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1 Introduction

A well known result is that the social benefits to research and devel-
opment (R&D) may be larger than the private benefits since knowledge
generated from private firms’ R&D activity spills over to other firms and
expands future R&D opportunities (Griliches, 1995, Jones and Williams,
2000). However, policy makers and environmentalists often claim that
R&D in new, emerging technologies require special attention. One re-
curring argument is that emerging technologies need a pull or a push
to get started since the social benefits of R&D in such technologies are
larger than the benefits of R&D in mature technologies.

In the climate change debate technology development is a catchword.
In particular the development of low carbon emission technologies like
wind and solar power, carbon capture and sequestration, and hydrogen
technology for the transport sector receive a lot of attention from politi-
cians. A key policy question is whether such technologies warrant more
governmental support than other more mature technologies.

In general economists are not so enthusiastic about using public funds
to promote R&D in particular technologies on behalf of R&D in other
technologies. The main reason is that there may be market failures in
all research markets. Innovation externalities, e.g. knowledge spillovers,
give rise to undersupply of R&D in both emerging and mature tech-
nologies. Thus R&D subsidies to correct for the undersupply should be
uniform as long as the innovation externalities are similar in all technolo-
gies. However, the innovation externalities might be directly dependent
on the maturity of the technology. The reason for this dependency is
that when the pool of knowledge in a technology is large a new idea
might not provide the same spillovers to future R&D as when the pool
of knowledge is smaller.

In this paper I study how innovation externalities caused by knowl-
edge spillovers may differ between technologies of different maturity. By
the maturity of a technology I mean the accumulated knowledge in that
technology, i.e. the size of the knowledge stock. In particular, I ask if
the undersupply of R&D from private firms is the same in an emerging
technology as in a mature technology.

I find that the governmental support for R&D in emerging and ma-
ture technologies should not be equal. The reason is that R&D in the two
technologies are not equally undersupplied on a transition path. Thus
the maturity of the technologies matters when policy makers are to give
social efficient subsidies to different R&D industries.

The reason maturity matters for optimal policy is that the production



of new ideas depends on the accumulated stock of knowledge from previ-
ous R&D production, i.e. "standing on shoulders". When the knowledge
stock increases the private firms get a productivity gain through im-
proved output of conducting R&D. Further, the productivity gain from
new ideas is declining in the size of the knowledge stock, i.e. decreasing
returns to new ideas (Jones, 1995 and 1999). Since these spillovers to
future R&D are external to private firms, R&D activity should be sub-
sidized. The size of the spillovers depends on how large the productivity
gain from new ideas is and how many researchers that take advantage
of the productivity gain, i.e. the level of R&D activity in future peri-
ods. R&D activity is higher in the mature technology due to lower costs,
while the productivity gain from a new idea is higher in the emerging
technology. That the spillovers are dependent on the knowledge stocks
implies that R&D subsidies to the two technologies should not be equal.
Whether the emerging technology or the mature technology is more
undersupplied in the market solution depends on the sum of the output
elasticities with respect to labor and knowledge in R&D production,
i.e. the elasticity of scale. R&D in the mature technology should be
subsidized more when the elasticity of scale is larger than one, while
R&D in the emerging should be subsidized more when the elasticity of
scale is smaller than one. The reason is that when the output elasticities
are high the social benefits from investing in the mature technology
are so large that it is optimal to allocate even more resources to the
mature R&D industry than in the market solution in order to exploit the
initial higher productivity in the mature technology. When the output
elasticities are low the productivity advantage in the mature technology
is smaller and the social allocation to the emerging R&D industry is
larger than the private allocation due to the diminishing returns to new
patents in R&D production. Thus, an immature technology should only
receive more governmental support than other technologies for a specific
range of values for key output elasticities in the R&D production.
Gerlagh et al (2007) study maturity of technology and public R&D
support. They find that the optimal subsidy to a maturing technology
falls over time. However, they find this in a model with one technology
sector and thus lack the relative consideration of the undersupply be-
tween emerging and mature technologies. Further, their finding comes
as a result of inefficiencies in the R&D market related to limited patent
lifetime. They find that the subsidy rate should be falling because the
value of abatement increases rapidly in the beginning as the carbon tax
increases. Hence, the early innovators get a smaller share of the benefits
from this increase than late innovators because patent lifetime is lim-
ited, not because the technology is less developed in the beginning, i.e.



a small initial knowledge stock, which is the case in this paper.

I develop a semi-endogenous growth model in the spirit of Jones
(1995) in order to analyze how the relative undersupply of R&D depends
on the maturity of the technologies. The model has two R&D indus-
tries which deliver patents (ideas) to two differentiated technologies, one
emerging technology and one mature technology. The productivity of the
R&D industries is increasing in the accumulated knowledge stock in the
respective technologies. On the balanced growth path the model gives
the standard result on scale effects for semi-endogenous growth models,
i.e. subsidies to R&D do not influence long run growth rates. How-
ever, innovation policy affects the growth along a transition path and
thus affects the level of income (production) on the balanced growth
(Jones and Williams, 2000). On the transition path towards the bal-
anced growth path R&D subsidies corrects for the undersupply of R&D
from private firms. This correction speeds up the process of reaching the
balanced growth path and gives level effects to income. Perez-Sebastian
(2007) shows that the long run level effects of innovation policies can
be substantial in a semi-endogenous growth model. The main focus in
the paper presented here is to study the relative undersupply of R&D
in the two types of technology outside the balanced growth path. This
relative undersupply arising from different maturity of technologies is to
my knowledge not much studied.

How different types of technology can be undersupplied in the mar-
ket is analyzed by Hart (2008). Rather than looking at public support
to technology investment, he implements optimal second-best carbon
taxes. These taxes may be higher than the Pigouvian level in order to
encourage investment in emissions-saving technology at the expense of
general production technology. The reason is that the emissions-saving
technology may be relatively more undersupplied than the other tech-
nology. However, this result comes from an increased scarcity of the
environmental good through a rising shadow price of emissions rather
than the maturity of technology, which is the sole cause for the relative
undersupply of technology in this paper.

In another study Kverndokk and Rosendahl (2007) finds that newly
adopted technologies should be subsidized more than older technologies.
Their technology externalities, however, come from learning effects, as
opposed to R&D externalities in this paper. In their model the learn-
ing effects are strongest for newly adopted technologies so they have
higher spillovers than older technologies. Further, the optimal subsidies
decrease over time, as the learning effects diminish.

