. M etodene som
presenteresi denne artikkelen er resultat fra progjektet ” Evaluating the Performance of the
Welfare State” finansiert av VAM-programmet til Norges forskningsrad. Formaet med
prosjektet har vaart & utvikle metoder som kan brukes som grunnlag for & sammenligne graden
av ngd/fattigdom i flerdimensjonale fordelinger av sosiale plager. Ved & benytte prinsipper for
endring av samspillstrukturen mellom levekarsvariablene viser vi dessuten at de foresl atte

metodene kan gis en normativ begrunnel se.



1. Introduction

Since the seminal papers of Sen (1976) and Foster-Greer-Thorbecke (1984), aflourishing
literature has extended the normative approach of poverty measurement to the multidimen-
sional case. In this paper we focus on multidimensional poverty measurement in situations
where the multiple attributes in which an individual can be deprived are represented by di-
chotomized variables. This practice is conventionally adopted by statistical agencies, where
information on whether people have income below a poverty threshold, suffer from poor
health, lack social network, etc is collected (see e.g. Alkire and Santos, 2010 and Alkire and
Foster, 2011). The number of dimensions for which each individual suffers from deprivation
may be summarised in a*“deprivation count” (see Atkinson, 2003). Bossert et al. (2007) use
the counting approach to analyse social exclusion in adynamic context. Bossert et al. (2009),
Lasso de LaVegaand Urrutia (2011) and Alkire and Foster (2011) provide alternative axio-
matic foundations of deprivation measures based on the counting approach.

Being deprived on a single dimension could result from the combination of athreshold and a
continuous or discrete variable (e.g. income, or number of healthy days for year). In what fol-
lowsit is supposed that available data only contain information on whether an individual is
deprived or not on each dimension. This simplification allows us to delve into the question
underlying the “identification” of the poor. Should we define poor only as those people suffer-
ing from deprivation on all dimensions or those that suffer from at least one dimension?
These two opposite views correspond to the so-called “intersection” and “union” approaches
in multidimensional poverty assessment. A related i ssue associated with multidimensional
poverty analysis concerns the order in which the individual observations are aggregated (see
Weymark 2006). Let us consider » individuals and » dimensions. Aggregating first individu-
als deprivation on each dimension, the resulting indicators can be subsequently aggregated
over the r dimensions generating an overall deprivation measure. The Human Poverty Index
(HP!) is a prominent example of this approach.* By contrast, this paper relies on the opposite
order of aggregation. First, by aggregating across the single dimensions for each individual a
“deprivation count” isidentified, representing the number of dimensions for which the indi-
vidual suffers from deprivation. Second, an axiomatic approach is used to derive measures of
deprivation that summarize the distribution of deprivation counts across individuals. As ap-
posed to the HPI, this approach accounts for the association between deprivation indicators.
Moreover, these measures of deprivation are shown to be decomposable with regard to the
mean and the dispersion of deprivation counts, similarly as the mean-inequality trade-off for
rank-dependent social welfare functions.

Atkinson (2003) investigated the relationship between expected utility type of summary
measures of deprivation and the correlation between different attributes.” In the spirit of
Bourguignon and Chakravarty (2003), Atkinson stressed the relevance of the sign of the cross
derivatives of the individual “utility” function with respect to its arguments, and expressed
doubts about the expected utility approach as the most attractive method for analysing count-
ing data. By drawing on the rank-dependent theory of inequality measurement (Y aari 1987,
Aaberge 2001) this paper introduces alternative ranking criteriafor distributions of depriva-
tion counts, where the conditions on the derivatives of the utility function arising from the

! See Anand and Sen (1997).
2 See also Duclos et al. (2006).



expected utility model are shown to be replaced by simple conditions on aweight function
used to distort probabilities in the rank-dependent framework. The shape of the weight func-
tion reveals whether the concern of the social planner isturned towards those people suffering
from deprivation on all dimensions or those suffering from at least one dimension. Thisdis-
tinction is demonstrated also to be captured by two alternative partial orders; second-degree
upward and downward count distribution dominance, which refinesthe trivial ranking imposed
by Pareto dominance (or first-degree stochastic dominance) over the set of deprivation count
distributions. We show that second-degree upward dominance generalizes the union approach
whereas downward dominance generalizes the intersection approach. In order to provide a
normative justification of the dominance criteria we introduce alternative principles of asso-
ciation (correlation) rearrangements, where either the marginal distributions or the mean dep-
rivation are assumed to be kept fixed. The former case is analogue to the correlation-based
rearrangement principles discussed in the literature (se e.g. Atkinson and Bourguignon, 1982,
Bourguignon and Chakravarty, 2003 and Atkinson, 2003). However, as apposed to the previ-
ous literature we will make a distinction between whether an association rearrangement
comes from a distribution characterized by positive or negative association between two or
several deprivation indicators, in the spirit of the statistical literature on measurement of asso-
ciation in multidimensional contingency tables (formed by two or several dichotomous vari-
ables).The introduced association increasing/decreasing rearrangement principles will be
proved to support second-degree downward/upward dominance under the condition of un-
changed marginal distributions; i.e. the number of people suffering from each of the depriva-
tion indicators are kept fixed. However, since real world interventions normally concern
trade-offs that allow reduction in one deprivation indicator at the expense of arise in another
deprivation indicator, we find it attractive to introduce less restrictive association increas-
ing/decreasing rearrangement principles that rely on the condition of fixed number of total
deprivations rather than on the condition of keeping the number suffering from each of the
indicators fixed.

