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1. Introduction

In this paper we are going to look at how to measure and estimate the uncertainty in the Norwegian
Business Tendency Survey for manufacturing, quarrying and mining. We will disregard the effect of
non-response, measurement error and coverage error, and focus on the uncertainty coming from
estimating a population total based on a sample. This uncertainty is usually measured by the design-
based standard error, but we will also use a model-based measure. In addition to investigating the
uncertainty of the estimator in use today (section 4-7), we introduce two alternative estimators for the
existing one (section 8 and 9).

The Norwegian Business Tendency Survey is a quarterly survey, and maps out the industrial
management leaders judgement of the business situation and the outlook for a fixed set of indicators
such as level of production, capacity utilisation and employment. We shall consider the diffusion
index, which is a measure of the outlooks for the level of production in the next quarter. (Our analysis
and the estimators we derive for this index will also hold for similar indexes in the Norwegian
Business Tendency Survey).

In section 2 we describe the population and the diffusion index, and in section 3 the sample design.
The estimator of the diffusion index is introduced in section 4, and in section 5 and 6 we give a
design-based and a model-based analysis of the estimator. The measurement of uncertainty these
analyses give, are used to estimate the uncertainty in the Business Tendency Survey in the period
1999, 2000 and 2002. The result of this estimation is presented in section 7. In section 8 and 9 we
consider two alternative estimators of the diffusion index. Finally, a summary is given in section 10.

2. Population

The unit of analysis is the branch unit. The branch unit comprises all establishments within an
enterprise belonging to the same 3-digit industry group (SIC94) - in the following referred to as the
branch. The population covers all branch units within the industries Mining and quarrying (10,13-14)
and Manufacturing (15-37), see the Standard of Industrial Classification 1994 (SIC94). The Business
and Enterprise Register defines the population.

2.1. Stratification

Branch and number of employees stratify the population. The employment intervals are 0-99, 100-199,
200-299 and 300- o . There are about 270 strata in the population.

2.2. The diffusion index

The diffusion index is a measure of how the branch units are judging the level of their productions in
the next quarter compared to the current quarter. More precisely the diffusion index for a given quarter
is given by

d=S+lU,
2
where

s==100 and U=""100.
X X



Here s is the number of employees in branch units which expect that the production (to the branch
unit) will be larger in the next quarter compared to the current quarter, u is the number of employees
in branch units which expect that the production (to the branch unit) will be more or less the same in
the next quarter compared to the current quarter, and X is the total number of employees for all
branch units in the population. That is, d gives the share of employees that are working in a branch
unit that expects that its production will increase, plus half the share of employees that are working in
a branch unit that expects that its production not will change.

Because the expression S+1/2U is unsuitable for the analyses we are going to do, we define some
new variables and use they to obtain a more suitable expression of the diffusion index.

For branch unit i in stratum /%, we define the tendency variable

Xy ,if the branch unit expects its production to increase
Vi = Exhi ,if the branch unit expects its production to be unchang
0 ,if the branch unit expects its production to be smaller ,

where x,, is the employment of the branch unit.

We now define the tendency variable of the stratum by

Yh:zyhi’

ieU,

where the subscript / refers to the stratum label and U, denotes the branch units belonging to the

stratum. The tendency variable of the stratum is equal to the employment of the branch units (within
the stratum) that expect their productions to increase, plus half the employment of the branch units
(within the stratum) that expect their productions not to change. As more branch units expect the
production to increase the larger ¥, becomes. But the tendency variable could never exceed the

employment in the stratum, that is,

YhSXh

X, is the employment in the stratum.

ey,

where X, = Z

Finally, we define the tendency variable of the population by
Y=>%,,
h

where the sum Zh is over all strata in the population. That is, the tendency variable of the
population is equal to the employment of all the branch units that expect their productions to increase,
plus half the employment of all the branch units that expect their productions not to change. Like V),

the tendency variable Y is larger as more branch units expect the production to increase, but ¥ will
never exceed the total employment in the population.



With these definitions the diffusion index can be written

d=£-100
X
(D y
—L-IOO

ZhXh ’

where X = Zh X, is the total employment in the population. In the rest of the paper we will be using

this presentation of the diffusion index.

Since 0 <Y < X, the diffusion index will lie between 0 and 100. If 4 > 50 it means that the branch
units that expect an increase in the production employ more people than the branch units that expect a
reduction. The opposite situation, that is d < 50, means that the branch units that expect a reduction in
the production employ more people than the branch units that expect an increase. We could say that

d > 50 indicates expected growth in the production while d <50 indicates an expected reduction.

The diffusion index (1) refers to the entire population. We are also interested in diffusion indexes for
domains. A domain could for example be a branch, or a group of branches. The diffusion index for

such a domain is also given by (1), but where the sum Zh is only over the strata within the domain.

3. The sample design

A new sample is selected each year. If necessary, the sample is updated or rotated during the four
quarters. The sample size is about 710. Branch units with more than 300 employees are included as a
panel. Branch units with less than 10 employees are never included in the sample, that is, they have
probability 0 of being selected.

Proportional allocation is used to decide the size of the stratum samples. The allocation does not
ensure that we get a sample form each stratum, so we might have strata without sample.

The selections in the different strata are done independently. Within the stratum the sample is selected
with probabilities proportional to size, where the size is the employment to the branch unit (branch
units with less than 10 employees have probability 0 of being selected).

4. Estimation of the diffusion index

The estimator of the diffusion index (1) can be written as

2 = -100,
(2) z X,
h
where
> -}_/s
(3) h :f_h.Xh



is a ratio estimator of the tendency variable ¥, = zieU Yy - Here, X, and y, are given by
h

fsh = nithi and J_}Sh = nizyhi 2

h ies, h ies),
where s, is the response sample from stratum / and n, is the size of s, .

The estimator (2) requires a sample from each of the strata. As previously mentioned we can have
strata with no sample. Such strata are probably removed from the population when d is to be
calculated, so that the sum Zh is only over the strata with sample.

The inequality 0< y,, <x, implies that 0<y <X, sothat 0< I}h <X, . Hence, d lies between 0
and 100, which is a necessary property since the diffusion index lies between 0 and 100. In the next

two sections we analyse d further.

The diffusion index for the domains is also estimated by (2), but again the sum Zh is only over the

strata within the group.

5. Design-based analysis of the estimator

This section presents a design-based analysis of d . It means that we are looking at the tendency
variables to the branch units as parameters, while the sample is stochastic. Thus in this section the
variance, bias etc. will be derived under that situation. We assume a sample from each stratum, and
take no account of non-response, measurement error or coverage error.

A desired property of an estimator is unbiasedness. This means that the expectation of d should equal
d for all possible values of the y,.'s, but this is not the case'. To see this we write the expectation as

Ed = 2,F

ZhXh |

where th is the expectation of fh. Later on it is shown that I?h is generally not unbiased: The

100,

expectation of I?h can be both greater and smaller than );h , depending on the y,,'s. Hence, the

expectation of d can be both greater and smaller than d , and d is thus not unbiased.

Since we have independence between the strata, the variance of d is given by

V(é’)zMJOOZ,
(ZhXh)

" Even though d is not unbiased, a simulation study shows that Ed = d for most of the configuration of the Vi's.



where V(f’h) is the variance of ¥, . The standard error of d , defined as the square root of the

variance, is therefore

-100.

(d)—zzvf)

“

The uncertainty of an estimator is usually measured by the standard error. But in a situation where the
estimator is not unbiased, the mean squared error might be a better measure. The mean squared error is
defined as the expectation of the square of the error, and equals the variance plus the square of the bias
(the bias of an estimator is defined by the expectation of the error). That is, the mean squared error of

d is given by

MSE(d)=E| (d-d] |

V(a) + Bias(a)2 ,

where Bias(a?) = E[c? —d] is the bias of d .

