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Abstract

Recently, several authors have questioned the evidence claimed by Galí
and Gertler (1999) and Galí, Gertler and López-Salido (2001) that a hybrid
version of the New Keynesian Phillips Curve approximates European and US
in�ation dynamics quite well. We re-examine the evidence using the vector
autoregressive framework and likelihood based methods, paying particular at-
tention to the stationary and nonstationary, and possibly cointegrated, nature
of variables involved. Our results show that the exact as well as the inexact
form of the hybrid NKPC are clearly at odds with the European data. On the
other hand, Galí and Gertler�s (1999) �nding that the inexact hybrid NKPC
is a "good �rst approximation" to the US in�ation dynamics seems less con-
troversial. However, the assumption of the model that the stochastic term
forms a sequence of innovations may be problematic as we �nd indication
of autocorrelation in the estimated residuals. The exact form of the hydrid
NKPC is �rmly rejected by the US data.
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1 Introduction
The New Keynesian Phillips Curve, henceforth NKPC, has become popular as a
theory for understanding in�ation dynamics and recent years have seen a growing
body of research attempting to evaluate its empirical performance. However, the
numerous attempts typically di¤er with respect to data used, sample period stud-
ied and econometric methods applied such that no consensus about the supportive
evidence of the model is established in the literature, see e.g. Henry and Pagan
(2004) and the references cited therein, Sbordone (2005), Rudd and Whelan (2007),
Bjørnstad and Nymoen (2008) and Juillard et al. (2008). The in�uential studies by
Galí and Gertler (1999), henceforth GG, and Galí, Gertler and López-Salido (2001),
henceforth GGL-S, �nd strong evidence in favour of the model using both European
and US post-war data within a conventional GMM framework. Speci�cally, these
studies �nd that European and US in�ation dynamics are consistent with a hybrid
version of the NKPC that relates in�ation to expected future in�ation, lagged in�a-
tion and real marginal costs. Forward-looking behaviour plays a dominant role in
explaining in�ation.

Several authors have re-examined this evidence using the same data set as
well as the GMM methodology and raised quite a few empirical issues that question
the robustness of the results in GG and GGL-S. For instance, Mavroeidis (2006)
demonstrates that the parameters in GG are weakly identi�ed and that US in�ation
dynamics are consistent with both forward-looking and backward-looking behaviour,
whereas real marginal costs appear to be an irrelevant determinant of in�ation.1

Similarly, Rudd and Whelan (2005) argue that the upward bias of the forward-
looking estimates may be large when estimating the structural form of the NKPC,
as GG do, rather than the corresponding closed form solution of the model. Bårdsen
et al. (2004) also show by the encompassing principle that the estimates in GGL-S
most likely are biased in favour of a signi�cant role for expected future in�ation
because that variable is found negligible in respeci�ed models where variables from
the instrument set directly and signi�cantly cause in�ation. Galí et al. (2005)
answer some of the critics and maintain their conclusion about the importance of
the forward-looking behaviour in explaining in�ation dynamics. Interestingly, Rudd
and Whelan (2007) cannot reject the hypothesis that in�ation and real marginal
costs are completely unrelated when using GG�s original data, but with revised
labour share data as proxy for real marginal costs. In itself, this �nding suggests
that the empirical evidence in GG is not robust to revisions to data.

Recently, Fanelli (2008) and Kurmann (2007 ) have re-examined the empirical
evidence in GG and GGL-S further by means of likelihood based methods. Fanelli
(2008) proposes a two step procedure that consists of specifying agents�expectations
with vector autoregressive (VAR) models, possibly cointegrated, and deriving the

1The issue of weak identi�cation of forward-looking models estimated by GMM is thoroughly
discussed in Mavroeidis (2004, 2005) and Nason and Smith (2008) among others.
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cross-equation restrictions that the NKPC imposes on the VAR. Unlike GGL-S,
Fanelli (2008) concludes that the hybrid NKPC based on the same data set is far
from being a good candidate in explaining European in�ation dynamics. By using
a reversed engineering technique, Kurmann (2007) shows how the cross-equation
restrictions can be expressed as constraints on the VAR coe¢ cients of the forcing
variable of the NKPC. In line with GG�s �ndings, Kurmann (2007) concludes that
the hybrid NKPC based on the same US data cannot be rejected by a conventional
likelihood ratio test.2

In this paper, we revisit the NKPC using the same data set as in GG and GGL-
S, but within the VAR framework and likelihood based methods, paying particular
attention to the cases where variables involved are either stationary or nonstationary,
and possibly cointegrated. By using a di¤erent econometric methodology, we shed
further light on the empirical evidence in GG and GGL-S. Also, the simultaneous
treatment of the two data sets by the same methodology enables us to pinpoint
empirical di¤erences which are not so evident from the previous studies by Fanelli
(2008) and Kurmann (2007). We extend the analyses in the two latter studies by
focusing on both baseline (only forward-looking behaviour) and hybrid models as
well as on exact in the sense of Hansen and Sargent (1991) and inexact formulations,
with the latter formulation allowing for a stochastic term in the NKPC. The exact
and inexact formulation of the NKPC are not nested, however. Also, whereas the
rational expectations (RE) restrictions entailed by the former have a simple form,
the restrictions entailed by the latter are much more complicated due to higher
order polynominals in the unconstrained VAR coe¢ cients. As a consequence. the
numerical treatment of the two sets of restrictions is quite di¤erent and thus makes
a comparison of the likelihood estimates of the two formulations interesting. We
follow the reversed engineering approach by Kurmann (2007), albeit modi�ed to
suit our context, in the case of the inexact NKPC. In contrast to Fanelli (2008) and
Kurmann (2007), we also test formally the assumption of the inexact NKPC that
the stochastic term is a sequence of innovations with no autocorrelation properties
present. Finally, and unlike the previous studies, we express the likelihood as a
function of all parameters involved, which makes an explicit inspection of the pro�le
likelihood possible. As such, we are able to highlight any problems with weak
identi�cation that may come out of the estimation.