The paper is organized as follows. Section 2 provides an axiomatic characterization of afam-
ily of deprivation measures. These deprivation measures generate linear orders on the set of
deprivation count distributions and are shown to allow decomposition with regard to the ex-
tent and spread of deprivation counts. Second, to generalize the “union” and intersection”
approaches, the criteria of second-degree upward and downward dominance are introduced.
These criteria are shown to be equivalent to the intersection of linear orders on the set of dep-
rivation count distributions generated by well-defined sets of deprivation measures. Section 3
discusses various association intervention principles linked to second-degree upward and
downward dominance criteria and their relationship to two subfamilies of deprivation meas-
ures. Section 4 explains how the framework can be extended to account for different weights.
A brief summary of the main resultsis given in Section 5. Proofs are gathered in the Appen-
dix.

2. Ranking distributions of deprivation counts

We consider a situation where individuals might suffer from » different dimensions of depri-
vation. Let X; be equal to 1 if an individual suffersfrom deprivation in the dimension ;i and 0
otherwise. Moreover, let



X = zr“X,.
i=1

be a random variable with cumulative distribution function £ and mean x, and let £ denote
theleftinverse of F. Thus, X =1 meansthat the individual suffersfrom one deprivation,

X =2 meansthat the individual suffers from two deprivations, etc. We call X the deprivation
count. Furthermore, let ¢, = Pr(X =k) whichyields

(2.1) F(k):zk:qj,k:O,l,Z...,r
j=0
and
(22) p=> kq,.
k=1

Although F'is a discrete distribution function we will for notational convenience occasionally

use the integration symbol when we aggregate across count distributions.

Axiomatic justification of deprivation measuresNext, let F denotes the family of deprivation
count distributions. A social planner’s ranking over F can be represented by a preferencerela-
tion >, which will be assumed to satisfy the following axioms:

Axiom 1 (Order). > Is transitive and complete over F.

Axiom 2 (Continuity). For each F € F the sets {F*e F .'FEF*} and {F*EF .'F*EF} are closed
(w.r.t. Li-norm).

Axiom 3 (First Stochastic Dominance FSD). Let F,,F, € F . If F (k)= F,(k) for all
k=012,...,r then F,=F,.

Axiom 4 (Dual Independence). Let F), F> and F3 be members of F and let ae [0,/]. Then
Fi=F, implies (aF*+(1-a) F;*) = (aF +(1-a) F2)

The first three axioms are quite conventional. Axiom 4 was introduced by Y aari (1987, 1988)
as an aternative to the independence axiom of the expected utility theory. This axiom requires
that the ordering of distributionsisinvariant with respect to certain changes in the distribu-
tions being compared. If F'; isweakly preferred to F,, then Axiom 4 states that any mixture on
F isweakly preferred to the corresponding mixture on £;*. Theintuition is that identical

mixing interventions on the inverse distribution functions being compared do not affect the
ranking of distributions.

Toillustrate this averaging operation, let us consider the problem of evaluating the average
deprivation within couples obtained by matching men and women with the same rank in the
male and femal e deprivation count distributions (i.e. the most deprived man is matched with
the most deprived woman, the second deprived man with the second deprived woman, and so
on). Dual independence means that, given any initial distribution F; of deprivation over the
female population, if within the male population, distribution F; is deemed to contain less
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deprivation than distribution F,, this judgement is preserved after the matching with the
women. Axiom 4 requires this property regardiess of the initial patterns of deprivation and of
the weights associated to male and femal e deprivation counts computing the average depriva-
tion at the household level.

THEOREM 2.1. 4 preference relation > on F satisfies Axioms 1-4 if and only if there exists a

continuous and non-decreasing real function I" defined on the unit interval, such that for all
F,F,e F

1 k -1 k
FrF, & Zr(quj)zzr(quj)
k=0  j=0 =0 =0

Where g, with i=1,2 is the proportion of people with j deprivations in the two distributions,

respectively. Moreover, I is unique up to a positive affine transformation.