Despite the fact that d is not unbiased, we choose to measure the uncertainty of d with the standard
error. The reason for this choice is that we are not able to estimate the mean squared error of d. (We

give an upper and a lower bound of the bias of d in subsection 5.1).

Since the standard error (4) is unknown it has to be estimated. That is done by estimating the variance

of the };h 's. There is no standard estimator of V(};h ) , and we will use linearization to obtain an

approximate variance that can be estimated (subsection 5.1). We have also considered using bootstrap
to estimate the variance, but have not found any method suitable for our situation (subsection 5.2).

Before we begin with the linearization in subsection 5.1, we introduce the inclusion probabilities, and

use the explicit formula of these probabilities to obtain an upper bound of V(I;h) when n, =1.

The inclusion probability of a branch unit 7 in stratum /4 is denoted w,; and is the probability that the

branch unit is included in the sample. Since branch units with less than 10 employees are excluded,
these units have w,; = 0. For the other branch units the inclusion probabilities are proportional to the
employment (within each stratum). Using the notation

U;={ieUh :nhi>0},

we have 7,, =0 when i¢U, , and m,, =n, (xhi/z *xhi) when i e U, (provided that

ieU,

n, (xhi /ZieU; Xy, ) <1 forall i eU, , which is satisfied for most strata).



Now, let us consider the situation where n, =1. Then it is impossible to estimate the variance of fh ,
and we shall use an upper bound as a conservative estimate of the variance. By writing

Y, = ( Vi, | X )X , and m, =x,./ ZieU; x,; , where i, denotes the selected branch unit, the expectation

can be written

EY, = Zﬁthhi
ieU, Xhi
(5) D Vi

_ + ieU;
= Yhi Xhi+

ieU; Z Xpi iEU;

—_—
ieU,

This expectation is generally not equal Y, , unless U ; =U, . That s, fh is generally not unbiased. The

variance of Y, can be written as

2
il (2
Vol X, Vs
Yhi ZieU,, Vi ! Xpi ieU; Vhi

6 V|2 X, |=X; _
© (x’”} hJ ' ZieU,’j Kni ZieU; Phi

Using that y,, <x,, , gives

_ <_ _

X z X, _Z X, Z X | 2
zieUh hi iey; "hi iey; " hi iey; " hi

and we get the inequality

V(yﬂ)(h]s%x;.

Xh i

2 2
ZieU; y;’ /xhi ZieU; Vhi < ZieU; Yhi ZieU; Vi 1 ( 1 )2 1

That is, V(I;h ) < X; /4 when n, =1, and we use the bound X /4 to estimate the variance.

(Theoretically we could have found a better bound by maximizing with respect to the possible
configuration of the y,;'s. Butif N, is large, the maximisations are impossible).

5.1. Linearization
Generally, assume we are going to estimate the variance V(é) , where 0= g(f) is an estimator of

0= g(f) .Here, Y = (17], ..,YP) and y = ()71,. ..,)_/p) are the vectors of population means and sample
means, respectively. By doing a first order Taylor expansion of g around the expectation

Ey= (E)_/l s BV, ) , we obtain the approximation



(57)+ Y4, (7,5,

where a; = a—g(Ei ) . This approximation leads to the following approximation of the variance:
J

V(o) 2av(s) 3

Jj=li

Mu

ajaiC(J_/j’J_/i)’

j# J

.

where C()_/i,)_/j) is the covariance of y; and y, . The variance of 0 is now estimated by estimating a;

by a; =0g/dy,; (f) , and choosing suitable estimators of V()_/j) and C()_/j,)_/i).

In our situation we shall estimate the variance of Y, = g()_/sh . X, ) ,with g(3,»,)=(»/y,) X, . The

approximation of Y and V( ) becomes, respectively,

. By, o 1 3
(7) Yh ~ Ei—:h 'Xh + E)lcsh .X/’l .(ys;, _Eys/l )_ (E)_Cbh )2 .X/’l .(xs/, _Eth)
> 1 2 —_ (E)_}Sh )2 2 — Eys‘ 2 — pa—
V(Yh)z .Xh.V(ysh)—i— 4.Xh.V(xSh)—2 ' C(xsh,ysh),

and the proposed variance estimator of fh is

—_ \2 _
V()= .X;.V(;%)Jysh) X, )2 x5, 7, )

where \Af(fsh), \A/( ) and C( X, Vs, ) are estimators of V(J_/Sh), V(_s,,) and C( X, Vs, ),

respectively.

So we need to find estimators of V(fsh ) , V(_s,, ) and C( X, Vs, ) We begin with the variance of y, ,

which can be written

(yyh) Z Z ViV (nhy Tcthch/)

h lEUh jEUh

Z Z(nhz“hj nhy)(yh, yh]) .

zeU, ]GUh
J#i

Here, m,,; denotes the probability that branch units i and ;j will be included in the sample (second-

order inclusion probability), and m,; = n,, . Two estimators of this variance are



VHT ()_’s,, ) Z Z ViV (nhu nhinh/)

h ies, jes), Tthlj

and

\A/SYG (ysh ) = z z LA (yhz Yy ) .

h ies, jes, nhlj
J#i

HT stands for Horvitz-Thompson and SYG stands for Sen-Yates-Grundy. Either estimator is unbiased
if m,; >0 whenever n;,;, >0 and n,, >0 >, But unfortunately they might take negative values.

To use the estimators \A]HT ()7Sh ) and \Afsm ()7Sh ) we need to know the m,;'s. When i= j we have
T = Ty =Ty, and when i # j along with ), =1 or m;; =1 we have n,; =m,m, . So we know

these m,,;'s since the m,'s are known. But we do not know the 7, 's when i # j with m,, #1 and

m;,; # 1. Thus, to be able to estimate V()_’s,, ) with Vi ()751’ ) or Veyg ()_/S;, ), we approximate the

.
_ N, (n, 1)
' . w\"
unknown 7, 's with 7, =

- n, (NZ —1)

With this approximation of the unknown 7, 's, we get that n;,; 7, —m,, >0 forall i # j . This ensures

k. . * 3
", Ty, » Where N, is the size of U, .

that VSYG (?S/ ) always is positive. It can also be shown that if 7, is proportional to ,,m,, when
i#j,i,jeU,,then stc (fsh) becomes larger if we use 7, instead of m,, , while Vir ()_/Sh )
becomes smaller. For these reasons we choose to estimate \A/()_/S/ ) with \Afsm ()7Sh ) , that is, we

estimate \A/()_/Sh) with

8) \A/SYG (ys,, ) = z z nhlnh] il (yhi — Vi )2

h iesy, jes, hij
J#i

where

Z Z ViV (nhz/ nhinhj)

21t T > 0 when m,; and T, > 0, we can write Vg ()_/sh) 'Ihilhj . Here,

h ieU, jeU, TC]“]

1 h = 1 if the branch unit # is included in the sample and 0 otherwise. This gives E [\A/HT (J_;sh ):| =

—Z z YniVnj (Tthy T hj) -E[I,”.IH Z Z YniVnj (Tthy Tfhinh_f) T :V(J_’sh ) . In a similar

m, ieU, jeU, 7thlj h ieU,, jeU, nhl/

way it is shown that VSYG (Yh ) is unbiased.

3 This approximation is from a course in model based survey estimation (lectured by Ray Chamber).



T, ,wheni=j

Ty =17 Ty »wWheni#j, m, #landm, #1

T, ,wheni# jandm, orm, =1.