Our empirical �ndings suggest that a reduced rank VAR is a well speci�ed
model in terms of well-behaved residuals in the case of European data. We con�rm
Fanelli�s (2008) �nding that the inexact hybrid NKPC is clearly rejected by a likeli-
hood ratio test. Additionally, we �nd that the likelihood surface is characterised by

2Juselius (2008) also uses VAR models and likelihood based methods to evaluate the NKPC,
albeit only the exact version, with European and US data. However, Juselius (2008) considers
an extended information set that permits testing of the forward-looking IS curve and the NKPC
jointly and investigates a di¤erent sample period than that of GG and GGL-S. Nevertheless,
Juselius (2008) �nds that the in�ation dynamics of the NKPC is not at all evident in the data.
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a rather sharp ridge, con�rming the criticism of Mavroeidis (2005) among others on
the subject of poor identi�cation of the parameters of the model. When �tting the
exact hybrid NKPC as well as the exact and inexact version of the baseline NKPC,
we maintain the conclusion that the NKPC is severely at odds with the European
data. When using the US data, we �nd that a full rank VAR produces a model with
no serious misspeci�cation. We con�rm Kurmann�s (2007) �nding that the inexact
hybrid NKPC is not rejected by a likelihood ratio test. Also, the point estimates of
the structural parameters that come out of the likelihood estimation are by and large
in line with the estimates in GG, supporting the claim that the NKPC is a "good
�rst approximation" to the US in�ation dynamics. However, the assumption of the
model that the stochastic term forms a sequence of innovations may be problematic
as we �nd indication of autocorrelation in the estimated residuals. We also obtain
mixed supportive results when �tting the inexact form of the baseline NKPC, while
the exact form of the baseline as well as the hybrid NKPC is �rmly rejected by the
US data.

The rest of the paper is organised as follows: Section 2 brie�y outlines the
NKPC models estimated by GG and GGL-S. Section 3 presents the VAR approach
and the likelihood based methods used in the present paper, while Sections 4 and 5
report and contrast empirical results for the European and US data with those of
GGL-S and GG, respectively. Section 6 concludes. Details about the methodology
used and contour plots of the likelihood estimation are provided in Appendix 1 and
2, respectively.

2 The NKPC model
As explained by Roberts (1995), there are several routes from a theoretical set up of
�rm�s pricing behaviour that lead to the NKPCmodel, including the linear quadratic
adjustment cost model of Rotemberg (1982) and the models of staggered contracts
developed by Taylor (1979, 1980) and Calvo (1983). GG and GGL-S estimate two
distinct versions of the NKPC model based on Calvo�s model of staggered nominal
pricing in an imperfectly competitive environment with �rms producing di¤erenti-
ated products. The �rst version, referred to as the baseline model, assumes only
forward-looking price setters, whereas the second version, referred to as the hybrid
model, combines both forward-looking and backward-looking behaviour. Following
GG and GGL-S, the baseline model is a linear RE model and may be formulated as
(lower case letters denote logs of variables involved):

(1) �t = �Et�t+1 + �mct + ut;

where �t denotes in�ation in period t, mct represents real marginal costs in period
t, Et�t+1 denotes the conditional expectations given the information at time t of
in�ation in period t+1 and ut is a stochastic error term, which we discuss in Section
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3. The slope parameter � = (1��)(1���)(1��)
�[1+�("�1)] depends on the degree of price stickiness

(�), the subjective discount rate (�), the curvature of the underlying production
function (�) and the elasticity of demand ("). GG and GGL-S derive the hybrid
version of (1) by allowing a fraction (!) of the �rms to use a backward-looking rule
of thumb in their price decisions based on lagged in�ation as a predictor. Again,
following GG and GGL-S, the hybrid version of (1) reads as

(2) �t = 
fEt�t+1 + 
b�t�1 +
�
�mct + ut;

where


f = ����1;


b = !��1and
�
� =

(1� !)(1� �)(1� ��)(1� �)

�[1 + �("� 1)] ;

with � = � + ![1 � �(1 � �)]. We notice that the hybrid model nests the baseline
model as a special case when there are no backward-looking �rms present (i.e.,

! = 0). Accordingly, if the baseline model is true, then 
f = �, 
b = 0 and
�
� = �.

In general, the parameter spaces 0 � � � 1, 0 � � and 0 � 
f ; 
b � 1, 0 �
�
� are

required to give an admissible economic interpretation of an estimated baseline and
hybrid NKPC, respectively.

Using quarterly data of the growth in the GDP de�ator as a measure of in�a-
tion and the labour income share as a proxy for real marginal costs over the sample
period 1960Q1 � 1997Q4 and 1970Q1 � 1998Q2 in the US and European case, re-
spectively, GG and GGL-S estimate both (1) and (2) by means of GMM.3 Their
empirical �ndings may be summarised as follows: (i) forward-looking behaviour is
dominant as indicated by a wide range of estimates of 
f broadly speaking being
twice as large as the estimates of 
b. (ii) because the coe¢ cient 
b is found to be
statistically di¤erent from zero, the baseline model is rejected by the data. (iii)
the labour income share drives in�ation as suggested by a positive and signi�cant

estimate of
�
�. In contrast, alternative forcing variables such as output gap measures

do not perform well. Consequently, both GG and GGL-S conclude that the hybrid
version of the NKPC can be used as a "good �rst approximation" to both European
and US in�ation dynamics.

3 Econometric issues
The basic idea behind the procedures in this paper is to start out with a well speci�ed
VAR and test, using a likelihood ratio test, the implications of the NKPC on the

3For comparison, GGL-S also present results for US over the shorter sample period 1970Q1 �
1998Q2.
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coe¢ cients of the VAR. To construct a likelihood test, we need to work out the
maximum likelihood estimator of the coe¢ cients, both with and without the RE
restrictions imposed. We thus start with a well speci�ed two-dimensional VAR of
order k having the form

(3) Xt = A1Xt�1 + � � �+ AkXt�k + �Dt + �t; t = k + 1; : : : ; T;

where Xt = (�t;mct)
0, Dt represents constants and �k+1; : : : ; �T are independent

Gaussian variables with expectation zero and (unrestricted) covariance matrix 
.
The initial observations of X1; : : : ; Xk are kept �xed.

The way the likelihood ratio test is constructed in our context depends on the
time series involved being stationary, i.e., I(0), or nonstationary, i.e., I(1). The
two situations correspond to whether the impact matrix �� = I � A1 � � � � � Ak
has full or reduced rank. In the following we shall focus on the situation where the
rank is full, corresponding to Xt being stationary, but we indicate how the testing
procedure can be modi�ed to suit the reduced rank case.

Another relevant econometric issue when deriving the RE restrictions on the
VAR concerns whether the NKPC is speci�ed in its exact (ut = 0) or inexact form
(ut 6= 0). Absence of an unobserved disturbance term is a restrictive and nontrivial
assumption and there are numerous justi�cations for why such a term should be in-
cluded in the model, see e.g. Rotemberg and Woodford (1999) and Sbordone (2005).
Kurmann (2007) and Fanelli (2008) are empirical examples where the inexact NKPC
is dealt with. For the sake of comparison with these and other related studies, we
study the exact as well as the inexact NKPC in this paper. As we shall demonstrate
below, the exact version is algebraically less involved and produces much simpler
RE restrictions on the VAR than what follows from the inexact version. Hence,
the numerical treatment of the exact model is also much simpler than the inexact
model. We refer to Appendix 1 for some details about the numerical optimising
procedures used here.