For aproof of Theorem 2.1 we refer to Y aari (1987). Note, however, that Axiom 3 differs
from the monotonicity axiom of Y aari (1987), which explainswhy [ is non-decreasing.®

Summary measures of deprivation

Theorem 2.1 shows that a social planner who supports Axioms 1 — 4 will rank count distribu-
tions of deprivation according to the deprivation measure D,. defined by

(2.3) Dr(F):r—rZ_:F(qu),

where7”, with 77(0)=0 and 7"(1) =1, is anon-decreasing function that represents the prefer-
ences of the social planner. Since F' denotes the distribution of the deprivation count, D,.(F)

can be considered as a summary measure of deprivation exhibited by the distribution F. The
socia planner considers the distribution F' that minimizes D,.(F) to be the most favorable

among those being compared.
Atkinson et a. (2002) and Atkinson (2003) call attention to the distinction between the union
and intersection approaches for measuring deprivation. A socia planner who supports the

union approach is particularly concerned with the proportion of people who suffers from at
least one dimension of deprivation (1-¢,) , whereas a social planner in favour of the intersec-

tion approach will focus attention on the proportion of people deprived on al dimensions (¢, )
. By choosing the following specification for 7,

% Since the ordering relation defined on the set of inverse distribution functions is equivalent to the ordering relation defined
on F, the proof of Theorem 2.1 might alternatively be derived from the proof of the expected utility theory for choice under
uncertainty.



0 if0<i<q,
(2.4) Ir'(t)=4q, ift=gq,
1 ifg,<t<]

weget D,.(F)=1-gq,, which means that the union measure can be considered as alimiting
case of the D, -family of deprivation measures. The following alternative specification of the
preference function,

0 if0<t<l-g,

(2.9) I(t)=41-q, ift=1-gq,
1 ifl-gq <t<1

yieldsD,.(F )=r-1+g¢, , which means that also the intersection measure represents a limiting
case of the D,.-family of deprivation measures. Although the union and intersection measures
do not belong to the D, -family (which is generated by continuous 7~ functions) these depri-

vation measures can be approximated within this class (see Le Breton and Peluso 2010 for
general approximation results).

Partial orders

To deal with situations where deprivation count distributions intersect, weaker dominance
criteria than first-degree dominance (Axiom 3) are called for. Aswill be demonstrated below
it will be useful to make a distinction between aggregating across count distributions from
bel O\ZV and from above. We first introduce the “ second-degree downward dominance’ crite-
rion.

DEFINITION 2.1A. 4 deprivation count distribution F| is said to second-degree downward

dominate a deprivation count distribution F, if
1 1
j FY(r)dt < j F;(0)dt for all ue[0,1]

and the inequality holds strictly for some u e <O,l>.

A social planner who implements second-degree downward count distribution dominanceis
especially concerned about those people who suffer from deprivation over many dimensions.
However, an alternative ranking criterion that focuses attention on those who suffer depriva-
tion from few dimensions can be obtained by aggregating the deprivation count distribution
from below.

DEFINITION 2.1B. 4 deprivation count distribution F] is said to second-degree upward

dominate a deprivation count distribution F, if

“ Note that second-degree downward dominance is analogous to the notion of second-degree downward Lorenz dominance
introduced by Aaberge (2009).



j FA(0)de < jF;l(z)dt forall ue[0,1],
0 0

and strict inequality holds strictly for some u e <0, 1> .

Note that second-degree downward as well as upward count distribution dominance preserves
first-degree dominance (Axiom 3) since first-degree dominance implies second-degree
downward and upward dominance.

The following example illustrates the difference between the two principles: Consider two
counting distributions £ and F,. Indistribution £ individual i suffersfrom  deprivations
and individual j from / (/<) deprivations. In distribution £, individual i suffers from /+1
deprivations and individual j from /-7 deprivations. The remaining individuals of the popula-
tion haveidentical statusin £, and F,. A socia planner who supports the condition of sec-
ond-degree downward count distribution dominance will consider F, to be preferableto F,.

By contrast, asocia planner who supports the condition of second-degree upward count dis-
tribution dominance will prefer F, to F, . Accordingly, second-degree upward and downward

count distribution dominance might be considered as generalizations of the union and the in-
tersection approach, respectively.

Let 2, beasubset of the D, -family, defined asfollows

.Q]={F.'F'(t)>0,F”(t)>0forallte(0,]],andf'(0)=0}.

Notethat 7’(0)=0 can be considered as a normalization condition. The following result
provides a characterization of second-degree downward distribution dominance.

THEOREM 2.2A. Let F; and F>; be members of F. Then the following statements are equiva-
lent,

(i) F; second-degree downward dominates F,
(ii) D, (F)<D,(F,) forall I'e £2,.

(Proof'in Appendix).

To ensure equivalence between second-degree downward deprivation dominance and D,.-

measures as ranking criteria, Theorem 2.2A shows that it is necessary to restrict the prefer-
ence function 7~ to beincreasing and convex. If, by contrast, 7~ isincreasing and concave
then Theorem 2.2B provides the analogy to Theorem 2.2A for upward dominance. Let (2, be

defined by
Q,={I:I'(ty>0,I"(t)<0 for te (0,1),and I"'(1) =0} .



THEOREM 2.2B. Let F; and F>; be members of F. Then the following statements are equiva-
lent,

(i) F; second-degree upward dominates F,
(ii) D, (F))<D,(F,) forall I'e £,.
(Proof in Appendix).

Note that even though members of €2, and £2, are strict convex and strict concave we will below
denote them as convex and concave functions.