In a similar way as we derived the estimator (8) of V( ) we have

(9) \A/SYG( ) ZZ TuTly — nhU (xh, th)

h ies, jes, nhlj
J#i

and

(10) éSYG( sh’ysh) Zznhlnh/ nhl/ ('xhz Xy )(yhz )/h,)

h i€s;, jes,
J#i

of V( ) and C( X, Vs, ) respectively. The variance estimator of )}h becomes

— 2 —
(11) \7( Ah)z 1 'X;? ‘\AZSYG (J_’s,,)+ (ySh) 'X}% '\A]SYG (’_Cs,,)_z L 3 'XZ 'CSYG (%:J—/xh)a

where VSYG (J_/Sh ) , VSYG ()_gh ) and éSYG (ZI Vs, ) are given by (8), (9) and (10) respectively. It can be

shown that this estimator always is positive.

The estimator (11) applies to strata where n, >1. When n, =1 we will estimate the variance with the
upper bound X /4 as previously mention. So, since V();h ) =0 when n, = NZ , we get the following

estimator of the standard error (4):

- 2, (05)

(12) se( 100

where

0 , when n, = N,
A 1 .
V( h): ZXhz ,whenn, =1<N,
v(f,

n

) ,when 1<n, <N,

and V( ) is given by (11).

10



We have seen that fh is, in general, not unbiased when n, =1, and are now going to show that this is
the case when n, >1 as well. We have no explicit expression of the expectation when n, >1, but
using the approximation (7) gives that

. Ey.
EF, ~—. X,
Ex,,
(13)

This approximation is generally not equal to Y, . For most values of x,;'s, there exist configurations of
the y,; 's that makes the approximation either larger or smaller than Y, . E.g., assume there is a stratum
where N, =5, n, =2 and the x,,'s are 100, 120, 130, 130 and 170. If the respective values of the

Vi 's are 0,120/2, 130/2, 130/2 and 170, then (Ey, /EX, )- X, ~396 while ¥, =360 That is, the
approximate expectation is larger than Y, . If, on the other hand, the respective values of the y,,;'s are

100, 120/2, 130/2, 130/2 and 0, then (Efsh /Ex, )-Xh ~ 255 while ¥, =290. That is, the approximate

expectation is now smaller than Y, . Thus, assuming that the approximation (13) is good enough, fh is
generally not unbiased.

Since f}? is not unbiased, the estimator d is not unbiased. This means that the bias of d , Bias(c? ) ,1s

not equal to 0 for all possible configurations of the y,;'s. We will now derive upper and lower bounds
of the bias.

It can be shown that

Z“h%a)s(gh).loo’

where Bias();h ) = E[I}h - Yh] is the bias of };h . For strata where n, =1 we have from (5) that

Bias(};h ) = Z CniVni »

ieU,

Bias(c;’) =

where ¢, =Ziw; xhi/ZieU; x, when ieU, and —1 when i¢U,.(When U, =U, we get

Bias(}}h ) =0 as we should). For strata where n, >1 we make use of the approximation (13) and find

z Vi Tni

_—
ieU,

Bias(¥, ) ~ X, -7,
XpiTpi
ieU;
= z by Vi
ieU,

11



7, X,
where b, =<=———-1. Since Blas(
Z Ko

leU,,

{ {thzyhlj { [Z%)ﬁu}
(14) Blas(ai) h: 1<n, <N, b\ ieU, h:ny, 1<N, ieU, .100.
X
; )

) 0 when n, =N, we have

By using 0<b,,y,; <b,,x,, when b,; 20, b,;x,, <b,.y,, <0 when b,, <0, and

- Xy < Z Vi S Z he in li
zieU,, Xy, e, CpiVni e’ . X;; , we get the mnequality

2 [meym}{ > [z

{h: 1<”h<Nh} ieU, h:nh=1<Nh} ieU,

2%
h

L< J-100<U

where

_ {h: 1<”h<Nh} ieA,f h: n,,=1<N,,} ng;

= ZXh
h

o) [z,

5 [Zwn) 2 [20] .

b 1< <n, ey, {h: n,=1<N,}\ igU,

= z Xh
h

A, ={i: b, >0} and A4 = {i: b,; <0} . Under the assumption that the approximation (13) is good

enough we can, therefore, use L as a lower bound and U as an upper bound of the bias of d , that is
L< Bias(c;') <U.

We note that the bounds L and U depend on the employment of the branch units and the #,'s. Thus the
bounds may differ form one quarter to another if the population or the n,'s change. We emphasize that
the bias depends on the actual values of the y,.'s. Even though the bounds L and U turn out to be
large, the bias may be small.

If the actual values of the y,;'s are so that the bias of d is approximately 0, then we can derive a
confidence interval of d . To do this we use that

12



s.e.(c;’)z Zhv(?h_yh)

when Bias(c;’ ) ~ 0. Thus under some conditions on the variance V(f}q - Yh) we get via the Lindeberg
theorem that (c? —d ) / s.e.(c} ) is approximately standard normal. An approximate 95% confidence
interval of d is therefore given by d+1.96- s.e.(c?) . Since s.e.(c:’) is unknown it is estimated by

§.e.(c;’ ) , and the interval

(15) c;’il.96-§.e.(c?)

is used as a 95% confidence interval for d .

5.2. Bootstrap

The basic idea of bootstrap is to resample a lot of samples form the original sample. The new
estimates based on these samples are then used to estimate the variance of the original estimator. The
clue is to choose a resembling method so that the bootstrap variance estimator converges to a desired
estimator (when the number of resamples approaches infinity).

We are interested in a bootstrap method to estimate the variance of ¥, = ()7Sh /X, ) - X, . There exist

some methods for this type of estimator, but they are all based on a simple random sample. If we use
one of these methods, we probably get an estimator that is not suited to estimate the variance of };h It

also exist some methods for unequal probability sampling (Rao and Wu, 1988, and Sitter, 1992). But
these methods are not derived for the type of estimator we have.

6. Model-based analysis of the estimator

This section presents a model-based analysis of d . It means that we consider the tendency variables
of the branch units as random variables, and the analysis is done conditional on the observed sample.
Since the y,,'s are random, then the Y,'s and d are random as well. This means that we shall predict

the value of a random variable, and so )A’h and d are often referred to as predictors. As in the previous

section we assume a sample from each stratum, and take no account of non-response, measurement
eITor Or coverage error.

Since the sample usually is selected randomly, it might seem strange to treat the sample not randomly
and instead assume a population model. But to assume a population model is not uncommon in
surveys. The choice of sample design and estimator is very often based on assumptions on how the
variable of interest is distributed in the population. In addition, in the Norwegian Business Tendency
Survey the same sample is used for four quarters (or even longer). For each quarter it is observed new
values of the y,,'s in the sample. For these reasons it is meaningful to derive an analysis where we

treat the sample as given and the y,;'s as random variables. Another argument for the model-based
analysis is the Likelihood Principle. The Likelihood Principle points out that two proportional

13



likelihood functions shall give the same statistical analysis, and leads to that the population must be
modelled to do a informative analysis. (For more on the Likelihood Principle, see Bjernstad, 1995).

The variable y,; is now a random variable that can take the values x,;, x,,/2 and 0 with probabilities
p,, p, and p, , respectively. That is, p, is the probability that the branch unit expects its production
to increase ( y,; =X, ), p, 1s the probability that the branch unit expects its production to be
unchanged (y,;, =x,,/2), and p,, is the probability that the branch unit expects its production to
decrease ( y,; =0 ). With this notation the expectation and variance of y,, can be expressed as

Eyy; =Bxy,
and
V()= sz/%i )

2

where p=p, +(1/2) p, and ¢* = p, +(1/4) p, —(p, +(1/2) p, )

The values of p,, p, and p, may vary with the branch unit. But since branch units within the same
stratum are in the same branch, it is not unreasonable to assume that these probabilities are
approximately the same for all branch units in the stratum. Hence, p and o” are the same for all

branch units in the stratum, say B, and GZ for stratum /. The model, denoted by &, is therefore given
by

Ey, =B,x, ,V iestratumh

V()= Gix,fi ,V iestratum /.