3.1 Exact rational expectations
It is essential how the conditional expectations in (1) and (2) are represented. We
proceed with the well established practice of spelling out the implications of the
NKPC on model (3), see e.g. Baillie (1989) and Hansen and Sargent (1991). Using
vector notation the exact baseline model may be written in compact form as

(4) c01Et(Xt+1) + c00Xt + c0�1Xt�1 = 0;

where c1 = (�; 0)0, c0 = (�1; �)0 and c�1 = (0; 0)0. Et(Xt+1) denotes the conditional
expectations of Xt+1 given Xk+1; :::; Xt in (3). In the exact hybrid model c1 =

(
f ; 0)
0, c0 = (�1;

�
�)0 and c�1 = (
b; 0)

0. We notice that (4) contains restrictions
involving the conditional expected value of the observations one-step ahead and
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the present and lagged observed values. Having speci�ed the information set, the
conditional expectation Et(Xt+1) can be worked out and the RE restrictions on
the VAR stated explicitly. Expressing (3) at time t + 1 and taking conditional
expectations imply, after pre-multiplying with c01, that

(5) c01Et(Xt+1)� c01A1Xt � � � � � c01AkXt�k+1 � c01�Dt+1 = 0:

Hence, equating (4) and (5) implies that the following restrictions on the co-
e¢ cient of the model (3) must be satis�ed:

(6) �c01A1 = c00; �c01A2 = c0�1; �c01Aj = 0; j = 3; : : : ; k and c01�Dt+1 = 0:

For �xed values of the parameters  = (�; �) or  = (
f ; 
b;
�
�), the restrictions

may be tested by a Wald, Lagrange multiplier or likelihood ratio test. We shall
employ the latter, which is particularly useful as it is independent of the speci�c
parameterisation used. In our case this means that the outcome of the tests is the

same irrespective of whether the exact hybrid model is parameterised by 
f ; 
b;
�
�

or any three of �; "; !; �; �;
�
� as long as three of them are �xed. To see how the

likelihood ratio test can be carried out, notice that if we pre-multiply by the non-
singular matrix (c1?; c1), where c1? is a matrix with columns orthogonal to the
columns in c1 and take the restrictions (6) into account, the model (3) decomposes
into two parts

c01?Xt = c01?A1Xt�1 + � � �+ c01?AkXt�k + c01?Dt + c01?�t(7)

c01Xt = �c00Xt�1 � c0�1Xt�2 + c01�t:(8)

The error terms c01?�t and c01�t are correlated, so the two parts cannot be
estimated separately. But conditioning on c01?Xt and the past, the model (3) can
be expressed as the product of a conditional part and a marginal part, where the
marginal part is given by (8). From standard results of a multivariate Gaussian
distribution it follows that the error term in the conditional model is vt = c01?�t �
c01?
(c

0
1
c1)

�1c01�t. Thus, the conditional model is expressed as

(9) c01?Xt = �(c01Xt�c00Xt�1�c0�1Xt�2)+c
0
1?A1Xt�1+� � �+c01?AkXt�k+c

0
1?Dt+vt;

where � = c01?
(c
0
1
c1)

�1. In the marginal model there is only an unknown vari-
ance. The unknown parameters in the conditional model can be found by regressing
c01?Xt on c01Xt; Xt�1; : : : ; Xt�k and c01?Dt. If SSC denotes the mean sum of squares
from this regression and SSM denotes 1

T�k
PT

t=k+1(c
0
1Xt + c

0
0Xt�1 + c

0
�1Xt�2)

2, the
maximal value of the likelihood when the restrictions in (6) are imposed, apart from
a constant, is given by

(10) LH;max( )
�(T�k)=2 =

SSC � SSM

det(c01c1)det(c
0
1?c1?)

:
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For �xed values of  the likelihood ratio test of the restrictions in (6) compares
the value in (10) with the corresponding value where the RE restrictions are not
imposed. As is well known, the value of �2 log of the likelihood ratio statistic is
asymptotically �2-distributed, where the number of degrees of freedom equals the
di¤erence between the number of parameters in the unrestricted and the restricted
model. In the case where the parameters  are unknown, the expression Lmax( )
from (10) can be considered as a pro�le or concentrated likelihood for  . The
maximum likelihood estimates can be found as the values which maximise the pro�le
likelihood and the pro�le likelihood can be studied as a function of  . Such a
property can be very useful because often the parameters in  are the quantities of
prime interest, as in the present paper where the coe¢ cient of the forward-looking
term in the NKPC is essential for the economic interpretation of the model. A
likelihood ratio test can still be carried out as earlier. However, the additional
loss in degrees of freedom equals the number of freely varying parameters in  
that are estimated. For parameter vectors  of moderate dimension maximising
(10) represents no particular problem and may be done using a standard numerical
optimising procedure.

All the arguments above carry over to the nonstationary I(1) case. The ad-
ditional feature that has to be accounted for is the reduced rank of the impact
matrix ��. This is most easily done by reparameterising (3) as a VAR in equilib-
rium correction form where the impact matrix is explicitly involved. A necessary
condition for the empirical success of the exact NKPC in the nonstationary case is
that in�ation must be cointegrated with real marginal costs. We may see this by
reformulating the restrictions in (6) to read as follows:

c01� = �(c0 + :::+ c�k+1)
0;(11)

c01A2 = �c0�1; c01Aj = c�j+1; j = 3; : : : ; k and c01�Dt+1 = 0;

where c�2 = ::: = c�k+2 = 0. Because the impact matrix �� has reduced rank, we
notice that the �rst part of (11) entails restrictions on the adjustment parameters
as well as the parameters describing the cointegration space. Hence, if c01� = d0 =
�(c1 + :::+ c�k+1)

0 is satis�ed, then d0 belongs to the cointegration space. Because
(11) contains several additional restrictions, it is apparent that d0 belonging to the
cointegration space is only a necessary and not a su¢ cient condition for the exact
NKPC to hold empirically. For the exact form of the baseline and the hybrid model

we have that d = (1 � �;��) and d = (1 � 
f � 
b;�
�
�), respectively. We shall

employ the testing procedure suggested by Johansen and Swensen (1999, 2004) in
the nonstationary case.4

It is clear from the above discussion, that prior information about the coin-
tegration rank is useful when evaluating the empirical performance of the NKPC,

4The procedure suggested by Johansen and Swensen (1999, 2004) is also applied in an empirical
investigation of the exact NKPC and the forward-looking behaviour of exporters for a small open
economy, see Boug et al. (2006a, 2006b).
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either by standard likelihood ratio tests for stationary VAR models or for VAR
models with I(1) processes as described in Johansen and Swensen (1999, 2004).