Decomposition of deprivation measures

Asiswell-known social welfare measures derived from the expected and rank-dependent util-
ity theories allow multiplicative decompositions with regard to the mean and the inequality of
income distributions (see Atkinson, 1970 and Y aari, 1988). An extension to the multidimen-
sional case has been considered by Weymark (2006). In this section we show that the depriva-
tion measures introduced above admit an anal ogous decomposition in terms of the mean and
the dispersion of the deprivation count distributions. Moreover, it is demonstrated that the
structure of this decomposition depends on whether the preferences of the social planner are
more in line with the union or with the intersection approach.

The following example motivates the methods introduced in this section:

Example 1. Two aternative policies produce the following distributions of two-dimensional
deprivation: F;, where 50 per cent of the population suffers from one dimension and the re-
maining 50 per cent suffers from the other dimension; F, where 50 per cent of the population

does not suffer from any deprivation and the remaining 50 per cent suffers from both dimen-
sions. Thus, the mean number of deprivation is 1 for both distributions, but the intersection
measure ranks F; to be preferableto F, whereas the union measure ranks F, to be preferable

to £ . Aninteresting question iswhich restrictionson 7~ that guarantee that D,. ranks F; to
be preferableto F, or vice versa

Asit will be demonstrated below, the ranking of £, and F, provided by D, depends on

whether 7" is convex or concave, which according to Theorems 2.2A and 2.2B depend on
whether the social planner favors second-degree downward or upward count distribution
dominance. Thisjudgment can be equivalently expressed in terms of the mean and the disper-
sion of the deprivation count distributions. The intuition of thisresult is now presented
through the two-dimensional case, then the general r-dimensional case follows.

Let r=2,1.e. X=X,+X,,
Py :Pr((Xl=i)ﬁ(X2:j)), p.=Pr(X,=i) and p_, =Pr(X,=j).

Thus, ¢, =Pr(X =k) canbeexpressed by p,,i, /=12 inthefollowing way:

10



90 = Poo
(2.6) ¢ =Pt Pa
9> = P

The 2x2 caseisillustrated in Table 2.1.

Table 2.1. The distribution of deprivation in two dimensions

X
0 1
0 Poo Pa Do
X Pro Pu Pt
1
Pio P 1
The distribution F of X is given by
k
(2.7) F(k)=Pr(X<k)=>q,, k=012,

J=0
where F(2) =1 and the mean isdefined by 1 =¢q, +2q,.

In this case the class of deprivation measuresD,.(F) defined by (2.3) isgiven by
(2.8) D (F)=2-T(1-q,)-T(qo) -

Notethat I" can be interpreted as a preference function of a social planner that assigns lower
weights for one than for two deprivation counts.

To supplement the information provided by D,.(F) and u , it will be useful to introduce the
following measure of dispersion,

2{2% F(Zq )} -I'(qy)+(1-q,)—1I(1-q,) when I is convex
29 4.(F)=]"

ZI:{F(Zq )— Zq } I'(qy)—q,+1'(1-q,)—(1-q,) when I is concave

k=0 j=0

It can easily be observed from (2.9) that 4,.(F)=0 if and only if ¢,,q, or ¢, isequal to 1,
which means that every individual suffersfrom 0, 1 or 2 deprivations. Since

11




qo+1—q,)=2-q,—2q,=2—u, by inserting (2.9) in (2.8) it follows that the deprivation
measure D, admits the following decomposition

(2.10) D, (F)= {/U +A4,.(F) when I is convex

U—A-(F) when I is concave.
Thus, by using (2.10) we may identify the contribution to D,. from the average number of
deprivations (u ) aswell asfrom the dispersion of deprivations across the population. More-

over, expression (2.10) demonstrates that a social planner who is concerned about reducing
the mean number of deprivations as well as the dispersion of deprivations across the popula-
tion will use ameasure D,. with aconvex I~ whenever he/she pays particular attention to

people who suffer from many deprivations. By contrast, when the social planner uses criterion
D,. with aconcave 7", he/sheis more concerned about the number of people who are de-

prived on at least one dimension (the union approach) as compared to individuals deprived on
all dimensions (the intersection approach). In thiscase D,. can be expressed as the difference

between the mean number of deprivations in the population and the dispersion of deprivations
across the population. Thus, with 7~ concave, D,. decreaseswhen A4,. increases.

By employing the criterion D,.(F) defined by (2.10) to Example 1, it followsthat F; ispre-
ferred if the social planner relies on aconvex 7. By contrast, F, isconsidered to be prefer-
ableif aconcave I" represent the preferences of the social planner.

By inserting for 7"(f) =2t —t*or I'(r)=¢* in (2.8) and (2.9) we get the following expressions
for the Gini measure of deprivation and the Gini measure of dispersion (which corresponds to
the Gini mean difference j F(x)(1-F(x))dx)®,

+q,1-q,)+2q,1-q,) -2 hen I'(t) =t
211) DF(F):{ﬂ W=+ 20(-4) =204, when TO=r"
1—=q,1=q,)—2q,(1-q,) + 29,9, when I"(t) =211t
and
(212) Ay (F)=q,(1-q,) + 9,(1— 9,) = 9,1 q,) + 29,(1- q,) — 29,9, -
Note that A, takesits maximum value when ¢, = ¢, :%.