R&D externalities and subsidies to environmental friendly technolo-
gies are studied in Heggedal and Jacobsen (2008). They find that the



subsidy rate to environmental R&D should be increasing in the carbon
tax and that the R&D subsidies should fall over time since spillovers are
larger in early periods due to decreasing returns to new ideas. However,
they only study subsidies to R&D in one type of technology, and do not
analyze the relative undersupply of R&D in technologies with different
maturity.

There are several papers that study innovation in multi-sector-R&D
models with symmetric equilibria (e.g. Smulders and van de Klundert,
1995 and 1997; Young, 1998; Segerstrom ,2000; Li , 2000 and 2002;
Peretto and Smulders, 2002). However, the symmetric equilibria in the
respective types of innovation sectors, variant expansion and/or quality
improvement, imply that the papers do not study the consequences of
differences in R&D productivity between firms. There are several other
papers with multi-sector-R&D models that have asymmetric equilibria in
the innovation sectors (e.g. Acemoglu, 2002; Smulders and Nooij, 2003;
Grimaud and Rouge, 2008). However, these papers do not study the
implication that different maturity of technologies has for the allocation
of resources between R&D industries.

Two papers that specifically take the maturity of technologies into
account are Doi and Mino (2005) and Reis and Traca (2008)'. Doi and
Mino (2005) investigate equilibrium dynamics in a model of endogenous
technological change with two R&D industries. They find that the rela-
tive size of the knowledge stocks matter for the allocation of resources to
production of consumer goods and production of R&D. Reis and Traca
(2008) analyze the implication of a leading and a laggard technology for
long run growth in a model with quality improvement?. They find that
intersectoral spillovers may prevent a monopolization of the market by
the productivity leader and thus prevent a stagnation of growth. Neither
Reis and Traca (2008) nor Doi and Mino (2005) account for decreasing
returns to new ideas which is done in this paper. Further, both studies
only investigate the market equilibrium and do not look into the connec-
tion between spillovers, the maturity technologies and optimal policies.

The paper is organized as follows. Section 2 gives an illustration of
the core mechanism in the model, while the model is laid out in Section 3.
The relative undersupply of the technologies is analyzed in Section 4. A
numerical simulation is presented in Section 5, and Section 6 concludes.

I Although few papers, to my knowledge, investigate the consequences of different
maturity for R&D policy in closed economies, there are several studies of cross-
country differences in technological development. Many of these studies focus on the
distance to the technology frontier and differences in growth rates and income, see
e.g. Aghion and Howitt (2006) and Madsen (2008).

2See e.g. Aghion et al (2001) for more references on other leader and laggard
quality improvement models.



2 Illustration

One reason why R&D in emerging and mature technologies may not
be equally undersupplied is that a typical patent production function is
concave in the amount of previous patents (ideas). A functional form
often used in growth models is

A=vI?A?:0<A<1,0<p <1, (1)

where A is the production of new patents, L is labor input, v is an exoge-
nous technology factor, A is the output elasticity with respect to labor,
¢ the output elasticity with respect to patents, i.e. the spillover para-
meter, and A is stock of patents accumulated from previous periods, i.e.
the knowledge stock. The spillover parameter reflects the effect of the
existing knowledge stock on the production of patents. A spillover para-
meter below one is supported by both theoretical and empirical findings
(Jones, 1995 and 1999; Jones and Williams, 2000; Gong et al, 2004).
With a parameter below one the model exhibits weak scale effects and
long run growth rate of patents is dependent on the population growth
rate, which are the main characteristics of semi-endogenous growth mod-
els (Jones, 2005). The patent productivity is increasing in the knowledge
stock in the following way:

g—ﬁ = v pA > 0. (2)
This productivity gain is the source of the spillover effect. Patents from
previous periods lower the cost of producing new patents. The ultimate
reason is that ideas are non-rival goods, in the sense that one entity’s use
of an idea does not diminish the benefit for other entities’ simultaneous
use. Patent protection rights may give excludability for products based
on new ideas. However, this does not prevent others using that idea to
create new ideas, i.e. "standing on shoulders of giants". This spillover
from the production of a patent to all firms that produce patents in
later periods is not accounted for by the individual firms, i.e. it is an
externality. The spillovers implies that the firms undersupply patent
production to the market, and a policy maker should try to correct for
this, e.g. by subsidizing R&D.

From (2) it is clear that patents in a mature technology can be pro-
duced with less resources than in an emerging technology, where matu-
rity is defined by the size of A. Ceteris paribus, the mature technology
will be allocated more resources than the emerging technology both in
the private and the social (optimal) equilibrium. The amount of labor
input in future periods’ patent production influences the spillovers from
current period production in the following way:
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In a future period with large R&D production the benefits are greater
from an increase in the stock of ideas because it lowers costs for a larger
production set. In other words the benefits are greater when a new
patent spills over to more R&D firms and researchers. I find it convenient
to name this effect expressed by A the spillover size effect. This effect
gives that the spillovers are larger in the mature than in the emerging
technology which implies that R&D in the mature technology should be
subsidized more.

On the other hand there is the concavity of the production function
which implies that the change in patent productivity is smaller when the
knowledge stock is larger:

B = (6-1) <0 @)

The reason is that when a new patent is added to a large set of other
patents this does not increase the R&D opportunities in future periods
as much as and additional patent when there are few other patents.
Thus a new patent in an emerging technology sector provides a greater
productivity increase than a new patent in a mature technology. I find it
convenient to name this effect expressed by ¢ — 1 the spillover depletion
effect, which implies that R&D in the emerging technology should be
subsidized more. The relative undersupply of R&D in the two technolo-
gies depends on whether the spillover size effect or the spillover depletion
effect dominates.

An example of technologies where the spillover effects may be present
is conventional cars with internal combustion engines and hydrogen cars
with fuel cells as the energy conversion system. There has been done a lot
of research on internal combustion engines compared to fuel cells for cars.
The implied large knowledge stock for internal combustion engines means
that there are many ideas to build on and that new ideas can be found
in many dimensions. When the R&D activity in internal combustion
technology is high a new idea may benefit many researchers in future
periods, i.e. the spillover size effect is large. However, decreasing returns
to new ideas are present. Decreasing returns does not mean that the best
ideas get taken first (i.e. not fishing out), but that the benefit for future
R&D is relatively small from a new idea when it is just one more idea
in an already large pool of knowledge. In the fuel cell technology the
benefit for researchers from a new idea may be larger than in the internal
combustion technology. The reason is that a new idea expands the future



research possibilities relatively more when the knowledge stock is small,
i.e. the spillover depletion effect is smaller in the immature technology.