3.2 Inexact rational expectations
We now turn to the inexact form of the NKPC and its implications for the testing
procedure and the RE restrictions on the VAR, both in the stationary and nonsta-
tionary case. Again, we start out with a well speci�ed bivariate VAR representing
the reference model which the inexact RE restrictions are tested against. Due to
the presence of the unobserved disturbance term in the NKPC, the restrictions in
(4) now take the form

(12) c01Et(Xt+1) + c00Xt + c0�1Xt�1 + ut = 0;

where the content of the di¤erent c matrices are as previously de�ned and ut is
assumed, like in Kurmann (2007), being a sequence of innovations, i.e., Et(ut+1) = 0.
The form in (12) has two important implications for the RE restrictions that di¤er
from those in (4). First, rewrite (12) at time t+ 1 to get

(13) c01Et+1(Xt+2) + c00Xt+1 + c0�1Xt + ut+1 = 0:

Using the law of iterated expectations, and the assumption that Et(ut+1) = 0,
implies that

(14) c01Et(Xt+2) + c00Et(Xt+1) + c0�1Xt = 0:

We notice that (14) involves not only the conditional expected value of the
observations one-step ahead as in (4), but also the conditional expected value of the
observations two-steps ahead in addition to the present observed values. Second,
the innovations must be uncorrelated because

(15) E(utut+1) = E[utEt(ut+1)] = E(ut � 0) = 0:

Again, once the information set is speci�ed, the conditional expectationsEt(Xt+1)
and Et(Xt+2) in (14) can be worked out and the RE restrictions on the VAR stated
explicitly. Following the usual procedure, see e.g. Fanelli (2008) and Kurmann
(2007), (5) may be rewritten at time t+ 1 as

(16) c01Et+1(Xt+2) = c01A1Xt+1 + � � �+ c01AkXt�k+2 + c01�Dt+2:

Thus,

(17) c01Et(Xt+2) = c01Et[Et+1(Xt+2)] =

c01Et(A1Xt+1 + A2Xt + � � �+ AkXt�k+2 + �Dt+2) =

8



c01A1Et(Xt+1) + c01A2Xt + � � �+ c01AkXt�k+2 + c01�Dt+2 =

c01(A
2
1 + A2)Xt + c01(A1A2 + A3)Xt�1 + � � �+

c01(A1Ak�1 + Ak)Xt�k+2 + c01A1AkXt�k+1 + c01(A1�Dt+1 + �Dt+2):

The result of inserting (5) and (17) in (14) is an equation inXt; : : : ; Xt�k+1; Dt+2

and Dt+1; which is identically zero. Hence, the following restrictions on the coe¢ -
cients of the VAR must be satis�ed in the inexact NKPC case:

c01(A
2
1 + A2) + c00A1 + c0�1 = 0(18)

c01(A1A2 + A3) + c00A2 = 0
...

c01(A1Ak�1 + Ak) + c00Ak�1 = 0

c01A1Ak + c00Ak = 0

and

(19) c01(A1�Dt+1 + �Dt+2) + c00�Dt+1 = 0; t = k + 1; : : : :

We observe that the restrictions in (18) and (19) are more complicated, and
thus numerically more involved, than those in (6). Generally, the restrictions implied
by (14) may be tested by maximizing the likelihood with respect to the parameters in
A1; � � � ; Ak and � satisfying the restrictions (18) and (19). However, the complicated
nature of (18) and (19) implies a rather di¢ cult constrained optimization problem.

Kurmann (2007) proposed a reversed engineering approach and was able to �nd
explicit solutions to the restrictions in (18) in the NKPC situation. Brie�y speaking,
the reversed engineering approach in our case involves expressing the parameters of
the marginal cost equation from the VAR as a function of the parameters of the
in�ation equation from the VAR as well as the coe¢ cients of the NKPC (
f ; 
b and
�
�).

Imposing the restrictions in this way solves the optimization problem uniquely,
apart from constraints on the non-stochastic parameters, in the stationary case. In
the nonstationary situation, we must in addition impose a restriction ensuring that
the impact matrix �� is singular. We thus ends up with an unconstrained maxi-
mization problem in 2k and 2k � 1 parameters in the stationary and nonstationary
case, respectively, in addition to 
f ; 
b and

�
�. The restrictions in (19) are a bit

more problematic than those in (18). When the deterministic terms of the reference
VAR are only unrestricted constants, (19) has a simple expression. However, the
case when the VAR includes restricted constants is more complicated. We refer
to Appendix 1 for some details on these issues and how the reversed engineering
approach is handled in the present study.
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A reasonable strategy for examining the inexact RE restrictions seems to be
as follows: First we �t VAR models to the data imposing (18) and (19). Then, we
evaluate the change in the maximal value of the likelihood. If this change is not
deemed too large, we proceed to estimate the innovation term and test its time series
properties with respect to autocorrelation. Thus, both implications of the inexact
NKPC are tested.

4 European in�ation dynamics
In this section, we evaluate the baseline and the hybrid NKPC using the likelihood
based methods described above applying the same European data set as in GGL-S.
As previously mentioned, the data are quarterly time series covering the sample
period 1970Q1� 1998Q2. In�ation is measured as the quarterly percentage change
in the GDP de�ator, whereas real marginal costs are proxied by labour income share
constructed as the ratio of compensation to employees to nominal GDP. Figure 1
displays the measures of in�ation and real marginal costs.5

Figure 1: The European data

1970 1975 1980 1985 1990 1995

0

1

2

3
Inflation Labor income share

It is evident that the two time series move quite closely together during both
the high and low in�ation periods. Importantly, both in�ation and the labour income
share exhibit a clear downward trend with no apparent mean reverting property, at
least from the mid 1970s, suggesting that �t and mct are nonstationary I(1) series.
Therefore, a reduced rank VAR is a candidate as an empirical model. We pursue this
hypothesis by �tting the bivariate VAR model (3) to the data with an unrestricted

5In Figure 1, the scale of the labour income share is adjusted to match that of in�ation.
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constant.6 Thus, Dt = 1 and � = �. Initial modelling suggests that k = 5 is
the appropriate choice of lag length to arrive at a well-speci�ed model in terms of
well-behaved residuals, as indicated by standard diagnostic tests.7 Then, we apply
the cointegration rank test to the model, see Johansen (1995, p. 167).8 The test
results are reported in Table 1.