The r dimensional case

Next, we consider the » dimensional case formed by the multinomial distribution of » depriva-

tion indicators X, X,,..., X, . Inthis case qu =1 and themean u isgiven by (2.2). Simi-
k=0
larly asin the 2x2 case we get that D,.(F) admits the decomposition

® Gini’s mean difference was aready used by von Andrae (1872) and Helmert (1876) as a measure of dispersion.
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(2.13)

l)r(}v) ::{

where the dispersion measure 4,.(F) is defined by

(2.14)

Ajr(lr)::

k=0| j

ra)-3

k
4,

Jj=0

iqj _F(iq;)

U+ A (F) when I is convex

U—A-(F) when I is concave,

when I is convex

when I is concave,

r=1 k
Note that Dr(F)ZV_ZZ% =u and u <D, (F)<r when I is convex , and

k=0 j=0

0< D.(F) < u when I is concave. When I is convex the minimum value of D,.(F) isat-
tained when A,.(F£)=0; i.e. when each individual of the population suffers from the same
number of deprivations, whereas the maximum value of D, (F) is attained when
A.(F)=0.5;i.e.when 50 per cent of the population does not suffer from any deprivation

and the remaining 50 per cent suffer from every dimension of deprivation. By contrast, for
concave 7~ the minimum and maximum values of D,.(F) are attained when A4,.(F') isequal

to 0.5and 0.

The decomposition (2.13) suggests that D,.(F) obeys the principle of mean preserving spread
when 7" is convex; i.e. D,.(F) increases when the number of deprivations at the middle of the

count distribution is shifted towards the tails, under the condition of fixed total number of

deprivations. However, when /" is concave, the summary measure D, (F) decreases as a

consequence of a mean preserving spread. This is due to the fact that such an operation will
increase the number of people who do not suffer from any deprivation and/or suffer from a
few dimensions of deprivation.

As for the two-dimensional case, we get by inserting for 7°(r)=¢* and I"(t) =2t —¢* in (2.13)
and (2.14) the following convenient expressions for the Gini measures of deprivation and dis-
persion,

U+ A (F) when I'(t) =t

(2.15)
U—A(F) when I'(t)=2t—t>.

l)r(]r) ::{

13



where

r=1 r-1

(2.16) A,(F)=Skgu(1-q,)-25 S jkq.q, .

j=0k=j+1

More generaly, by inserting a parametric specification of I we can derive dternative
parametric subfamilies of 4 and D. If the preference function is defined by

(2.17) r@==¢,
then

S qu_(ij)l ,i21
(2.18) A (F)=A(F) = ka "’°k -

|,0<i<1.

I
8
A

k=0| ;=0 j=0

Note that 4 can be considered as a measure of |eft-spread when 0 <i < 7 and ameasure of

right-spread when i > /. The next sub-section will clarify the relationship between a mean
preserving spread, second-degree upward and downward count distribution dominance and
association rearrangements.

3. Association rearrangements

To provide a normative justification of upward and downward count distribution dominance
aswell asfor employing the deprivation measures D,. for concave and convex 7, we intro-

duce association intervention principles similar to those discussed by Epstein and Tanny
(1980), Boland and Proschan (1988) and Tsui (1995, 1999, 2002). We will analyze rear-
rangements in the achievement space that lead to mean-preserving spreads/contractions in the
space of the deprivation counts. The previous literature does not distinguish between positive
and negative association (or correlation). By contrast, we make a distinction between whether
an association rearrangement comes from a distribution characterized by positive or negative
association between two or several deprivation indicators, in the spirit of the statistical litera-
ture on measurement of association in multidimensional contingency tables (formed by two or
severa dicotomous variables). Various authors (see e.g. Yule, 1910 and Mosteller, 1968) have
emphasized the importance of separating the information of a 2x2 table provided by the asso-
ciation between the social indicators X; and X, from the information provided by the marginal
distributions ( p,,,p,. ) and ( p.,, p.,) . For 2x2 tables (see Table 3.1) this objective corre-

sponds to introducing measures of association that are invariant under the transformation

14



(31 p; ~abp,

11
for any set of positive numbers {4} and {»,} suchthat 3"> ab p,=1.

i=0 j=0

The cross-product « introduced by Y ule (1900) and defined by

(32) o= pO()pI]
PoiPio

isameasure of association that satisfies the invariance condition (3.1), whereas the correla
tion coefficient does not. Thus, the association measure o and the marginal distributions
(Po.,py.) @d (p,, p.,) together provide complete information of Table 3.1. Note that

ae[0,), =1 if theindicators X; and X, are independent, o=0 when p,, = p,, =0 and

o — e When p, =p,, =0.Intheformer case thereis perfect negative association between
the two indicators, whereas it is perfect positive association in the latter case. Accordingly, it
isrequired to make a distinction between positive association increasing rearrangements,
positive association decreasing rearrangements, negative association increasing rearrange-
ments and negative association decreasing rearrangements’.