In the rest of this section we shall assume this model. We shall also assume that the y,. 's are
independent of each other.

Some branch units have employment x,, =0, thatis y,, = x,; =0. This means that p, =p, =p,, =1,

and these probabilities are not equal to the probabilities for the other branch units in the stratum. Thus,
the assumptions that led to the model & dose not hold for branch units with x,, = 0. But since

Ey, =0=8,x, and V(y,)=0=o0;x;, when x,, =0, the model is still valid for these branch units.

The fraction y, /x, can be interpreted as an estimator of B, and so we use the notation

~ Y
ﬁh = _h )
xsh
and get
Y, = BhXh

By using that the sample s, is given, we find that

14



so that

and

E[é—d}:E ST, 100
- ,1;[12(—%] 100=0
ey

Since this is valid for all s, , B, and G, fh and d are unbiased.

Since we are doing a model-based analysis, we are interested in the prediction variance V(c;’ -d )

instead of the variance V(a? ) (c;,’ —d is called the prediction error). By using the independence

between the tendency variables we find that

2% -%)

V(c?—d)_v S, 100
X VE-R) s

The uncertainty of d is now measured by the standard error

s.e.(c;’—d)zJV(a?—d
_ Vth(Yh _Yh) 1100
2% |

S~—

(16)

Two arguments for choosing the prediction variance instead of the variance when measuring the
uncertainty of a predictor are: 1) Assume that we are able to predict d exactly, that is, we have a

predictor d =d . Then the measure of uncertainty should be zero since d is predicted exactly. But if

we measure the uncertainty with the variance of d (V(c:? ) = V(d ) ), we have a measure that indicates

large uncertainty if the variance of d is large. If we instead measure the uncertainty with the

prediction variance (V(c:? —-d ) = V(O) =0), we have a measure that indicates that it is no uncertainty,

as we wish. 2) Now, assume we know the expectation of d . If d is predicted with this expectation,

15



that is d = Ed , the measure of uncertainty should indicate large uncertainty if the variance of d is
large. This is satisfied with the prediction variance of d (V(c:? —-d ) = V(d ) ), while the variance of d

always is zero.
We estimate the standard error (16) by estimating the prediction variance V();h -7, ) . Since

Y, -, = lghz X, —zierh ¥, » we find that

Len,

2
(17) V(f}h_Yh):Gi % zx/’zli+zx/’2li >
ies, hi

ies), iern,

where 7, is the number of non-sampled branch units in stratum 4.

From regression theory we have that

62 :;Z%(yhi _thhi )2 >

ny, —Lies, Xhi
where

ﬁh :LZ&,

ny, ies), Xpi

. . . 2
is an unbiased estimator of o} . Hence,

Z 2
X, .
; hi
~2 ien, 2 2
Gy Z . E xhi+§ Xpi
ies), hi

ies), ien,

is an unbiased estimator of (17) (provided that n, >1).

When n, =1, the prediction variance becomes

2
V(i,-1,)=! (z} sl

ien, ien,

and is estimated with

2
5; [thi} + Zx;i

ien, ien,

where
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1

ZZ (i —B)

leg ies, Xii

n —|g

Here, g denotes the group of strata that have the same employment interval as stratum /%, n, is the
number of selected branch units in this group, and | g| is the number of strata in the group. (The

estimator &, is an unbiased estimator of o} ifall o;, / € g, are equal).

The estimator of the standard error (16) is

(18) -100

sefd—d)- ZZV(EY)

where

2 ) 2
G, z Zx,”+2x,” , ifn, >1
ies, Phi

ies), ien,

(19 V(¥,-1,)=

2
~2 2 . _
G, thl} +thi , ifnm, =1.

en, en,

In addition to estimating d with the estimator d we can give a confidence interval for d . We have
that

] v

Under certain conditions on the variance we get from the Lindeberg central limit theorem that

(c;’ -d ) / s.e.(c;’ —d ) is approximately standard normal. An approximate 95% confidence interval of d
is therefore given by d+1.96- s.e.(aAl - d). Since s.e.(c;’ - d) is unknown it is estimated by

§.e.(c;’ — d) , and the interval

(20)  d+1.96- §.e.(a? - d)

is used as a 95% confidence interval for d .

17



7. Illustration

In this section we shall use the uncertainty measures from sections 5 and 6 to estimate the uncertainty

of d in 1999, 2000 and 2002. The uncertainty measure from section 5 is the design-based standard

error §.e.(c? ) , given by (12), and the uncertainty measure from section 6 is the model-based standard

error §.e.(c? —d) , given by (18).

In 1999 we have data from 2., 3. and 4. quarter, in 2000 we have data from all four quarters, and in
2002 we have data from 1. and 2. quarter. Since the population data from 1999 and 2000 are on an
aggregate level, and we need population data on micro level to calculate the model-based measure

§.e.(c;’ —-d ) , this measure is only calculated for 2002.

In 1999 and 2000 the sample size is about 720. The non-response in this period varies from 125 to 158
branch units. In 2002 the sample size is about 660, and the non-response is 84 branch units in 1.
quarter and 97 branch units in 2. quarter. Hence, the non-response is about 19% in 1999 and 2000, and
about 14% in 2002.

The population consists of about 30000 branch units, spread over about 270 strata. For about 50 of
these strata, the sample equals the total stratum. These are the strata with branch units that have 300 or
more employees. For the other strata, a proportional allocation is used to decide the sample size of the
strata. As mentioned before, this allocation does not ensure that we get a sample from each stratum,
and we have about 70 strata with no data. If we in addition count the strata where all branch units are
non-response, we have about 85 strata with no data.

When the diffusion index d and the standard errors §.e.(c;’ ) and §.e.(c? —d ) are calculated, we have

removed from the population strata that have no sample. Properly speaking this means that d isan
estimator of the diffusion index of the domain defined by the strata with samples. It also means that

§.e.(c;’ ) and §.e.(a7 —d ) are measures of the uncertainty of this estimator, and not of the diffusion

index of the entire population.

In addition to estimating the diffusion index of the entire population, we have estimated the diffusion
index of three domains. The domains are called E1, E2 and E5. The domain E1 comprises
intermediate goods, E2 comprises capital goods and ES comprises consumer goods.

The values of d , §.e.(c§ ) and the design-based interval (15) are given in Table 1.* If we compare the

estimates of d from one quarter to another, we see that the estimates have become larger from second
to third quarter 1999, smaller from third to fourth quarter 1999, and so on throughout 2000. The only
exception is domain E2 where the estimate has become larger from third to fourth quarter 2000 while
the remaining estimates have become smaller. We also see that all estimates of d for domain E1 are
larger than 50. This indicates that the majority of branch units in domain E1 have expected growth in
its production in this period.

4 We do not know if these intervals can be regarded as 95% confidence interval, since we do not know if the values of the

Yy 's in the population are so that the design-bias of d is approximately 0.
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The estimates of the design-based standard error s.e.(c;’ ) (Table 1) are smallest for the entire

population and largest for the domain E2. For the entire population, §.e.(02 ) varies from 1.43 to 1.56.

This indicates small uncertainty when the diffusion index of the population is estimated. For domain

E2, §.e.(a7 ) varies from 3.02 to 3.64 and indicates some uncertainty. For domain E1 and ES5, §.e.(a7 )

varies around 2.40 and 2.25, respectively.