3 The model

In order to analyze the relative undersupply of R&D in an emerging
technology compared to R&D in a mature technology I develop a par-
tial model of the private enterprises in an economy, with final goods
producers, intermediate goods producers, and patents (ideas) produc-
ers.

The final goods industry manufactures output (e.g. transportation
services) and is characterized by productivity increase from an expan-
sion of the number of available capital varieties (Romer, 1990). In the
intermediate goods industry firms buy patents from one of the R&D in-
dustries. A patent gives a firm an exclusive right to produce one type
of capital variety. The intermediate goods firms engage in monopolistic
competition and deliver capital varieties to the manufacturer. There are
two R&D industries, one emerging and one mature. These R&D in-
dustries produce new patents in their respective technology field; small
scale emerging technology (e.g. hydrogen based car engines) and large
scale mature technology (e.g. internal combustion car engines). The
accumulated production of patents gives rise to differentiated knowledge
stocks which lower cost of patent production in the respective technolo-
gies. The maturity of a technology is defined by the amount of patents
in the technology, i.e. the size of the knowledge stock.

I make two assumptions in order to focus on the role of maturity
in the allocation of resources to R&D in different technologies. Firstly,
I assume that it does not matter for the final goods industry whether
capital variants are produced by one technology or the other. The final
goods industry gets the same productivity increase from a capital variant
based on the emerging technology as one based on the mature technology.
By making this assumption I manage to isolate the effect the maturity of
the technologies, through the knowledge stocks, have on the investment
decision in the R&D industries.

Secondly, I assume that the total allocation of resources devoted to
R&D is given. I disregard the allocation between final goods production
and patent production since the focus of this paper is on the relative un-
dersupply of the two technologies. In general, R&D is undersupplied by
private firms in the model presented here, and subsidies should be given
to internalize knowledge spillovers. The undersupply of R&D depends
on the difference between the social and the private rates of return from
R&D, where the rates of return give the social and private allocation
of resources. However, in this paper I do not study the undersupply



of R&D per se, but I study the difference in the social and the private
allocation between the two technologies. Both technologies are under-
supplied, but the question I raise is whether one is more undersupplied
than the other. If one technology is more undersupplied R&D in that
technology should be subsidized more than R&D in the other.

The role of maturity can be studied in a more elaborate model where
the production of patents is directed towards two different final goods.
This can add a market size effect and a price effect (Acemoglu, 2002)
as well as market imperfections to the allocation decision between R&D
in the emerging and the mature technology. However, the focus of this
paper is to study whether maturity on its own is a valid argument for
differentiating R&D policy. Optimal R&D policy follows from the exter-
nalities in the research process, if other externalities are included, e.g.
emission externalities, these should be targeted by separate policies.

3.1 Competitive equilibrium

In the competitive equilibrium private firms maximize profits without
taking into account the externalities arising from spillovers. In this sec-
tion I derive the private allocation of resources to the two R&D indus-
tries, when the government does not intervene in the market.

3.1.1 Final Goods industry

The final goods industry manufactures output with the following pro-
duction function:

Ay
Y, = L / 2% o€ (0,1), (5)
0

where Ly, is labor input, z,, is input of capital variant 7, and A, is total
knowledge stock. The total knowledge stock is given by A, = A, + A, 4,
where A.; is knowledge stock in the emerging technology, e, and A,,,
is knowledge stock in the mature technology, m. The knowledge stocks
represent the amount of patents available. More patents correspond to
more capital variants and increase productivity. Time, ¢ , is suppressed
in the rest of the paper where not otherwise noted. Y is sold for a
numeraire price equal to 1.

A representative firm hires labor at rate wy and buys capital variants
at price p;, takes prices as given, and solves

A A

max : L%,_“/ xgdi —wy Ly — / pixidi.

Ly i 0 0

The maximization problem gives the following first order conditions:
Y

Ly=(1- Oé)w—y (6)
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a1 (1-a)Y
z; = (=) T Vi, 7
(&) (7
where I have substituted back for Y from (5). Equation (6) gives the
demand for labor in the final goods industry and equation (7) is the

demand for capital variant i.
3.1.2 Intermediate Goods industry

The firms in the intermediate goods industry buy one patent each from
one of the R&D industries. The patent is a fixed cost for the firm and
gives an exclusive right to produce a capital variant based on that patent.
They transform capital goods into intermediate goods in a one to one
ratio and sell to the final goods industry in a monopolistic competition.
The production technology (or rather the capital-conversion) is the same
for all intermediate firms. There is free entry into this industry in the
sense that anyone can bid for a patent and produce a capital variety. An
intermediate good firm solves the following problem:
max : p(z;)x; — ra;,

where r is interest rate on capital, i.e. cost of production, and p(x;) is
the inverse demand for capital variety ¢ from the final goods sector. The
first order condition is

op; x; r
R 8)
Oz p; i
where g—gif}—z is equal to the negative inverse price elasticity from equation

(7), a— 1. The price elasticity is equal for all for capital variants. Thus
the price for the variants is equal for all 7, p; = p = =, where i can be
interpreted as a markup factor.

The equal price together with demand from equation (7) imply that
the demands for all capital variants are equal, z; = x, and that the
instantaneous profit 7 is the same for all the intermediate goods firm:

T =pr—rz=(1—a)pz. 9)

The instantaneous profit for all intermediate goods firms are the same
since they have the same marginal costs and face the same elasticity of
demand for their products.

3.1.3 R&D industries

There are two industries producing patents, one in the emerging technol-
ogy, e, and one in the mature technology, m. The production of patents
is given by the following production function:

A; = VL;\A? tj=em, (10)
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where 0 < A < 1 and 0 < ¢ < 1. The only difference between producing
patents in the two technologies follows from the knowledge stocks. The
initial knowledge stock is smaller in the emerging technology than in
the mature, i.e. A9 < Apo. The firms do not take into account that
their patent production influence other firms’ productivity, i.e. they
take v; = VA? as given. There is free entry into the R&D industries. A
representative firms solves

max : PijL])-‘
Lj

—walj:j=em,
taking the price of the patents P; and the wage rate w4 as given. The
maximization problem gives the following first order condition in the two
industries:

P ALy = wy : j =e,m. (11)

The first order condition gives the resource allocation to R&D in the
emerging and the mature technology. This condition can be interpreted
as a free entry condition as firms establish in both industries until mar-
ginal revenue equates marginal costs.