DEFINITION 3.1A. Consider a 2x2 table with parameters ( p,,, p,,, P,y P,;) Where

ZZpU =1land o> 1. The following marginal-free change ( p,,+6,p,, —9,p,,—0,p,, +9J) is

said to provide marginal distributions preserving positive association increasing (decreasing)
rearrangement if 6>0 (6<0).

DEFINITION 3.1B. Consider a 2x2 table with parameters (p,,, p,. P, P;) Where
ZZpij =1land a<1. The following marginal-free change ( p,,+9J,p, —0,p,,—0,p,, +0) is

said to provide a marginal distributions preserving negative association increasing

(decreasing) rearrangement if <0 (5>0).

Anillustration is provided in the tables below, where the right (Ieft) panel of Table 3.1 isob-
tained from the left (right) panel by a positive association increasing (decreasing) rearrange-
ment, whereas the right (left) panel of Table 3.2 can be obtained from the left (right) panel by
anegative association increasing (decreasing) rearrangement.

® For similar definitions of association increasing rearrangements based on the correlation coefficient we refer to Atkinson
and Bourguignon (1982), Dardanoni (1995) , Tsui (1995, 1999, 2002), Bourguignon and Chakravarty (2003), Duclos et al.
(2006) and Kakwani and Silber (2008). See also Tchen (1980) who deals with positive association (or concordance) between
bivariate probability measures and Decancq (2011) for a recent generalization of these principles and an analysis of their
links with stochastic dominance.
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Table 3.1. Rearrangement that increases a positive association

0 1 0 1
0 .30 .20 .50 0 31 19 .50
.20 .30 .50 1 19 31 .50
.50 .50 1 0.50 0.50 1

Table 3.2. Rearrangement that increases a negative association

0 1 0 1

0 .20 .30 .50 0 19 31 .50
.30 .20 .50 1 31 19 .50
.50 .50 1 .50 .50 1

Mean preserving association rearrangements

The association increasing/decreasing rearrangement principles defined by Definitions 3.1A and
3.1B prove to support second-degree downward/upward dominance under the condition of un-
changed marginal distributions; i.e. the number of people suffering from each of the deprivation
indicators are kept fixed. However, since real world interventions normally concern trade-offs
that allow reduction in one deprivation indicator at the cost of arise in another deprivation indi-
cator, we find it attractive to introduce association increas ng/decreasing rearrangement princi-
plesthat rely on the condition of fixed number of total deprivations, rather than on the condition
of keeping the number suffering from each of the indicators fixed. Since the correlation coeffi-
cient does not satisfy the invariance condition (3.1) it is not fully informative about the associa-
tion between two variables, and consequently inappropriate as a measure of association for de-
fining mean preserving increasing (decreasing) rearrangement principles. This limitation of the
correlation coefficient motivates our use of the cross-product o as a measure of association in
the definitions of the principles of mean preserving increasing (decreasing) rearrangement as
well asin Definitions 3.1A and 3.1B, athough the condition of fixed marginal distributions
alows the use of the correlation coefficient in the latter definitions.

DEFINITION 3.2A. Consider a 2x2 table with parameters ( p,,, py,, P,y P, ) Where
ZZpU. =1land o> 1. The following change (p,, +9J,p,,,p,, —29,p,, +J) is said to provide

a mean preserving positive association increasing (decreasing) rearrangement if 6> 0

(6<0).

DEFINITION 3.2B. Consider a 2x2 table with parameters ( p,,, Py;» D0, P;; ) Where
Y>> p,=1and a<1. The following free change (p,, +6.p,.p,y—26.p, +3) is said to pro-

vide a mean preserving negative association increasing (decreasing) rearrangement if
0<0(6>0).
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It follows straightforward from Definitions 3.2A and 3.2B that the mean preserving associa-
tion principles make a mean preserving rearrangement that reduces the number of people suf-
fering from indicator X; at the cost of increasing the number of people suffering from indica-
tor X, when 6> 0 and vice versawhen 6 <0 . Asillustrated by Table 3.3 the right (left) panel
can be obtained from the left (right) panel by a mean preserving positive increasing (decreas-
ing) rearrangement, since the association is negative and the mean is kept fixed equal to 1
under the rearrangement where 6 =.01.

Table 3.3. Illustration of mean preserving decreasing negative associ ation rearrangements
0 1 0 1
0 20 .30 .50 0 21 .30 51
.30 .20 .50 1 .28 21 49
.50 .50 1 49 51 1

Since the condition of fixed marginal distributions also implies that the means are kept fixed,
it follows that Definitions 3.1A and 3.1B can be considered as a special case of Definitions
3.2A and 3.2B, respectively. Thus, we will focus attention on Definitions 3.2A and 3.2B be-
low.

Definitions 3.2A and 3.2B can readily be extended to higher dimensions. However, for alarge
number of dimensions the standard subscript notation becomes cumbersome. Thus, we find it
convenient to introduce the following simplified subscript notation p,, , where i and j repre-

sents two arbitrary chosen deprivation dimensions and m represents the remaining »-2 dimen-
sionsand ¢, isdefined by

(3.3) o, =Ll
pijmpjim

where m isar-2 dimensional vector of any combination of zeroes and ones. In this case asso-
ciation is defined by r(r-1)/2 cross-products.