The estimates of the model-based standard error s.e.(c;’ —-d ) and the model-based confidence interval

(20) are given in Table 2. The figures of §.e.(02 -d ) for the population and the domains E1, E2 and ES

are respectively 1.17, 1.91, 2.63 and 1.69 in 1. quarter 2002, and 1.28, 1.81, 2.79 and 2.17 in 2. quarter
2002. Hence, the estimated uncertainty is smallest for the entire population and largest for domain E2.

The design-based and the model-based standard error measure different kinds of uncertainty. The
design-based standard error measures the uncertainty we have since a lot of samples that can be
selected, while the model-based standard error measures the uncertainty coming from the assumption
that the y,, 's are random variables that can take different values. If we compare the estimates, we see

that the estimates of s.e.(a? —d ) are smaller than the estimates of s.e.(c? ) . This could mean that the
uncertainty measured with s.e.(c? -d ) is smaller than the uncertainty measured with s.e.(c;’ ) . But

since we have used a conservative estimate of V()}h) (n, =1) when s.e.(é’ ) is estimated, it is also

possible that the two measures are of the same size.

As mentioned, d is not design-unbiased. To see how large the bias can be, we have calculated the
lower and upper bound from subsection 5.1. We got the lower bound —19.23 and the upper bound
19.23 for 1. and 2. quarter 2002.” (Since we need population data on micro level to calculate the
bounds, they are only calculated for 2002). These bounds are huge, but it does not necessarily mean
that the bias is large. It is possible that the y,.'s are so that the bias is small.

To get an idea of the size of the bias with different configurations of the y,;'s, we have simulated

10000 independent random configurations. For each of the configurations we have calculated the bias
for 1. quarter 2002. This resulted in 10000 biases in the interval —1.664 to 1.656. Only 106 of the
biases were larger than 1 or smaller than —1, while 8030 were in the interval —0.5 to 0.5. This
indicates that only a small proportion of all possible configurations of the y,.'s gives a large bias. If

the actually y,;'s are not such a configuration the bias is small.

> It is no coincidence that the absolute values of the bounds are equal. Using the notation from subsection 5.1 we have that

Z b,.x,; = 0. This gives Z b,x, = —z b,x,; ,and hence L =-U.

ieU, ieAE ied,
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Table 1: Design-based standard error

Aggregated
lewel

Population
Domain E1
Domain E2

Domain ES

Bggregated
lewel

Population
Domain E1
Domain EZ

Domain E&

Aggregated
lewel

Population
Domain E1
Domain EZ2

Domain ES

Bggregated
lewel

Population
Domain E1
Domain EZ

Domain EL

Bggregated
lewvel

Population
Domain E1
Domain EZ

Domain EL

Estimated
diffusion index

47,73
5z.40
38. 86
49,16

Eztimated
diffusion index

55.03
56,07
39.07
BE. 04

Estimated
diffusion index

42.99
51.01
38.30
38.07

Eztimated
diffusion index

£3.40
B8. 71
L2 E5
B6. 20

Eztimated
diffusion index

53.50
59.94
50. 28
49 35

2. NUARTEER 1999

Estimated
standard error

1.59
2.47
3.64
2.40

3. OUARTER 1999

Eztimated
standard error

1.54
.48
3.43
2.29

4. NUARTER 1999

Estimated
standard error

1.44
2.33
3.13
2.17

1. QUARTER 2000

Eztimated
standard error

1.52

Z. QURRTER 2000

Eztimated
standard error

1.45
2.49
3.02
2.16

20

Lower hound, 95%
confidence interwal

44 .61
47.56
31.73
44 . 46

Lower hound, 95%
confidence interval

fe o
b1 22
32,35
61.55

Lower hound, 95%
confidence interval

40.18
46. 44
32.17
33.82

Lower hound, 95%
confidence interval

60.43
64.07
45 63
61.93

Lower hound, 95%
confidence interval

50.65
55.06
44 37
45.11

Upper bound, 95%
confidence interwval

50.85
57.24
46.00
53.87

Upper hound, 95%
confidence interwval

5g.05
60.93
45.79
T0.53

Upper hound, 95%
confidence interwval

45.80
E5.59
44 44
42, 32

Upper hound, 95%
confidence interval

BE. 37
T3.35
E£o.48
0. 47

Upper bound, 95%
confidence interwval

56.34
64.81
56.20
53.e0



3. QUARTER Z000

Aggregated Estimated Estimated Lower bound, 95% Upper bound, 95%
lewel diffusion index standard error confidence interwval confidence interwval
Population 60. 36 1.53 57.36 63.35
Domain E1 62.41 2,47 E7.5E 67. 26
Domain EZ2 E4.71 3.23 48,38 £1.05
Domain EG 62,67 2.39 E7.98 67.35
4. QUARTER 2000
Aggregated Estimated Estimated Lower bound, 95% Upper hound, 95%
lewel diffusion index standard error confidence interwval confidence interwval
Population 53.58 1.43 50.78 56.40
Domain E1 E0. 26 239 L5 &8 £4. 95
Domain EZ 50 46 3.14 533 E5. 61
Domain EG 42,13 2.0o7 3g.07 46,19
1. QUaRTER 2002
Bggregated Estimated Estimated Lower bound, 95% Upper bound, 95%
lewvel diffusion index standard ecror confidence interwal confidence interval
Population 63.43 1.45 60.59 66. 27
Domain E1 65, T2 2.34 g1.12 T0. 32
Domain E2 Eg. 82 3. 87 G042 £3.23
Domain ES 66. 09 2. 06 E2.05 T0.12
2. QUARTER 2002
Aggregated Estimated Estimated Lower hound, 95% Upper bound, 95%
lewel diffusion index standard error confidence interwal confidence interwval
Population 4370 1.43 46. 89 5.5
Domain E1 54.73 2,17 50.48 58,95
Domain EZ 4531 3.17 39.09 51 52
Domain EG 47.85 2.20 43. 36 E2. 35
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Table 2: Model-based standard error and confidence interval

Aggregated
lewvel

Population
Oomain E1
Domain EZ2

Domain ER

ABggregated
lewel

Population
Domain E1
Domain EZ

Domain ES

Eztimated

diffusion index

63.43
B5. T2
5682
66.09

Estimated

diffusion index

4970
54.73
45 .31
47,85

1. QUARTER 2002

Eztimated

ztandard error

1.17
1.91
2.63
1.69

Z. NUARTER Z00Z2

Estimated

standard error

Lower bound, 95%
confidence interval

61.13
61.98
51.67
62,78

Lower hownd, 95%
confidence interwval

47.18
51.118
39.84
4361

Upper bound, 95%
confidence interwval

B5. 73
69. 46
61.95
69.40

Upper hound, 95%
confidence interwal

5z 21
58.28
&0.77
Lz 10

8. An alternative estimator: Based on a corrected Horvitz-
Thompson estimator

As we have seen, d is not design-unbiased. We shall now introduce an estimator that have a smaller

design-bias than d for most of the configurations of the y,;'s,

d:

where

2

13

-100,
Xh
Yhi
=i -+ Bh z Xhi
ies, h ”EUh

and B h —

zyhz .

Xhi

When U, =U, we have Y, = z v,/ 7, » that is, the Horvitz-Thompson estimator. When U, # U, ,
lesy,

Y, can be read as a corrected Horvitz-Thompson estimator, where we correct with f3, Z o Xni 10
l

reduce the design-bias.

When 7, =1, we have ¥, :(yhis /%X )Xh. Hence, we have ¥, =Y, when n, =1.

1
U,

We assume a sample from each stratum, and take no account of non-response, measurement error or

coverage error when deriving the analyses of d.



8.1. Design-based analysis

We start this subsection by explaining why we choose to estimate Y, with a corrected Horvitz-
Thompson estimator instead of the Horvitz-Thompson estimator.