That the intermediate goods firms have the same profits whichever
technology they supply to the final goods industry implies that the price
of a patent is equal in the two technologies, i.e. P, = P, = P (see
Appendix A). The equality of patent prices implies that the only source
of difference in the production of ideas between the two R&D industries
comes from the knowledge stocks. The difference in knowledge stocks
leads to the following proposition:

Proposition 1 In the competitive equilibrium labor allocation and patent
production are always higher in the mature RED industry than in the
emerging RED industry.

vPA?
Proof. Rearranging (11) gives L; = (A :;A] )ﬁ A, >A.= L, > L.,

when ¢ > 0 and A < 1. This together with (10) gives A, > A.. m

Proposition 1 follows from that the mature technology has a larger
knowledge stock than the emerging. A larger knowledge stock implies
higher patent productivity for given output elasticities. Since other fac-
tors than productivity are equal in the two R&D industries, i.e. patent
price and wage rate, firms always invest more in the mature R&D in-
dustry.

Total labor devoted to R&D in the economy L4 is given by assump-
tion, i.e. Ly, = L.+ L,,. This assumption can be understood as a division
of the labor force into two separate markets; one market for R&D with
a highly specialized work force and one for other activities, Ly. The

12



assumption implies that when one type of R&D increases, e.g. from a
subsidy, the other type of R&D is crowded out. In order to compare the
competitive allocation with the socially optimal allocation, which is de-
rived in the next section, I normalize L 4 to one and define the allocation
ratio between the two technologies 12# From equation (11) we have
that the values of the marginal productwé in the mature and the emerging

R&D industry equates in equilibrium:

P ALY = Po A1 — L)1

=
1— L Ac | o
T = (A—>17>\’ (12)

where I use v; = VA? and L{? is the labor allocation to R&D in the
mature technology in the competitive equilibrium. We see that the pri-
vate allocation ratio between the two technologies, %, is given by the
knowledge stock ratio, j—;?’.

The allocation ratio in equation (12) reproduces Proposition 1. This
allocation ratio highlights that it is only the maturity of the technologies
that matters for the private firms’ allocation of labor between the two

technologies.

3.2 The social optimal equilibrium

In this section I solve a simplified social planner problem to find the
social optimal (efficient) allocation of labor between the mature and the
emerging R&D industry.

The social planner maximizes output over the time period by alloca-
tion labor between the two R&D industries. Final goods production is
given by Y; = L%,Tto‘ OAt x%di and total capital is given by fOAt xrdt = K.
The symmetry of capital goods implies that x; = % and the final goods
production function can be written Y = A'=*K*L;~*. The labor alloca-
tion to final goods production is given by assumption. Thus, maximizing
output is equivalent to maximizing the total knowledge stock.

The social planner problem is

max : / (A + Ae dt : Ly, € (0,1)

Lm,

3There is no investment in the emerging technology if there are constant returns
to resource input, A = 1 (i.e. no stepping on toes), since the marginal product of
resource input in R&D production is always greater for the mature technology in this
case.

13



subject to

A, =L) A2

m

A, =1 —L,)A?

given the initial stocks of knowledge A,,(, and Ao, and the discount
rate r, i.e. the interest rate. The first order condition gives the social
allocation rule between the two R&D industries (see Appendix B)

1— L:)’L :ueAe

Loy tnAm

where L} is the social optimal allocation of labor to R&D in the mature

technology, ., is the shadow value of patents in the mature technology,

and g, is the shadow value of patents in the emerging technology?. As in

the competitive equilibrium equation (13) implies that the value of the

marginal products equates in equilibrium. The social allocation ratio
can be rewritten:

: (13)

L= Lo Hevija-xn Ae yora-
Z_Tm (_)1/(1 A)(_)cb/(l A) (14)

In the social optimum the allocation ratio is dependent on the relative
shadow values of patents in addition to the knowledge stocks. The al-
location of labor to the emerging technology can only be larger than
to the mature technology if the shadow value is larger in the emerging
technology, since the knowledge stock is larger in the mature technology
on a transition path.

The shadow values of patents can be interpreted through two com-
ponents. Firstly, the shadow values give the intratemporal value of new
patents for current period final goods production. The intratemporal
value of patents is higher than the price of patents in the competitive
equilibrium due to the surplus appropriability problem. The firms in the
intermediate goods industry engage in monopolistic competition and are
unable to appropriate the entire “consumer surplus” from the goods they
sell. Thus, the price of patents facing the R&D firms is lower than the
socially optimal price, since the former price is equal to the present dis-
counted value of intermediate goods firm holding a patent. However,
the monopolistic competition in this paper is symmetric between firms
delivering capital variants in the emerging technology and the mature
technology. Hence, even though the surplus appropriability problem

4This simple, partial maximization problem gives the same allocation rule between
the two R&D industries as a full social planner problem where the resource allocation
between final goods and R&D production is not given, see Appendix C.

14



implies that R&D is undersupplied in the competitive equilibrium, the
problem does not imply that one technology should be subsidized more
than the other.

Secondly, the shadow values give the intertemporal value of that new
patents reduce costs of future patent production. The intertemporal
value represents the spillover effect, which may vary between the two
technologies according to the spillover size effect and the spillover de-
pletion effect, and is the reason to diversify R&D subsidies in this paper.

4 The relative undersupply of the technologies

The relative undersupply of R&D in the two technologies is found by
comparing the private allocation of labor with the social allocation. By
comparing equation (12) with equation (14) it is clear that the difference
between the private and the social allocations follows the shadow values.
In the competitive equilibrium the maturity of the technologies matter
for the allocation of labor because this influences the productivity in the
R&D industries. In the social equilibrium the maturity of the technolo-
gies have an additional intertemporal effect because the maturity also
matters for the spillovers that reduce costs of producing patents in later
periods. The following proposition states the relationship between the
shadow values and the allocation of labor in the private and the social
equilibrium:

Proposition 2 On the relative allocation of labor to the RED indus-
tries:

1. If the shadow values of patents equates, i, = [, the competitive
allocation is the same as the social efficient allocation.