In order to deal with r-dimensional counting data we introduce the following generalization of
Definitions 2.2A and 2.2B,

DEFINITION 3.3A. Consider a 2x2x...x2 table formed by s dichotomous variables with pa-
rameters ( Py, P> D jm> P ym ) Where ZZZpijm =land ay, > 1. The following change
(Pim+ O, D> Djim = 20, D, + 0) s said to provide a mean preserving positive association in-

creasing (decreasing) rearrangement if >0 (6<0).
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DEFINITION 3.3B. Consider a 2x2x...x2 table formed by s dichotomous variables with pa-
rameters ( Py, Py D jm» P ym ) Where ZZZ Py, =1 and a, < 1. The following change
( Dim * O, P> Djim — 20, P, +0) s said to provide a mean preserving negative association in-

creasing (decreasing) rearrangement if 6<0(0>0).

Asisdemonstrated by Theorems 3.1A below, a socia planner who isin favour of second-
degree downward dominance will consider a mean preserving positive association increasing
rearrangement as well as a mean preserving negative association decreasing rearrangement as
arisein overal deprivation. By contrast, a planner who favours upward second-degree domi-
nance will consider such rearrangement as areduction in the overall deprivation. Moreover, it
is proved that the principles of mean preserving association increasing/decreasing rearrange-
ment are equivalent to the mean preserving spread/contraction defined by

DEFINITION 3.4. Let F; and F; be members of the family F of count distributions based on s
deprivation indicators and where F; and F, are assumed to have equal means. Then F is said
to differ from F'; by mean preserving spread (contraction) if A,.(F,)> A,.(F,) for all convex

I (A.(F,)<A.(F) forall concave I").

Note that Definition 3.4 is equivalent to a sequence of the mean preserving spread introduced
by Rothschild and Stiglitz (1970). Thisis easily seen by combining statements (ii) and (iii) of
Theorem 3.1A and equation (A5) of the Appendix.

THEOREM 3.1A. Let F; and F>; be members of the family F of count distributions based on s
deprivation indicators and assume that F; and F, have equal means. Then the following
Statements are equivalentt

(i) F; second-degree downward dominates F,

(ii)F; can be obtained from F; by a sequence of mean preserving positive association increas-
ing rearrangements when o> 1 and a sequence of mean preserving negative association
decreasing rearrangements when o<1

(iii)F'; can be obtained from F; by a mean preserving spread.

(Proof in Appendix).

THEOREM 3.1B. Let F; and F> be members of the family F of count distributions based on s
deprivation indicators and assume that F; and F> have equal means. Then the following
Statements are equivalent

(i) F; second-degree upward dominates F,

(ii)F> can be obtained from F; by a sequence of mean preserving positive association de-
creasing rearrangements when o> 1 and a sequence of mean preserving negative associa-
tion increasing rearrangements when o<1 .

(iii)F'; can be obtained from F; by a mean preserving contraction

(Proof in Appendix).
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By combining Theorems 2.2A and 3.1A and Theorems 2.2B and 3.1B it follows that the D, -

measures satisfy the association intervention principles introduced above, where a distinction
has been made between whether an association rearrangement comes from a distribution
characterized by positive or negative association.

4. Accounting for different weights

Replacing the outcome 1 by the weights w; and w;, as outcomes for the marginal indicator
distributions in the two-dimensional case, the distribution of deprivation for two dimensions
isgiven by the following table

Table 4.1. The distribution of weighted deprivation in two dimensions

)? 1
0 w2
X, 0 Po Par Por
Wi Pro Pu P
Pio Pu 1

Next, by assuming that w;, <w,, thevariable X defined by X = X, + X, = w.X, +w,X, canbe
considered as aweighted counting variable. The distribution F of X isgiven by

Pwo if z=0
- + if z=w
(4.1) F(z)= Poo T Pio f 1
Pt PotPy i z=w,
1 if z=w +w,.

Theorem 2.1 shows that a social planner who supports Axioms 1 — 4 will rank count distribu-
tions of deprivation according to the criterion D,. defined by

(42) Dy(F)=[(~T(F(z))dz,

where 7", with 77(0)=0 and 7"(1) =1, is a non-decreasing function that represents the prefer-

ences of the social planner. Thus, the social planer considers the distribution £ that mini-
mizes D,.(F ) to be the most favorable among those being compared. Since F denotes the

weighted count variable distribution of deprivation, [)F( F ) can be considered as a measure
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of the extent of deprivation exhibited by the distribution £ . Now, by inserting the mean
= j(l— F(z))dz in (4.2) we obtain the following decomposition

.~ i+ A, (F) when I is convex
(4.3) Dp(F)= S
A—A.(F) when I is concave

where A, (F ) isdefined by

- . {I(ﬁ(z)—F(ﬁ(z)))dz when I is convex
(4.9 A(F)=

I(F(F(Z))—F(z))dz when I is concave.