The Horvitz-Thompson estimator Z v,/ m,; 1s unbiased when m,, >0 for all i €U, . That is, the
lesy,

Horvitz-Thompson estimator is unbiased when U, =U, . But when U, # U, the Horvitz-Thompson

estimator is biased since m,, =0 for some i € U, . The bias is given by
Bias z i —z Vii »
ics, ieUy,

and it is always negative. This means that the Horvitz-Thompson estimator systematically
underestimates ¥, when U, # U, . To reduce the bias, the sum z v Vi is estimated with
B

B, ziEU; x,; and added to the Horvitz-Thompson estimator. This gives the estimator ¥, .

Even though this correction reduces the bias of the Horvitz-Thompson estimator for most
configurations of the y,.'s, ¥, is still biased unless U, = U, . The expectation and the bias of ¥, are

ALARDITEED V3

leU,1 zeUh lEUh

and

Blas(? ) z 4 ﬂh, z Xpi — Z Yhi

lEUh ieUy, ieU,,

= z by »

ieU,

where b, =(m,, /nhxhl)zi y: X When ieU, and —1 otherwise. When U, =U, we have
Z‘ Xy =Z, i =0 so that EYh =Y, and Blas( ) 0, as it should. But when U #U, the bias
ieU, zeEU

of ¥, is not equal to 0 for all possible values of the y,.'s, that is, ¥, is not unbiased.

Since fh is, in general, not unbiased, d is not unbiased. A simulation study shows, however, that the

bias of d is approximately 0, and smaller than the bias of d , for most of the configurations of the
V'S (see subsection 8.3).

We shall now derive bounds of the bias of d . Since ¥, =¥, when n, = N, , we have
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z Bias(fh)

B1as(c§) th: "’<N’Z}:Xh -100
z thzyhl
_ _ Ahm,<N,}ieU, 100 .

2%

h

By using —z[gU; x,; < Bias(fh ) < ZMU; x,; we get

L <Bias(d)<U,
where
L=t *ZU: N 100
and
PIRDILT
U=ty op.

2%
h

Hence, L is a lower bound and U is an upper bound of Bias(c:f ) . As will be shown in subsection 8.3,

these bounds are significantly smaller than the bounds of Bias(c? ) , but they are nevertheless large.

The standard error of d is

cofi)- )

where V( ) is the variance of Y, . Since ¥, = z . (l/ﬁm +(ZieU* xhl.)/nhxhl.)yhi we find that

-100,

( ) ZZ(“hz% ’Thz,)("h, V;,,) ;

lEUh jeU,
J#i

where v, = (l/n,ﬂ (ZiﬁU*xhi)/nhxhi)yhi‘
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The standard error of d is estimated by estimating the variance of the Y,'s. When n, =1 it is
impossible to estimate the variance. Then we shall use an upper bound as a conservative estimate.

Since ¥, = I}h when n, =1, we have from section 5 that V(Yh ) < X} /4, and this is the bound we shall

use.

When n, >1 the variance is estimated with

@1) VSYG(&)=%ZZM(V;zi—w)2,

i€sy JES) Thij
J#i
where
. ,wheni=j
*

A Nh(nh_l) hen i i 1 and 1
T =17 Ty »wheni#j, m, #landn, #

m, (N -1)

Ty ,Wheni# jogm, orm, =1.

Hence, the standard error of d is estimated by

K7
22)  Se(d)=YTH——100,
(22)  Se(d) S x
where
0 , when n, = N,
V(~h)= %Xhz ,whenn, =1< N,
VSYG(ﬁ,) ,whenl<n, <N,

and VSYG (fh) is given by (21).

If the values of the y,;'s are such that the bias of d is approximately 0, then we can derive an

approximate 95% confidence interval of d . This is done in a similar way as in subsection 5.1, and
gives the interval

(23)  d+196-3e(d).

Since the bias of d is smaller than the bias of d for most of the values of the Yy ''s, we will prefer d

to d if the standard error of d is smaller than the standard error of d . Unfortunately we are not able
to compare the standard errors. Instead we have compared the estimates of the standard errors, and
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find that they are quite similar (subsection 8.3). This indicates that s.e.(a7 ) and s.e.(a7 ) is more or less

the same. Hence, it does not seem to be any large gain by replacing d with d .

8.2. Model-based analysis

This subsection presents a model-based analysis of d under model & . That is, the sample is treated as
given while we assume that

Ey, =B,x, ,V iestratum#h,
V(y,,)=0:x; , ¥V iestratum &
and that the y,;'s are independent of each other.
From these assumptions we have
E[7, -, |=0

and

That is, ¥, is an unbiased estimator of ¥, and d is an unbiased estimator of d .°

As argued in section 6, the uncertainty of a predictor is measured by the standard error of the
prediction error. Thus, the uncertainty of d is measured with the standard error of d —d ,

s.e.(c? - d) = zgfzh_ Yh)

-100.

. * .
. VieU,, wewrite

6 -
To see that E[Yh — Yh:| =0 for strata where T, = 7,X,, /ziEU; Xy
Y, = (Xh /n, )ZiESh ¥y, ! X, - From this it follows that E|:Yh - Yh:| = 0. For strata where 71, X;; /zieU; x,; >1

for some i ,say i €51, , wehave m;,, =1 for i €51, ,and m,, =(nh —|S1h|)xhi /ZiEU;\“h x,; forielU,\sl,.

- -1
Then we can write Y, = E A+(n —|S1 |) E I x,, E . X+
h iesl, Vhi h h ies, \sl, Vi " Xni icUs\s1, " i

-1 .. iad
n, ( jes, Vi ! X )ZKU; X,; (because 51, < s,). From this it follows that EI:Yh - Yh] =0.
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We estimate this standard error by estimating the variance V(fh - Yh) . By using that

Xpi
1 ZigUh

7,1, =Y+ = ]y, =3y, we find that

lElh

2 2
.
+ igU, hi 2 2

. 2 . . . .
So we need to estimate o}, . Since we use the same model as in section 6, we can use the estimators

from that section. That is, we estimate GZ with

6%: = l_lsz(yhi _thhi )2

ies), xhi

when n, >1, and

Zz (yli — B, )2

leg ies; ll

n —|g

when n, =1. (Here g denotes the group of strata that have the same employment interval as stratum

h, n, is the number of selected branch units in this group, and | g| is the number of strata in the

group). As previous mentioned 6%, is an unbiased estimator of ci , while (st, is unbiased if 0,2 ,leg,
are equal.

The estimator of the standard error becomes

24)  de ( )_ Zg(j{ Y)

-100,

where

2
« X
zz‘gU/ hi

~AD 1 h 2 2

G, Z —t -1 xhi+2xhi , whenn, >1
ies, T 1y X ien,

V(T -%)= :
Xy

~2 1 ZigUh hi 2 2 _

N RIS R ey G
ies), T Xy ien,

An approximate 95% confidence interval of d based on d is given by

25 d J_r1.96-§.e.(a7 —d).
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Since both the estimators d and d are model-unbiased, we will prefer the estimator that have the

smallest standard error of the prediction error. If we do a comparison of V(fh - Yh) and V(f’h -7, ) ,
we find that V(fh — Yh) can be both smaller and larger than V(I?h - Yh) (depending on the sample and
the employment in the population). Hence, it is possible that s.e.(ci —d ) can be both smaller and
larger than s.e.(c? -d ) (this will also depend on G,,). Based on the estimates we have for 1. and 2.

quarter 2002 (see Table 4), it seem like s.e.(c? —d ) is a slightly smaller than s.e.(c;’ —-d ) for these two

quarters.