2. If the shadow value of patents is larger for one of the technologies,
the competitive equilibrium undersupplies RED in that technology
more than RED in the other technology.

When the competitive equilibrium undersupplies on type of R&D
more it is social efficient to subsidize that type of R&D more. This
social efficiency argument is stated in the following corollary:

Corollary 3 If the shadow value of patents is larger for one of the tech-

nologies, the government should subsidize RED in that technology more
than RED in the other technology.
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4.1 Are the shadow values equal?

Different maturities in technologies is not an argument for a differen-
tiated R&D policy if the shadow values of patents are equal. The de-
velopment of the shadow values follows from the costate equations (see
Appendix B):

A,
= P | 1
[l = Py — @ i (15)
A,
o= — =2 — 1. 1
fle = [T — [ i (16)

The development of a shadow value is dependent on the shadow value
and the growth rate of that technology in addition to parameter values.
The developments of the shadow values are only equal if both the shadow
values and the growth rates of the technologies are equal. For the shadow
values and the growth rates of the technologies to be equal the knowledge
stocks have to be equal. This relationship between the shadow values
and the knowledge stocks is stated in the following proposition:

Proposition 4 The shadow values of patents are equal if and only if
the knowledge stocks are equal or ¢ =1 — \.

Proof. If p,, is to be equal to p,, then fi,, must be equal to ji.. It then
follows from (15) and (16) that u,, = u, and f,, = fi, is only valid when
Am _ A Am Ae L; HeAe

> — e 3 ] 3 3 1- m  —
A= 4% 4™ = 4° inserted into equation (13) gives = A

Inserting p,, = p, in equation (14) gives 12—5" = (f—;)‘ﬁ/ (=Y. For both
statements of L} to be simultaneously true A,, must be equal to A.,
except for the knife edge case p =1 —A. =

Proposition 4 implies that the allocation of labor to R&D in the
emerging and the mature technology is not the same in the competitive
and the social equilibrium, except when the knowledge stocks are equal.
In other words innovation externalities caused by knowledge spillovers
differ between technologies of different maturity.

There is a case when the knowledge stocks are equal; the balanced
growth path. Along a balanced growth path all variables grow at con-
stant rates. The constant growth rates implies that the relative value of
new patents has to be constant and that Q—Z is equal to ﬁ—: (see Appendix
D), which again implies that the knowledge stocks are equal. The fol-
lowing proposition states the equality of shadow values and knowledge
stocks on the balanced growth path:

Proposition 5 On a balanced growth path both the shadow values of
patents and the knowledge stocks are equal in the two technologies.
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Proof. i)On a balanced growth path the relative value of patents,
is constant. Using that 2‘—: = 1‘2—2 together with (15) and (16),
only constant when g, is equal to p, (see Appendix D)

ii) When p,, is equal to p, Proposition 4 implies A,, = A., except
for the knife edge case p =1 — . m

Proposition 2 together with Proposition 5 imply that R&D subsidies
should not be diversified on a balanced growth path. In a semi en-
dogenous growth model like the one presented in this paper it is a well
known result that subsidies to R&D do not affect the long run growth
rate. However, subsides do affect the long run level of patents (income)
through transitory effects (Jones, 1999). When the economy starts off
with different knowledge stocks in the two technologies the economy is
on a transition path. The difference in knowledge stocks together with
Proposition 4 and Corollary 3 gives the following proposition:

Proposition 6 On a transition path the government should not subsi-
dize RED in the two technologies equally.

The reason that R&D should not be subsidized equally is that the two
technologies are not equally undersupplied on a transition path. Propo-
sition 6 implies that the maturity of technologies matter when policy
makers are to give social efficient subsidies to different R&D industries,
when the economy is outside the balanced growth path.

Since the relative size of the two knowledge stocks changes over time,
there is no reason to believe that the relative undersupply, and thus
the difference in subsidies, is constant over time. This argument finds
support in Hart (2008). He finds that the gap between social and private
returns may vary across time along a transition path.

4.2 Which technology is more undersupplied?

I have shown that the shadow values of patents are unequal outside the
balanced growth path. In this section I calculate expressions for the
shadow values and derive the condition that determines which of the
two technologies is more undersupplied in the competitive equilibrium.

To find an expression for the shadow values I rewrite equation (15)
and equation (16) to

,tlj+ujfj(t):—1:j:m,e (17)
where f;(t) = qﬁﬁ—; — r. Together with the transversality conditions

equation (17) can be solved to find the expressions for the shadow values
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(see Appendix E for calculations):

;= quse”/ [A;(2)]?e™ " dz : j = m,e. (18)

t

From equation (18) we see that a shadow value is a function of the cur-
rent knowledge stock and the discounted knowledge stocks of all future
periods. The relative shadow value of patents is given by
pe A TIA)Pe
o An? [ [Am(2))0e2dz

(19)

It is not possible to give a precise interpretation of which shadow value is
the larger from equation (19). However, we can use the relative shadow
value to get insight into the social allocation of labor and obtain its
difference from the private allocation.

Rearranging equation (14) and combining with equation (19) give

ﬂ)lﬂ _ Loo[Ae(Z)]d’e_”dz
L:@ B ftoo[Am(z)]qﬁe—rzdz'

( (20)

Equation (20) gives the social allocation of labor between the two R&D
industries without the shadow values. As in the private equilibrium the
mature technology gets a larger share of labor in the social equilibrium.
This labor allocation result is stated in the following proposition:

Proposition 7 In the social equilibrium labor allocation is larger to the
mature RED industry than to the emerging RED industry, on a transi-
tion path.

Proof. A, > A, = [[A,(2)]?e"dz > [[Ac(2)]?e"*dz = L;, > 1
from equation (20). m

Proposition 7 states that it is always optimal to allocate more labor
to the mature R&D industry. This resource allocation rule implies that
spillovers in the emerging technology are not large enough to make it
optimal to allocate more labor to the emerging R&D industry than to
the mature industry.