Table 1: Tests for cointegration rank. European data
r �i �trace �atrace
r = 0 0.261 33.07 [0.000]** 30.01 [0.000]**
r � 1 0.003 0.40 [0.528] 0.36 [0.548]
Notes: r denotes the cointegration rank and �i are the eigenvalues from the reduced
rank regression, see Johansen (1995). The �trace and �

a
trace are the trace statistics

without and with degress of freedom adjustments, respectively. The p-values in square
brackets, which are reported in PcGive, are based on the approximations to the asymp-
totic distributions derived by Doornik (1998). The asterisk ** denotes rejection of the
null hypothesis at the 1 per cent signi�cance level.

We observe that the rank should be set to one, indicating existence of a coin-
tegration relationship between in�ation and real marginal costs. Apart from the
variance-covariances the reduced rank model contains 21 parameters and the value
of the 2 log likelihood is 428:94. Also, likelihood ratio tests clearly reject the hy-
pothesis that in�ation and real marginal costs are stationary or long run excludable
with rank equal to unity. Accordingly, the necessary condition of cointegration for
the empirical success of the NKPC model is met in the non-stationary case of the
European data. However, it remains to test formally the RE restrictions entailed by
the NKPC in a cointegrated VAR by means of the procedures explained in Section
3. The maximum likelihood estimates of the exact and the inexact version of the
baseline and the hybrid NKPC are presented in Table 2.

The exact baseline model consists of 13 parameters corresponding to 8 degrees
of freedom when reducing them by the number of estimated structural parameters.
However, an identi�cantion problem arises as the cointegration vector, which is

6In fact, a restricted constant may be imposed, i.e., taking � =a�0 where a are the so-called
adjustment coe¢ cients. The likelihood ratio test statistic is 0:55 with one degree of freedom
when comparing a VAR with an unrestricted constant and a VAR with a restricted constant
imposed. The reason why the latter model is not used as a starting point is technical. Imposing
the restriction at the same time as a reduced rank in the inexact RE-hypothesis, implies more
complicated restrictions on the coe¢ cients, see the explanation at the end of Appendix 1. Because
the two models are so similar, we do not expect that choosing the alternative, more complicated
strategy would have made any di¤erence.

7Noticeably, the instrument set used in GGL-S includes among other variables �ve lags of
in�ation. Fanelli (2008) also concludes that the choice of k = 5 describes the dynamics of the
bivariate VAR su¢ cently well. Results from the diagnostic tests, here and below, are available
from the authors upon request.

8The rank test is performed using PcGive 10.3, see Hendry and Doornik (2001) and Doornik
and Hendry (2001).
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Table 2: Maximum likelihood estimates of the NKPC. European data
Unrestricted Restricted

Model 2 logL �,
f 
b �,
�
� 2 logL �,
f 
b �,

�
�

Baseline, exact 380.15 1.06 � 0.001 374.94 1.0 � 0.00
Hybrid, exact 418.91 1.38 �0.38 �0.000 378.01 1.0 0.01 0.00
Baseline, inexact 375.17 1.01 � 0.000 371.02 1.0 � 0.00
Hybrid, inexact 383.04 2.80 �1.66 0.004 376.92 1.0 0.03 0.00
Notes: Maximal value of the likelihood of the reduced rank VAR with the RE restrictions
imposed.

super-consistently estimated, has the form (1� �; �) and can be considered as �xed
for inference based on asymptotic approximations. That the structural parameters
are weakly identi�ed in the present context is evident from Figure 2, which displays
the surface of the concentrated log likelihood for the exact baseline model.9. The
identi�cation problem shows up as a sharp ridge in the surface. Hence, it is di¢ -
cult to distinguish empirically between di¤erent combinations of parameter values,
particularly on or close to the ridge, producing the largest value of the likelihood.

Figure 2: Surface of the concentrated log likelihood for the exact baseline NKPC.
European data
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Because there is only one free parameter in the cointegration vector � and � can
9Contour plots corresponding to Figure 2 and the other surface plots presented below are

provided in Appendix 2.
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be expected to be functionally linked, at least asymptotically. As explained below
(10), a correctly sized likelihood ratio test should then compare the pro�le likelihood
ratio statistic with the critical value corresponding to 9 rather than 8 degrees of
freedom. Comparing 428:94 � 380:15 = 48:79 to a �29 distribution implies a strong
rejection of the exact baseline model at commonly used signi�cance levels. Moreover,
the estimates for (�; �) equals (1:06; 0:001) and is outside the region of having an
admissible economic interpretation. When the region for admissible parameters is
constrained to 0 � � � 1; 0 � �, the estimates are on the boundary. The likelihood
ratio test in such situations has a non-standard asymptotic distribution, see e.g.
Gouerieroux and Monfort (1995), and can be represented as a weighted sum of
independent �2-distributions. The critical values computed from this distribution
are always smaller than those computed from a standard �2-distribution with degrees
of freedom equal to the di¤erence between the total number of parameters in the a
priori model and the number of unconstrained parameters under the null hypothesis.
Hence, if using the standard �2-distribution entails rejection of the null hypothesis,
so does using the more complicated distribution taking the constraints into account.
But the likelihood ratio statistic 428:94�374:94 = 54:00 is larger than all commonly
used quantiles from a �210 distribution.

10

The method used for the baseline model can also be employed in the exact form
of the hybrid NKPC. Because the model is more versatile, we expect a better em-
pirical �t. From the second line in Table 2 we see that this is indeed the case. If the
parameters are estimated without restrictions, the maximal value of the likelihood
is not so far from the reference VAR, 428:94�418:91 = 10:03. However, the identi�-
cation problem still remains. In this case the cointegration vector is (1�
f �
b;

�
�).

Thus, as the sample length increases, we expect a stronger functionally dependence

between 
f ; 
b and
�
�. Figure 3 shows the surface of the concentrated log likelihood

of the exact hybrid model as functions of 
f and
�
� for di¤erent values of 
b:

We notice that the surface plots are rather similar over a wide range of values
of 
b. The contour plot of the concentrated log likelihood, for 
b corresponding
to the maximal value of the likelihood, reveals a huge spike at the maximum, see
Figure 8 in Appendix 2. The level curves corresponding to the likelihood value
of 400 enclose small regions while the maximum is 418:91, so in addition there
exist local minima. Taking the lack of identi�cation into account the degrees of
freedom is 9 also in this case, which means that the p-value of the likelihood ratio
test is 0:35. Once again, the estimates of the structural parameters do not have an
admissible economic interpretation. When the parameter values are restricted to the

admissible economic parameter space, i.e. 0 � 
f ; 
b � 1; 0 �
�
�, the estimates are

on the boundary. By the same argument outlined above, the critical values of the

10The number of degrees of freedom is calculated as follows: 10 = 21� (12� 1) = total number
of parameters � (e¤ective number of parameters � number of constrained e¤ective parameters).
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Figure 3: Surface of the concentrated log likelihood for the exact hybrid NKPC.
European data
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likelihood ratio test based on the complicated �2-distribution are smaller than the
values from a standard �210 distribution. Nevertheless, the likelihood ratio statistic
428:94 � 378:01 = 50:93 is larger than all commonly used quantiles. Thus, we �nd
no support for the exact NKPC in the European data, irrespective of whether the
baseline or the hybrid model is examined.