8.3. Illustration

To calculate the estimator d and its uncertainty measures §.e.(c; ) and §.e.(c; —d ) , given respectively

by (22) and (24), we have used the same data as in section 7. Thus, we can only calculate §.e.(c? —-d )

for 2002, since we need population data on micro level to calculate this standard error. The values of
§.e.(c§ ) and the confidence interval (23) are given in Table 3, while the values of §.e.(c; —d ) and the

confidence interval (25) are given in Table 4. (To make the comparison of d and d easier, we have
given the values of d , §.e.(a7) and §.e.(a7 —d) in brackets after the values of d , §.e.(a7) and

§.e.(c? - d) , respectively).

If we compare the values of d and d we see that they are relatively equal. Some times d is a little
larger than d , other times a little smaller. But usually d is larger than d (28 of the 36 estimates with
d are larger than the corresponding estimate with d ). We have the largest difference between the
estimates in 4. quarter 2000, where d=43.95 and d =42.13 for domain ES5.

The values of the design-based standard error §.e.(c; ) are smallest for the population and largest for

the domain E2. The estimates vary around 1.45, 2.40, 3.20 and 2.20 for the population and the

domains E1, E2 and ES5, respectively. Based on these figures we may say that the uncertainty of d is
small for the population and large for the domain E2.

The estimates of s.e.(c:l ) are almost equal to the estimates of s.e.(é’) . Some times §.e.(c? ) is smaller
than §.e.(a7 ) , other times larger. This suggests that the design-based standard errors s.e.(c:f ) and

s.e.(c;' ) are almost equal.

In Table 4 we see that the values of the model-based standard error §.e.(c§ -d ) in 1. quarter 2002

equal 1.11, 1.81, 2.49 and 1.61 for respectively the population, domain E1, E2 and ES. The
corresponding estimates in 2. quarter 2002 are 1.23, 1.72, 2.66 and 2.10. Again we have the smallest
estimates for the population and the largest for the domain E2.
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Comparing the estimates of s.e.(c? - d) with the estimates of s.e.(c;’ - d) , we find that §.e.(ci - d) isa

little smaller than §.e.(02 —-d ) . This could indicate that s.e.(ci —-d ) 1s a little smaller than s.e.(c? —-d )

in these two quarters.

To see how large the design-based bias of d can be, we have calculated the bounds L and U from
subsection 8.1. We got the lower bound —11.00 and the upper bound 11.00 for 1. and 2. quarter 2002.

These bounds are much smaller than the bounds +19.23 of Bias(c;’ ) . The bounds are nevertheless

large. Fortunately, a simulation study suggests that only a few of all possible configurations of the
v, 's give a large bias. We have simulated 10000 configurations of the y,.'s, and calculated Bias(c? )

for 1. quarter 2002. The resulting 10000 values of the bias all fall in the interval —0.479 to 0.428.

We have also compared Bias(c; ) and Bias(c;’ ) with randomly chosen configurations of the y,;'s.

This showed that ‘Bias (ci )‘ can be both larger and smaller than

Bias(dA)

, but that ‘Bias(d~ )‘ usually is

smaller than

(14)).

Bias(c;,’ )‘ . (Since we do not know the exact bias of d , we have used the approximation

Table 3: Design-based standard error
The figures in brackets are d and §.e.(c§' ) from Table 1.

Z. OUARTEE 1999

Aggregated Estimated Estimated Lower hound, 95% Upper bound, 95%
lewel diffusion index standard error confidence interwval confidence interwval
Population 48 B6 (47 73) 1.58 {1.5% 45 47 51 66
Domain E1 E2. 23 (BE2. 40) 2.48 {2.47) 47,37 ET.09
Domain E2 40. 36 (38, BE) 368 (3.6d) 33,15 47 58
Domain ES E0.54 (49 18} 2,27 (2.4 46.09 54,99
3. QUARTEER 1999
ABggregated Estimated Estimated Lower bound, 95% Upper bound, 95%
lewel diffusion index standard error confidence interwval confidence interwval
Population 55 .88 (BL.03) 1.51 {1.54) 52,89 58,83
Domain E1 ET. 20 (Be.0T) 2.B1 {2.48) 52, 29 62,12
Domain E2 40,78 (39.07) 384 (3.43) 34,41 47.12
Domain ES BE. 89 (&6, 04) 2,28 (2.2m Bl.43 T0. 36
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ABggregated
lewvel

Population
Domain E1
Domain EZ

Domain ER

Aggregated
lewel

Population
Domain E1
Domain EZ2

Domain ES

Bggregated
lewvel

Population
Domain E1
Domain E2

Domain ES

Aggregated
lewel

Population
Domain E1
Domain EZ2

Domain ES

Aggregated
lewel

Population
Domain E1
Domain E2

Domain ES

Estimated
diffusion index

43.93 (42,99
E1.68 (51.013
39.00 (38300
39,50 (38.07)

4. QUARTER 1999

Estimated

1.45 (1.443
2035 (2.3
3.14 (3.13)
2020 2.1

1. QU&RTEE 2000

standard error

Lower hound, 95%
confidence interwval

41.10
47.07
32.84
35.119

Estimated Estimated Lower bound, 95%
diffusion index standard error confidence interwal
B3 44 (63.40) 1.46 (1.52) 60,58
63,08 (&8 71) 2,36 (2.37) 6d. 45
E2.78 (BZ.EE) 3.32 (3.53) 46. 28
65,77 (66, 20) 2.07 (2.18) 6l.71

2. NUARTER Z000

Estimated Estimated Lower hound, 95%
diffusion index standard error confidence interwal
E4. 26 (53.50) 1.48 (1.45) E1.35
5073 (59 94 2.48 (2.4M 54 88
E1.21 (5O 28) 3.11 (3.0 45,11
E0.99 (49 35) 2.26 {2.16) 46. 56

3. QUARTEER 2000

Estimated Estimated Lower bound, 95%

diffusion index standard error confidence interwval
g0.60 (&0, 36) 1.52 {1.53) E7.62
B3.12 (BZ.41) 2.46 (2.47) 58 3
54,63 (B4.71) 326 (3.23) 48 23
B2.71 (B2.67) 2,37 {2.37 58,06

4. QUARTER 2000

Estimated Estimated Lower bound, 95%
diffusion index standard error confidence interwval
B4 52 (B3 .57 1.41 (1.43) El. 76
60,73 (&0, 26) 2,37 (2,37 E6.09
59,88 (59 .468) 3.05 (3.14) E3.91
43,95 (42.13) 2.08 (2.07) 39.90

30

Upper hound, 95%
confidence interval

46. 77
Ee. 29
45.15
43. 82

Upper bound, 95%
confidence interwval

66. 29
T3.71
59.28
69.83

Upper bound, 95%
confidence interwval

57.16
64.58
5731
5542

Upper bound, 95%
confidence interwval

£3.59
67.93
£1.02
67.36

Upper bound, 95%
confidence interwval

57.29
65. 37
65. 86
435.00



Aggregated
lewel

Population
Domain E1
Domain E2

Domain ES

Boggregated
level

Population
Domain E1
Domain EZ2

Domain EL

1. QUARTEER 2002

Estimated Estimated Lower bound, 95%

diffusion index standard error confidence interval
B3. 74 (B3.43) 1.32 {1.45) 61,15
BE.01 (BE. T2} 28T (2. 34) 6157
58,23 (Be.BZ) 2.84 (3.2 L2 6B
B5.53 (BE.09) 1.84 (2.06) 61,92

2. NUARTER Z00Z

Estimated Estimated Lower hound, 25%
diffusion index standard error confidence interwval
49,63 (49,70} 1.41 (1.43) 46. 87
E4.04 (54.73) 2012 (2.17) 49 39
45.75 (45.31) 3.15 (3.17) 39,57
48.04 {47.85) 2,022 (2.29) 43. 69

Table 4: Model-based standard error and confidence interval

The figures in brackets are d and §.e.(c;’ —-d ) from Table 2.