Spillovers in patent production determine which of the two technolo-
gies is more undersupplied in the market equilibrium. The emerging
technology is more undersupplied when spillovers are larger in the emerg-
ing technology compared to the mature technology, and vice versa. The
difference between the social and the private allocation of labor to the
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R&D industries can bee seen by rearranging equation (12) and compar-
ing it with equation (20):
<1 —L:n)H B (1 —L;g)H [ TAc(2)]e72dz (ﬁ)q&'
L, Ly [FAn(2)])Pe2dz A,

(21)

Equation (21) highlights the difference between the social and the private
allocation; the social allocation depends on the relative knowledge stock
of the two technologies in all periods while the private allocation only
depends on the relative knowledge stock of the two technologies in the
current period.

It follows from equation (21) that the social allocation to the emerg-
ing R&D industry is larger than the private allocation if the right hand

> 2)|%e""%dz
side of the equation is positive, i.e. sign[L¢9—L* ] = sign[%—
A m(2)]%e z

( 2‘; )?]. Further, the sign of the right hand side of equation (21) depends
on the output elasticity parameters A\ and ¢. This relationship between
the relative undersupply of the two technologies and the elasticity para-

meters is stated in the following proposition:

Proposition 8 The emerging technology is more (less) undersupplied
than the mature technology in the competitive equilibrium if A\ + ¢ 1is
smaller (larger) than one, on a transition path.

RSPz :
Am)aﬁ] = Slgn[f: ;m<(tz)))¢€_7n2dz — 1] which

[Ae(z bPe=T2dz
Proof. szgn[% - (4

is positive (negative) if the growth rate of A, is greater (smaller) than
the grovvth rate of A,,. From equation (10) and equation (11) it follows

A+ 1

that J = kA, e ;where k = v(54 ) . Since A,, > A, it follows that
Ae> When)\+gz5<1and’46< when A\ +¢>1. =

Proposmon 8 states that the relatlve undersupply of the technologies
is determined by the sum of the output elasticity parameters in R&D
production, i.e. the elasticity of scale. The market outcome gives a
larger undersupply of the emerging technology compared to the mature
when the elasticity of scale is smaller than one. In this case it is optimal
to subsidize the emerging R&D industry more than the mature R&D
industry. When the elasticity of scale is larger than one it is optimal
to subsidize the mature R&D industry more than the emerging R&D
industry.

5 Numerical illustration

I now turn to numerical simulations to illustrate the difference between
the social and the private allocation between the two R&D industries.
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First I show that the social allocation is dependent on the two key out-
put elasticity parameters, A and ¢. Then I show how these parameters
determine the difference between the social and the private allocation.

5.1 Numerical procedure

The simulation model is programmed as a discrete time model over 150
periods. I assume that patents produced in one time period are not in-
cluded in the current period’s knowledge stock. Knowledge accumulates
according to Aj1 = Ajy + L?th?it, Jj = m,e. The initial knowledge
stocks are arbitrarily chosen so that A,,o > A.o. Total resources de-
voted to R&D is given; 1 = L. + L,,. In the competitive equilibrium
firms maximize their profits by setting L,, and L. simultaneously. In
the social equilibrium a social planner maximizes the present value of
production by setting L,, and L. simultaneously.

5.2 The social allocation

The social allocation to the mature R&D industry L}, for different out-
put elasticity parameters are given in Figure 1a and Figure 1b:

Figure 1a: Social allocation; A+¢@>1
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Figure 1b: Social allocation; A+@<1
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Figure 1a shows the social allocations when A + ¢ > 1, while Figure
1b shows the social allocations when A\ + ¢ < 1. From the figures we
see that the social allocation is crucially dependent on the elasticity of
scale: L7 is slightly below one and increasing when A+¢ > 1, and L} is
slightly below 0.6 and decreasing when A + ¢ < 1. The social allocation
is constant and equal for all parameter combinations that give A+¢ = 1.
Proposition 7 is reproduced in the simulations for all parameter values;
the social allocation is larger to the mature R&D industry than to the
emerging R&D industry.

The reason the output elasticities matter for the allocation between
the mature and the emerging R&D industry is that the elasticities give
the productivity of patent production; for given knowledge stocks higher
elasticities implies a larger patent production. The patent productivity
is larger in the mature technology since the knowledge stock is larger.
However, the patent productivity advantage to the mature technology
is smaller when the elasticities are lower. The reason is the decreasing
returns to both knowledge and resource input in the R&D production
function. The decreasing returns implies that when the elasticities are
lower it is optimal to allocate more labor to the emerging technology
than in the case when the elasticities are higher.

5.3 The difference between the social and private
allocation

The difference between the social and the private allocation of labor to
the mature R&D industry L}, — L¢? for different parameter values are
given in Figure 2a and Figure 2b:
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Figure 2a: Social vs private allocation; A+¢p>1
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Figure 2b: Social vs private allocation; A+¢p<1
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Figure 2a shows the difference between the allocations when A+ ¢ >
1, while Figure 2b shows the difference between the allocations when
A+ ¢ < 1. Proposition 8 is reproduced in all simulations. The elasticity
of scale determines whether the social or the private allocation to the
mature R&D industry is larger; L}, — L¢ is positive when A + ¢ > 1,
and L} — L¢? is negative when A 4+ ¢ < 1. Proposition 4 states that the
shadow values are equal if A + ¢ = 1. This result is confirmed in the
simulations as L}, — L% = 0 for all parameter combinations that give
A+ ¢ = 1. Further, we see that the social allocation approaches the
private allocation in the long run.

The difference between the social and the private allocation can be
interpreted through the spillover size and the spillover depletion effect.
When A > 1 — ¢ the spillover size effect is larger than the spillover
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depletion effect and the private firms under invest in the mature R&D
industry. The reason is that when the one or both output elasticities are
high the patent productivity in the mature technology is so large that it
is optimal to allocate even more labor to the mature R&D industry than
in market solution in order to exploit the initial higher productivity in
the mature technology.

When A < 1 — ¢ the spillover depletion effect dominates and the
private firms under invest in the emerging industry. The reason is that
when the output elasticities are low there is less patent productivity
advantage in the mature technology and the social allocation to the
emerging R&D industry is larger than the private allocation due to the
diminishing returns to new patents in R&D production.

To sum up, the elasticity of scale in the R&D production function
determine which of the two technologies is more undersupplied in the
market equilibrium. Thus, it is only a valid argument to give more gov-
ernmental support to an emerging R&D industry than to a mature R&D
industry for a specific range of values for the output elasticities in the
R&D production. However, when the elasticity parameters are low we
see from Figure 2b that the difference between the social and the private
allocation is small. This small difference might indicate that there is no
case for subsidizing the emerging R&D industry more than the mature
if we account for potential costs of administrating a differentiated R&D
policy, e.g. costs of determining which technology is emerging and which
is mature.