Expressions (4.3) and (4.4) demonstrate that Theorems 2.2A, 2.2 B, 4.1A and 4.1B are valid
for weighted count distributions as well.

5. Summary and discussion

The conventional approach in official statistics aswell asin most empirical studies of multi-
dimensional deprivation isfocusing on the distribution of the number of dimensionsin which
people suffer from deprivation. This paper is concerned with the problem of ranking and
quantifying the extent of deprivation exhibited by multidimensional distributions of depriva-
tion where the multiple attributes in which an individual can be deprived are represented by
dichotomized variables. By drawing on the rank-dependent social evaluation framework that
originates from Sen (1974) and Y aari (1988) this paper introduces summary measures of dep-
rivation that proves to allow decomposition into extent of and dispersion in the distribution of
multiple deprivations. To provide a normative justification of the proposed deprivation meas-
ures two intervention principles affecting the association (correlation) between the different
deprivation indicators and the spread of the deprivation counts are adopted.

Notice that that the deprivation indicators are assumed to be perfect substitutes by construc-
tion, since the counting approach attaches an equal weight to each of the single indicators. As
is demonstrated in Section 4, the framework provided in this paper can be extended to allow
for different weighting profiles across the multidimensional distribution of deprivations.
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Appendix - Proofs

LEMMA 1. Let H be the family of bounded, continuous and non-negative functions on [0,1]
which are positive on (0,1> and let g be an arbitrary bounded and continuous function on

[01]. Then

[g(t)n(t)dt>0  for all he H
implies
g(t)=20 forallte [0,1]

and the inequality holds strictly for at least one te (0,1).
Proof of Theorems 2.2A and 2.2B. Using integration by parts, we get:

D (F,)=Dp(F) = [(L- T (0)d(F; (1) - (1)

=—I"(O)[ (F ()= . @)de + [ T () [ (F5(6) = F; () dedlu.

Thus, if (i) holdsthen D,.(F) < D,(F,) forall I'c £,.

To prove the converse statement we restrict to preference functions 7" e £2,. Hence,
1 1
Dr(F,)=Dp(F,)= [ I"(w)[ (F;*(t)— F(t))dtdu,
0 u

and the result is obtained by applying Lemma 1.

The proof of Theorem 2.2B is analogous to the proof of Theorem 2.2A, and is based on the
expression

D (F,) =Dy () = [Q- T (0)d(F () - F (1))

= PO (50~ )i~ [ T (50) - F 0)e
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which is obtained by using integration by parts. Thus, by using arguments like those in the
proof of Theorem 2.2A the results of Theorem 2.2B are obtained.

Proof of Theorems 4.1A and 4.1B.

As demonstrated by Hardy, Littlewood and Polya (1934) an equivalent condition of Defini-
tion 2.1A isgiven by

(A1) TF(x)de]iﬁ(x)dx for all ye[0,e),

where F(k)=Fl(k):Zk:qj and F"(k):Fz(k):Zk:qj .

J=0 J=0

By inserting for F and F in (A1) we get that F second-degree downward dominates £ if and
only if

iqk Zzzqk fOriZO,l...,l"—l.

j=i k=0 Jj=i k=0

r—1 r=1 j
(A2)

Next, assume that (ii) istrue; i.e.

Diim = Pim T 0, Dy = Py Djin = Pjin — 20 and p,, = p,, +6 which we assume corresponds
to changes in the number of people suffering from«¢ (p,,, ), t+1 (p,, + p,,) andt+2

( p;, ) deprivations such that

(A3) 4=9+96,4,,=9,.,—-20,4,.,=q,,+0and G, =q, forallk#tt+1t+2,

which means that the mean of F isequal to the mean of F.
Inserting for (A3) in F yields
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q, fork=01..1-1

q,+6 fork=t

(A4) F(k)=YG,=
q,—6 fork=t+1

M- i 1M 3

~
I
o

q;, fork=t+21+3..r.

It follows by straightforward calculations that (A4) implies (A2) and thusthat (ii) implies (i).

To prove the converse statement, assume that (i) istrue, i.e. that (A2) isvalid. Since F and #
are step functionsiit can be demonstrated that there exists a sequence of discrete distribution

functions F;,F,,...F’ suchthat F=F;, F=F and F!, differsfrom £’ by amean preserv-
Ing positive association increasing rearrangement, i.e. £, — F" isgiven by

0 fork=01..,-1
o fork=t
-0 fork=t+1
0 fork=t+2t+3..r.

(A5) Foa(k)-F (k)=

Next, we use (A5) to construct £ from F, F; from F; andfinaly F from F~,. There-
quired number of iterations (s) depends on the number of steps exhibited by the difference
F-F.

The equivalence between (i) and (iii) follows directly from Theorem 2.2 A.

The proof of Theorem 4.1B is analogous to the proof of Theorem 4.1A. Thus, by using argu-
ments like those in the proof of Theorem 4.1A the results of Theorem 4.1B are obtained.
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