We now turn to the inexact version of the NKPC. The RE restrictions on the
VAR, as explained in Section 3, have a di¤erent and more complicated form than
with the exact case. Using a modi�cation of the reversed engineering approach,
the inexact hybrid model can be expressed with 13 parameters. The results of
�tting the inexact version of the baseline as well as the hybrid model with and
without admissible restrictions on the parameters imposed are displayed in the two
last lines of Table 2. A preliminary inspection of surface plots of the log likelihood
shows that the identi�cation problem is still present. Hence, there are less free
parameters under the null hypothesis than it may appear. But the values of the
likelihood ratio statistics are so large that both the baseline and the hybrid model are
strongly rejected. The same picture is evident when the economically, interpretable
parameter restrictions are imposed on the NKPC.

The clear meassage from these �ndings is that the evidence in GGL-S that
the NKPC with a dominant role for forward-looking behaviour does reasonably well
in describing European data must be considered fragile. We conclude in line with
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Fanelli (2008), who used a more restrictive approach, that the restrictions deduced
from the NKPC are strongly at odds with the European data. An important lesson
of the �ndings here is that although the necessary condition of cointegration between
in�ation and real marginal costs seems to hold, the overall restrictions implied by the
NKPC model are formally rejected by the data according to likelihood ratio based
inference. GGL-S, on the other hand, use a less formal method by just looking
at the signi�cance status of the in�ation and real marginal costs terms to claim
the empirical success of the model. As noted by Juselius (2008), what GGL-S
essentially do is to only estimate the cointegration relationship between in�ation
and real marginal costs without really testing the RE restrictions implied by the
NKPC model as such.

5 US in�ation dynamics
We now present estimates of the NKPC models and evaluate their empirical per-
formance by likelihood based methods applying the same US data set as in GG. As
in the previous section, in�ation is measured as the quarterly percentage change in
the GDP de�ator, whereas real marginal costs are proxied by labour income share.
The data now covers the sample period 1960Q1 � 1997Q4. Figure 4 displays the
measures of in�ation and real marginal costs in the case of US data.11

Figure 4: The US data
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As in the European case, there is a close co-movement between in�ation and
real marginal costs. However, contrary to the nonstationarity status of the European
data, both US in�ation and real marginal costs �uctuate around their respective

11In Figure 4, the scale of the labour income share is adjusted to match that of in�ation.
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means with no apparent trending behaviour. We may then suspect, as will be
veri�ed formally below, that the US series are better described by a stationary VAR
than a nonstationary one. Specifying an unrestricted VAR in Xt = (�t;mct)

0, we
�nd that k = 4 produces a model with no serious misspeci�cation.12 Indeed, the
equation for in�ation su¤ers from non-normal residuals, which is due to some large
outliers in the mid 1970s. These outliers may be mopped up by impulse dummies,
but doing so does not alter the results from the cointegration analysis, which we
now turn to. Table 3 reports the �ndings from applying the cointegration rank test
to the US data based on the unrestricted bivariate VAR of order four.

Table 3: Tests for cointegration rank. US data
r �i �trace �atrace
r = 0 0.084 16.87 [0.029]* 15.98 [0.041]*
r � 1 0.023 3.52 [0.061] 3.34 [0.068]
Notes: r denotes the cointegration rank and �i are the eigenvalues from the full
rank regression, see Johansen (1995). The �trace and �

a
trace are the trace statistics

without and with degress of freedom adjustments, respectively. The p-values in square
brackets, which are reported in PcGive, are based on the approximations to the asymp-
totic distributions derived by Doornik (1998). The asterisk * denotes rejection of the
null hypothesis at the 5 per cent signi�cance level.

We notice that the hypothesis of no cointegration can be rejected at the 5 per
cent signi�cance level, while the hypothesis of at most one cointegrating relationship
between in�ation and real marginal costs can be rejected at the 6 per cent level.
Therefore, we conclude that the impact matrix has full rank so that a stationary
VAR in levels seems to �t the US data reasonably well. Apart from the variance-
covariances the full rank model contains 18 parameters and the value of the 2 log
likelihood is in this case 495:02. The maximum likelihood estimates of both the
exact and the inexact version of the baseline and the hybrid NKPC are displayed in
Table 4.

Overall, the decrease in the maximal value of the likelihood by imposing the
exact RE restrictions entailed by the NKPC is somewhat less with the US data than
with the European data. The maximal value of the 2 log likelihood is estimated to
468:22 in the baseline case. The number of restrictions is 7, so the model is strongly
rejected also in the US case. The point estimates of � (1:03) and � (0:003) are on
the boundary of having admissible, economic interpretaions.

Estimating the exact hybrid model yields a maximal value of the 2 log likeli-
hood of 475:26. Hence, when the coe¢ cient of the lagged in�ation is also estimated,
implying loss of one degree of freedom, the NKPC is still strongly rejected. The

12The chosen model speci�cation is identical to the one in Table 6 in Mavroeidis (2006). GG
also include four lags of in�ation in the instrument set underlying the GMM estimation of the
NKPC. Reducing the bivariate VAR by k = 3, as in Kurmann (2007), gives a model with severe
autocorrelation and heteroscedasticity in the estimated error terms.
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Table 4: Maximum likelihood estimates of the NKPC. US data
Unrestricted Restricted

Model 2 logL �,
f 
b �,
�
� 2 logL �,
f 
b �,

�
�

Baseline, exact 468.22 1.03 � 0.003 466.08 1.0 � 0.000
Hybrid, exact 475.26 1.31 �0.28 �0.004 466.73 1.0 0.0 0.001
Baseline, inexact 485.53 1.00 � 0.021 � � � �

(0.03) � (0.009)
Hybrid, inexact 486.14 0.89 0.11 0.020 � � � �

(0.09) (0.08) (0.007)
Notes: Maximal value of the likelihood of the full rank VAR with the RE restrictions imposed.
Standard errors in brackets.

point estimates of 
f (1:31); 
b (�0:28) and
�
� (�0:004), corresponding to the max-

imum, all violate the admissible parameter space. Restricting parameter values to
the admissible space entails a further decrease in the maximal value of the likeli-
hood. Even if we take into account the necessary modi�cations of the asymptotic
distributions, the exact hybrid model is rejected. Speci�cally, in the hybrid model
the modi�ed asymptotic distribution has critical values smaller than those of the �29
distribution, whose 99 percentile is 21:67.