5.4 Sensitivity analysis

The knowledge stocks are arbitrarily chosen. Different initial knowledge
stocks that either change the relative knowledge stock or only the size
of the knowledge stocks do not change how the elasticity parameters
determine the social allocation versus the private allocation to the R&D
industries®.

The interest (discount) rate is also arbitrarily chosen. A higher in-
terest rate narrows the gap between the social allocation and the private
allocation as the social planner gives less weight to late periods (see Ap-
pendix F, Figure 3). However, different interest rates do not change the
threshold value for the elasticity of scale.

6 Discussion and conclusion

An important policy question is whether R&D in new, emerging tech-
nologies should be more subsidized than R&D in other more mature

STables from these simulations can be provided from the author upon request.
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technologies. In this paper I analyze if innovation externalities caused
by knowledge spillovers from private firms may warrant a differentiation
of R&D policy towards technologies of different maturity.

I find that the governmental support for R&D in emerging and ma-
ture technologies should not be equal. The reason is that R&D in the
two technologies are not equally undersupplied in the market due to
differences in their knowledge stocks. Hence, the maturity of the tech-
nologies matters when policy makers are to give social efficient subsidies
to different R&D industries.

However, whether the emerging technology or the mature technology
is more undersupplied in the market solution depends on the sum of the
output elasticities with respect to labor and knowledge in R&D produc-
tion, i.e. the elasticity of scale. When the elasticity of scale is larger than
one the mature technology is more undersupplied and the mature R&D
industry should be subsidized more. The reason is that when the output
elasticities are high the patent productivity in the mature technology is
so large that it is optimal to allocate even more resources to the mature
R&D industry than in market solution in order to exploit the initial
higher productivity in the mature technology. When the elasticity of
scale is smaller than one the emerging technology is more undersupplied
and the emerging R&D industry should be subsidized more. The reason
is that when the output elasticities are low the patent productivity ad-
vantage in the mature technology is smaller and the social allocation to
the emerging R&D industry is larger than the private allocation due to
the diminishing returns to new patents in R&D production.

The size of the output elasticity parameters is an empirical question.
One of the few studies that estimate the parameters in the R&D pro-
duction function is Gong et al (2004). They find the output elasticity
with respect to knowledge to be about 0.01 while the labor elasticity is
insignificant. Another approach is Jones and Williams (2000) where the
calibrated ranges of output elasticities all give an elasticity of scale larger
than one. Further empirical research is needed to establish significant
ranges for the output elasticities.

Moreover, the output elasticity parameters are the same for both
R&D industries in this paper. Differences in the parameters may in-
crease the difference in spillovers from R&D in the two technologies and
strengthen the case for differentiated subsidies.

Further, intersectoral spillovers are not included in this paper. To
allow for such spillover mechanisms may reduce the difference in spillover
externalities from R&D in the emerging and the mature technology.
Hence, the rationale for a differentiated R&D policy may diminish. This
is a venue for future research.
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Appendix

7.1 Appendix A - The equality of patent prices

The price of a patent is equal to the present discounted value of the profit
that an intermediate goods firm gets from supplying a type of capital
variety, P; = PDV. This price follows from an arbitrage argument due
to free entry into the intermediate goods industry; if P; > PDV firms
does not establish in the industry, and if P; < PDV more firms will
establish in the industry. Firms that want to enter the market bids
up the price of a patent until P, = PDV. In other words the R&D
industries extract all the profits from the monopolistic behavior in the
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intermediate goods industries.

The instantaneous profit for all intermediate goods firms are the same
since they have the same marginal costs and face the same elasticity of
demand for their products. The instantaneous profit is given by

T = (1 —a)aly “af, (22)

where equation (7) is inserted in equation (9). Note that firms are in-
dexed with ¢ as this will be used in the next step. Integrating equation
(22) on both sides over the total knowledge stock A gives

A
Amy = (1— oz)ozL%/_a/ xs'di
0

<~
Y

m=(1- a)az, (23)

where I have inserted from equation (5) in the last step. The present
discounted value is equal across all intermediate goods firms and can be
written as

Y(z)
A(z)
The price the two R&D industries charge for their patents have to

be equal, P, = P,, = P, because PDYV, is equal for all firms whichever
R&D industry they buy patents from.

PDV, = / e (1 - a)a dz. (24)
¢

7.2 Appendix B - The partial social optimal equi-
librium

The autonomous Hamiltonian H is given from the simple, partial social
planner problem:

H = Am + Ae + MmL;\nA;ém + lue(l - Lm))\Af7

From the Hamiltonian I get the following first order condition:

H
O p AT A — AL~ L) A =0, (25)

which together with the development of the shadow values from the
costate equations

i = P — My PLp AT — 1 (26)
:ue = KT — lue¢(1 - Lm)/\Af_l -1 (27)
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and the transversality conditions

lim ume”tAm =0

t—o0
: —rt
lim pe " A.=0
t—o0

give solution to L. I rearrange equation (25) to get

L= Lo (e yiya-x Ae yora
m _ (e < ) 28
o = (e e (28)
Inserting A,, and A, in equation (28) gives
L, A,
Ly g An

7.3 Appendix C - The full social optimal equilib-
rium

In the full social planner problem resources are allocated to final goods
production as well as to R&D in the emerging and the mature technology,
ie. Ly = Lyy + Ley + Ly,¢. Final goods production is given by Y; =
Ly fOAt x¢,di and total capital is given by fOAt r,dt = K,. Time t is
suppressed where not otherwise noted. The symmetry of capital goods
implies that z; = % and the final goods production function can be
written Y = Alfo‘KaL;_“. In per capita terms k = % and y = %, and
the final goods production can be written y = A *k%(1 — s,,, — 5.)' ™
Lm Le

where s, = = and s, = .

Discounted utility U is given by

b

Ut:/ Lsu(cs)e*’“(s*t)ds,
t

where, L; = Lge™, n is the population growth rate, and u(c;) is the
instant utility of consumption per capita ¢ = % The final goods are
converted into consumption goods or capital goods in a one-to-one ratio
so that capital per capita grows according to k= y—c—(n+9d)k, where
0 is the depreciation rate of capital.