Also for the US data we provide surface and contour plots of the concentrated
log likelihood for the exact version of the baseline as well as the hybrid model.
Figures 5 and 6 clearly show that the surface now looks much more quadratic than
what is the case with the European data, indicating that the models do not su¤er
from the weak identi�cation problem. Such feature of the US data is not surprising
because no cointegration vector is super-consistently estimated in this case.

As noted in the introduction, Kurmann (2007) �nds that the inexact hybrid
NKPC �ts the US data well. Again, we apply the reversed engineering approach
modi�ed to handle the optimization problems in our context. From the third and
fourth line in Table 4 we notice that the likelihood ratio test for both the baseline and
the hybrid model provides indication that the �t is satisfactory. The corresponding
p-values are 0:22 and 0:18 with degrees of freedom equal to 7 and 6, respectively.
Another indication of the good �t of the inexact version of the NKPC is the admis-
sible estimates that come out of the pro�le likelihood. Because the inexact version
of the NKPC appears to be reasonable, we have included estimates of the standard
errors, obtained from inverting the numerical Hessians.

To conclude whether the inexact NKPC explains the data well we also check
if the stochastic terms can be considered as innovations. The estimated coe¢ cients
of the matrices A1; � � � ; A4 and � for the inexact baseline and hybrid model are
displayed in Table 5. Using these estimates, Et(Xt+1) and hence ut of (12), can be
estimated. There is indication of autocorrelation in the estimated innovations. For
the baseline model the Box-Pierce statistic computed from the 21 �rst autocorrela-
tions is 19:95, whereas the Box-Ljung statistic is 21:37. With 21 � 12 = 9 degrees

17



Figure 5: Surface of the concentrated log likelihood for the exact baseline NKPC.
US data

beta

0.95

1.00

1.05

1.10

lambda

­0.10

­0.05

0.00

0.05

0.10

2cloglik

380

400

420

440

460

of freedom the p-values are 0:018 and 0:011, respectively. Similarly, for the hybrid
model the Box-Pierce statistic is 20:58 and the Box-Ljung statistic is 22:13 with
p-values of 0:015 and 0:008, respectively.

Table 5: Maximum likelihood estimates of the matrices A1; :::; A4 and � of the
inexact NKPC. US data

A1 A2 A3 A4 �
0.6149 0.0718 0.2354 �0.0573 0.1008 �0.0235 0.0351 0.0000 �0.1183
0.0002 0.9166 �0.1154 0.0169 0.0375 �0.0851 0.1453 �0.0046 0.7897
0.6450 0.0693 0.1950 �0.0498 0.1064 �0.0259 0.0463 �0.0054 0.0375

�0.0498 0.9177 �0.1446 0.0231 0.0514 �0.0778 0.2447 �0.0284 �0.2161
Notes: Baseline model (upper panel), hybrid model (lower panel).

In line with Kurmann (2007), our likelihood based estimates coincide by and
large with GG�s GMM estimates, con�rming the claim that forward-looking behav-
iour is an important feature of the price setting among US �rms. However, and
unlike Kurmann (2007) who did not consider the issue, we do not �nd evidence that
the stochastic terms are innovations as assumed in the model. Hence, our �ndings
using the US data are somewhat mixed with respect to the empirical success of the
inexact NKPC.
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Figure 6: Surface of the concentrated log likelihood for the exact hybrid NKPC. US
data
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6 Conclusions
In this paper, we revisit the evidence in GG and GGL-S that both European and
US in�ation dynamics are in line with the NKPC model. To this end, we use the
same data set and likelihood based methods for testing the RE restrictions through
VAR models. We extend recent VAR based likelihood analyses of the NKPC in
four ways. First, we treat the two data sets by the same methodology, paying
particular attention to the stationary as well as the nonstationary, and possibly
cointegrated, nature of variables involved. Second, we focus not only on the inexact
form, but also on the exact form of the baseline as well as the hybrid NKPC.
Third, we test formally the assumption of the inexact model that the stochastic
term forms a sequence of innovations with no autocorrelation properties present.
Fourth, we express the likelihood as a function of all parameters involved, which
makes an explicit inspection of the likelihood surface, and thus also the potential
weak identi�cation problem, possible.

Our empirical �ndings using the European data contradict the evidence in
GGL-S, irrespective of which version of the NKPC is studied. We do �nd though,
in line with GGL-S, that the inclusion of a backward-looking term improves the
empirical �t. However, the increase in the value of the likelihood is not large enough
to yield a well-speci�ed model. We also show that the likelihood surface has a rather
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sharp ridge, indicating that the NKPC may be weakly identi�ed as criticised by
others using alternative methods. On the other hand, we con�rm by and large GG�s
�nding that the inexact baseline or hybrid NKPC are good candidates in explaining
US in�ation dynamics. However, the assumption of the models that the stochastic
term forms a sequence of innovations may be problematic as we �nd indication of
autocorrelation in the estimated residuals. The exact form of the baseline as well
as the hybrid model is �rmly rejected by likelihood ratio tests using US data.

At the outset, testing the NKPC by means of VAR reduced forms is restricitive
as most modern DSGE models imply reduced form dynamics are vector ARMA
processes. Also, VAR based tests of the NKPC may be more restrictive than their
GMM counterparts, which make no assumptions about the nature of the reduced
form dynamics. That said, the transparancy of the VAR approach used in this
paper is an advantage compared to the analysis in GG and GGL-S, which forces
the assumption of rational expectations in the GMM estimation by a somewhat
arbitrary choice of instruments. As stressed by Galí et al. (2005), however, it is vital
for likelihood based methods to work well that the overall structure of the underlying
model is correctly speci�ed. Generally, VAR models by themselves are based on few
assumptions about the data generating process, but it can be a challenge to �nd
a congruent empirical speci�cation. For systems with several variables such a task
may be quite demanding or even impossible due to the large number of parameters
involved. This potential problem is less pressing in the present context as the VARs
involve only two variables su¢ cient enough to arrive at well-speci�ed underlying
models. Therefore, we think it is worth trying to explain what may be the main
reasons for the clear rejection of the NKPC in the European case.

As emphasised in the text, the �rst part of the restrictions in the reduced rank
VAR involves the long-run parameters and the cointegration relationship between
in�ation and real marginal costs. The rejection of the NKPC model is therefore
mainly due to the restrictions imposed on the short run parameters. A reasonable
interpretation is thus that the hybrid model with only one lag does not properly
re�ect the rather complex dynamic structure of European in�ation, as indicated by
the well-speci�ed �fth order VAR. It is interesting that GGL-S begin their paper by
showing that the traditional Phillips curve (with no forward-looking behaviour) with
�ve lags of in�ation does a reasonable good job of characterising in�ation. Because
the value of the likelihood increases when allowing for lagged in�ation, expanding the
NKPC further in this direction may be helpful to make the model perform better in
terms of explaining European in�ation persistence. Likewise, alternative measures
of in�ation not based on the GDP de�ator may be needed in order to improve
the empirical �t of the NKPC. The de�ator for the non-farm business sector is
probably a more relevant proxy for actual prices set by �rms in the economy than
the GDP de�ator, which is essentially a residual in the national accounts following
modern practice of double de�ating. Similarly, alternative proxies for marginal costs
may deliver empirically robust speci�cations of the NKPC. For instance, McAdam
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and Willman (2004) suggest using a CES production function with factor speci�c
technological change as a basis for a marginal cost measure. Doing so has, however,
been beyond the scope of the present paper and is left for future reasearch.
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Appendix 1

Computational details
The estimation of the exact as well as the inexact NKPC consists of numerical

maximization concentrated likelihoods using iterative methods. The computational
burden in the two cases are as explained in the text quite di¤erent. Whereas it is
possible to �nd a pro�le likelihood depending only of the coe¢ cients in the NKPC in
the exact case, the pro�le likelihood in the inexact case will also include roughly half
of the parameters of A1; : : : ; Ak. To perform the numerical optimization the proce-
dure "optim" in the statistical package R was used, see http://www.r-project.org/
and R Development Core Team (2006). It contains several options, notably the
quasi-Newton BFGS (Broyden, Fletcher, Goldfarb and Shanno), the Nelder-Mead
method and a method based on simulated annealing. Running the options sequen-
tially seems to be quite useful and helpful in �nding suitable starting values. Also
the functions to be optimized appear to be smooth enough, so numerical derivatives
are su¢ cient to determine the gradient and Hessian matrix in the BFGS method.
But all these iterative methods provide no guarantee �nding the global maximum
and not ending up in a local one. This problem becomes of course more pressing
when many variables are involved, and is thus an argument in favour of looking
for simpler formulations. We consider bivariate VAR as dictated from the NKPC
model.

The reversed engineering approach
As explained in the text, we apply the reversed engineering approach, pro-

posed by Kurmann (2007), in order to conduct the numerical optimization problem
involved when the inexact NKPC is examined. Here we provide some details about
the approach and how it is modi�ed to suit our context using the hybrid NKPC as an
example. We �rst recall that in the hybrid model the dimension p = 2, c01 = (
f ; 0);

c00 = (�1;
�
�) and c0�1 = (
b; 0). Letting

(20) Ai =

�
a11;i a12;i
a21;i a22;i

�
; i = 1; : : : ; k;

from the VAR, we follow Kurmann (2007) and express the parameters of the labor
share equation explicitly in terms of the parameters of both the in�ation equation
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and the NKPC equation to read as

a21;1 =
a11;1 � 
f (a

2
11;1 + a11;2)� 
b


fa12;1 +
�
�

(21)

a22;1 =
a12;1 � 
f (a11;1a12;1 + a12;2)


fa12;1 +
�
�

a21;2 =
a11;2 � 
f (a11;1a11;2 + a11;3)


fa12;1 +
�
�

a22;2 =
a12;2 � 
f (a11;1a12;2 + a12;3)


fa12;1 +
�
�

...

a21;k�1 =
a11;k�1 � 
f (a11;1a11;k�1 + a11;k)


fa12;1 +
�
�

a22;k�1 =
a12;k�1 � 
f (a11;1a12;k�1 + a12;k)


fa12;1 +
�
�

a21;k =
a11;k � 
fa11;1a11;k


fa12;1 +
�
�

a22;k =
a12;k � 
fa11;1a12;k


fa12;1 +
�
�

:

To avoid uninteresting cases we consider only situations where 
fa12;1+
�
� 6= 0. Thus,

ignoring the deterministic terms for the moment, the likelihood for the stationary
case can be expressed as a function of the 2k+3 parameters a11;1; a12;1; � � � ; a11;k; a12;k
and 
f ; 
b and

�
�. In the nonstationary case the impact matrix � = A1+ � � �+Ak�I

must have reduced rank. Because p = 2, this means that �, if it is not equal to
zero, must satisfy the additional restriction

(22) det(�) = det

� Pk
i=1 a11;i � 1

Pk
i=1 a12;iPk

i=1 a21;i
Pk

i=1 a22;i � 1

�
= 0:

Summing the expressions in (21) yields

kX
i=1

a21;i =
(
Pk

i=1 a11;i)(1� 
fa11;1)� 
b � 
f (
Pk

i>1 a11;i)


fa12;1 +
�
�

(23)

kX
i=1

a22;i � 1 =
(
Pk

i=1 a12;i)(1� 
fa11;1)�
�
�� 
f (

Pk
i=1 a12;i)


fa12;1 +
�
�

:(24)
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After some algebraic manipulations the restriction in (22) may be expressed as

(25) a11;k =
(
f + 
b � 1)

�
�

kX
i=1

a12;i �
k�1X
i=1

a11;i + 1:

The likelihood for the I(1) case is therefore a function of the 2k + 2 parameters

a11;1; a12;1; � � � ; a11;k�1; a12;k�1; a12;k and 
f ; 
b and
�
�.

Finally, consider the coe¢ cient of the non-stochastic terms, �. These coef-
�cients must satisfy c01(A1�Dt+1 + �Dt+2) + c00�Dt+1 = 0; t = k + 1; : : :, that is
the restrictions in (19). Because only constants are involved, � = (�1; �2)

0 and the
restriction reduces to (c01(A1+ I)+ c

0
0)� = 0. Using coordinates this may be written

(
f (a11;1 + 1) � 1)�1 + (
fa12;1 +
�
�)�2 = 0, or �2 = �
f (a11;1+1)�1


fa12;1+
�
�
�1. In the case

where the time series are I(1) and the constant is restricted, � = (a1;a2)0(b1; b2) and

� = (a1;a2)0�0. Then [(
f (a11;1 + 1) � 1)a1 + (
fa12;1 +
�
�)a2]�0 = 0, which is more

di¢ cult to express explicitly.

Appendix 2

Figure 7: Contour of the concentrated log likelihood for the exact baseline NKPC.
European data
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Figure 8: Contour of the concentrated log likelihood for the exact hybrid NKPC.
European data

gamma_f

la
m

bd
a

0.8 1.0 1.2 1.4 1.6

­0
.0

10
­0

.0
05

0.
00

0
0.

00
5

0.
01

0

Figure 9: Contour of the concentrated log likelihood for the exact baseline NKPC.
US data
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Figure 10: Contour of the concentrated log likelihood for the exact hybrid NKPC.
US data
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