The social planner problem is

C,8m;Se

max :/ Lou(c)e Ptdt
t

subject to
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k=y—c—(n+0)k
A =vs) LMA?
A, =vs) LAY

given Lo, Ko, Amo, Aco, where p =7 —n.
The autonomous Hamiltonian H is given by

H = u(e) + pyly — ¢ — (n -+ 8)k) + (v LML) + (v L} AY),

where (1, is the shadow value of capital, 4, is the shadow value of patents
in the mature technology, and f, is the shadow value of patents in the
emerging technology. From the Hamiltonian I get the following first
order conditions:

oH
%:u(c)—ukzo

H
(‘?T D (1 — @) ATk = 8 — 5) Y A v Ash FLAAS =00 (29)
OH l-aj.« —a A=17A p0
O — (1 — ) ATk (L — S, — Se) "+ pvAs, LAY =0, (30)

which together with the development of the shadow values from the
costate equations

fire = Hyep — (AR L = s = 50)' T = (n 4 9))

/:Lm = Mmﬁ - MkO-A*C‘ékOé(l — Sm — Se)lia - Mm¢y87>;LL)\A?;L71 (31)

ﬂe = [eP — Mko-A_aka(l —Sm — 86)1_a - MeQSVSiL)\Af_l (32)

and the transversality conditions

tlim pre PPK =0

lim p,,e " A, =0
t—o00

ltlim pee PPA =0
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give solutions to ¢, s,, and s.. The Hameltonian is concave in ¢, s,,, s, and
in A,,, A, thus the necessary condition is satisfied (Arrow condition).

Rearrange equation (29) and equation (30) and insert for y, A, , and
Ae to get

)\Am 1 — 8 — Se)

(
= 33
Ky = Sm(l - Oé) ( )
,ue)\Ae(l — Sm — Se)
= 34
Hy 36(1 - a)y ( )
By combining equation (33) and equation (34) I get

* Ae
e = e, (35)

St Am

which is the same resource allocation rule as in the main text, equation
(13), where s} = 1— s}, when I disregard the allocation to final goods
production, and s}, = L}, when L. + L,, = 1.

7.4 Appendix D - The balanced growth path

On the balanced growth path the allocation between mature and emerg-
ing R&D s,,, and the growth rates of patents g4, have to be constant. I
find the growth rate for patents by taking logs and deriving the patent
production function on the balanced growth path:

Aj:L?A?:j:m,e
-

A
lnj =AInL;+ (¢ —1)InA;
j

=
ga; = 0.

The growth rate is zero on the balanced growth path because the resource
input does not grow (in the full social optimal equilibrium the growth
rate is given by ga, ’Y;)

On a balanced growth path the relative value of patents, £ ege , 18

constant. To show that the shadow values are equal on the beﬁanced

growth path I first define the relative shadow values Yy = £ and derive
with respect to time: ' . '
X _ He _ Hm (36)
X He P

Insert from equation (16) and equation (15) in equation (36) to get
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v 1 1 A, A,
e e 37
X Hmo He A A (37)

Then take the log of Pf‘e—gjn and derive this with respect to time:

A
1nXA— =lny+InA. —InA,

=

X, A A,
0=2X4 2 Im 38
XA A (38)
where %(ln X74<) = 0 on the balanced growth path. Inserting for i‘—( from

equation (38) into equation (37) gives
11 A, A A A,

0= — — —+¢-m _giep e _Im 39
P He - ¢Am ¢Ae - Ae Ap (39)

Since the growth rates of ideas are equal (and in this case zero), equation
(39) shows that the shadow values are equal on the balanced growth
path. When g, is equal to u, Proposition 5 implies A,, = A.. Thus
equation (14) implies that L,, = 1/2 on the balanced growth path.

Further, on the balanced growth path equation (16) and equation
(15) simplifies to

where j = m, e is suppressed since the shadow values are equal. I solve
equation (40) to find the shadow values on the balanced growth path:

1
p=-+Ce"
,

where C' is a constant. This constant can be found by utilizing the
transversality condition, lim; ., pe " A = 0. I substitute for u = % +
Ce™ in the transversality condition to get

—rt

e

+C)A=0

lim (
t—oo r

which is only valid for C' = 0. Hence, I get the shadow values of patents
on balanced growth path:
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7.5 Appendix E - Calculation of the shadow values
I rewrite equation (15) and equation (16) to

fij + 1y fi(t) = =1:j = m,e, (41)
where f;(t) = qﬁﬁ—; —r. I suppress j = m, e in the following and define

F(t)y= [ f(t) = [ ¢2dt+ [rdt = [ ¢4+ [rdt = ¢In A—rt. Tmultiply
both sides of equation (41) by e”® and derive with respect to time to
get

0
a(Mel"(t)) — _F'®
—
t
pef® = / —e"@Ddz 1 C, (42)

where C is a constant. Inserting for e’® = A%e~" equation (42) can be
written ,
p=A"%e"(C — / A%eT"dy). (43)

We can find the value of C' by using the balanced growth rate and
the transversality condition. First, I expand equation (43) by using
[Ademtdt = —L1A%e7rt 4 [ 24 A%e Tt
t¢A

Rl Lo &
’T’AA e "dz. (44)

1
p=A"%"C+ = — A%”/
r

o9}

Then on the balanced growth path we have é = 0 which implies that
equation (44) simplifies to

1
= A"%"C + o (45)

Lastly I utilize the transversality condition, lim; ., ue ™A = 0. By
substituting for © = A=?e"C + 1 in the transversality condition I get

—rt
lim A'~°C + A

t—oo r

=0,

which is only valid for C' = 0. Inserting for C' = 0 in equation (45) I
get that on the balanced growth path the shadow values of patents are
equal for both technologies j = m, e and is given by
1
p=-.
’
I get the shadow values outside the balanced growth path by inserting

C =0 in equation (43):

= A‘¢e”/ A%e 2. (46)
¢
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7.6 Appendix F - Interest rate sensitivity

Figure 3 shows the difference between the social and the private allo-
cation of labor to the mature R&D industry for different interest rates.
The elasticity parameters are constant in the simulations; A\ = 0.7 and

¢ = 0.5.

Figure 3: Social vs private allocation; A=0.7, ¢=0.5

Lm*-Lmeq

Time
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