Bggregated
lewel

Population
Domain E1
Domain EZ

Domain EG

Bggregated
level

Population
Domain E1
Domain EZ2

Domain ES

1. QUARTER 2002

Estimated Estimated Lower hound, 95%
diffusion index standard error confidence interwval
63.74 (63.43) 1.11 {1.17) 61.56
BE. 01 (65.7T2) 1.91 ¢{1.91) 62,47
£8.23 (Ee.82) 2.49 (2.83) 5335
65.53 (66.09) 1.61 (1.69) 62,38

2. QUARTER 2002

Estimated Estimated Lower hound, 95%
diffusion index standard error confidence interval
49 .63 (49700 1.23 (1. 28 47 22
E4.04 (5473 1.72 {1 81 E0. 66
45 75 (45 31 266 (2.7T] 40. 54
48.04 (47T 8E5) 2.10 {217 43,93

31

Upper hound, 95%
confidence interwval

EE. 32
T0. 46
63,74
£9.14

Upper hound, 95%
confidence interval

GZ. 38
Eg. 18
51.33
L2 38

Upper hound, 95%
confidence interval

65,82
£3. 56
£3.10
63.65

Upper hound, 95%
confidence interwval

5z.03
E7.41
50.96
E2.14



9. An alternative estimator: Based on best linear unbiased
predictor

The estimator d was motivated from a design-based point of view. We shall now present an estimator
that is motivated form a model-based point of view. The estimator is

where

Yﬁh ZZJ’M +[§hthi and B, ZLZL

h
i€s), ien, n, i€s), Xhi

It can be shown that fh is the best linear unbiased predictor of Y, , under model & (Bjernstad, 1995).

That is, among all linear and unbiased predictors of Y, , );,1 is the predictor that has smallest prediction
variance.

When n, =1, we have );h Z(J’hl; /xhl.s)Xh. Hence, we have I}h :);h =Y, when n, =1.

We assume a sample from each stratum, and take no account of non-response, measurement error or

coverage error when deriving the analyses of d .

9.1. Design-based analysis

We are not able to find exact expressions of the design-based expectation and variance of fh (except

A

when n, =1). For this reason we write Y, as

where (y/x) =(1/n, )zia Vi ! %, » and do a first order Taylor expansion of the last term. That s,

Sp

we do the approximation

n,,(lJ X znhE(Zj Ex, +n,EX, {(XJ E(XJ Jm,ﬁ[lj (%, -EX, ).

x s ! x S, ! ! x N x N x N ' !

Sy Sp h h h

and obtain

(26) Yhzz 1+ |y B[ 2) B —nEx (2] EH[ 2] |-nE 2 (%, E%, )
i€s, nh'xhi X Sy ' B X S X Sh X Sh " '



From this we have

X Y
_ h hi
- z 1+ yhinhi - : Tchz Z xhlnhz
Ty X i

h ieU, Xhi iU,

where the last equality refers to strata where m,; =n, (x,;/ X, ) forall i eU, . The bias of Y, is now
approximated with

X —z LX, T
h jeu; hTh

ny Xy,

T =1 | vy — ZYhf

ieU,

Bias(fhj ~ Z Ty, +

—
ieU,

= z by i >

ieU,

Xh - Zjel/; X Ty

Ry Xy

27

where b, =m,; + m,; —1 when i €U, and —1 elsewhere. This approximation is in

general not equal to 0.
When n, =1 we have an exact expression of Bias();h) . From section 5 we have that

(7 7 5 1,

ieU, Xhi ieU, ieUy,
= zchiyhi ’

ieU,

where ¢, = ZieU;x : / ZieU; x,, when ieU, , and —1 elsewhere (because Y, =Y, when n, =1). This

bias is in general not equal to 0, unless U, =U, .

The bias of d is given by

z Blas()ﬁ)
BlaS( ) WIOO

Since I}h in general is a biased estimator, d is a biased estimator. To derive upper and lower bounds
of the bias, we use the approximation (27) and find that
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A

(28) Bias(c;’) o i lem<Ni}

ieU, h: n,,:1<N,,} ieU,

2%,

h

By using 0<b,,y,; <b,x,, when b,; 20, b,;x,, <b,.y,, <0 when b,, <0, and
—ZigU; X, < ZieUh CpiVp < ZieU; x,; , we derive the inequality

2 [meym}{ 3 [z

j-lOO<U,

L< {h: 1<”h<Nh} ieU, h: ”h=1<Nh} ieU,
S zXh
h
where
5 (S ), 2 (2]
_ {h: 1<”h<Nh} [EAZ {h: ”h=1<Nh} [guz ) 100

2%
h

> [Thnl ¥ [Zx’”}.mo,

I sa. 1<n, <N, \ ied, h sa.n,=1<N, \ ieU,

= Z Xh
h

A4, = {i Dby, 2 0} and 4’ = {i 2 b, < 0} . Under the assumption that the approximation (28) is good
enough we can, therefore, use L as a lower bound and U as an upper bound of the bias of d , that is

~
~

L< Bias[djé U.

As will be seen in subsection 9.3, these bounds are large. But again, a simulation study shows that
most of the configurations of the y,. 's give a relatively small bias.

From (26) we find that the variance of )}h can be approximated with

34



<
7\
;<>>
N—
Q
<
]
7\
Pk
+
S
=
EB =
N—e
<
=
S
=
us)
Bl
_
VR
= = ‘
N—
=
|
S
=
7 N\
t
VR
= =
}_/
|
N—e

) . Hence, we estimate V(I?,

n

X A .
where z,,=y,, +—"y,, - i g —xhiE(Z ) with
x

Sh

CONREARE RTINS

ics, jes, Thij
J#i
where
T, ,wheni=j
*
n Nh (nh 1) ..
T =17 Ty > Wheni#j, m, #landm, #1
m (N -1)
T, ,wheni=# jogm, orm, =1
and Z,,=y,, +—y, &fsh —xhi(l) . When n, =1 we do as for ¥, and estimate the variance
1y X Xhi XJs,

with the upper bound X /4.

The standard error of d is given by

o =)
A h
s.e.(dj:—doo
2%
h
and estimated by
[3)
A h
(30) §.e.(dj=—-100,
ZhXh

where
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0 ,whenn, =N,

)z %X,f ,whenn, =1<N,

A

\Afsm (f’hj ,whenl<n, <N,

A

and Vgyg (Yh) is given by (29).
An approximate 95% confidence interval of d is

31 c;’il.%-é.e.(a?),

provided that the y,;'s are so that the bias of d is approximately 0.

To determine if d is a better estimator than d , we have to compare both the standard errors and the
biases. Unfortunately we are not able to compare the standard errors, but based on the estimates they

A
~

seem to be quite similar. Regarding the biases, a simulation study shows that Bias(d ) can be both

smaller and larger than Bias(a? ) . Therefore, we cannot say that one of the estimators always is better

than the other one.

9.2. Model-based analysis

In this subsection we shall again treat the sample as given and assume that the y,; 's are distributed
according to model & . That is, we assume that

Ey,, =B,x,; ,V iestratumh,
V(y,)=0,x;, ,V iestratum &

and that the y,;'s are independent of each other.

From these assumptions we have E[fh - Yh} =0 so that

N ZI1E|:YA}’_th|
E{ }:—-10020 .

z h Xh

That is, d is unbiased.
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By using }ah =Y, =(1/n,) D (¥ /%)D %, — D ¥ we find that the prediction variance of I;h is

ies), ien, ien,

(ion)-eil g 2

iern, ier,

From this expression it is seen that the prediction variance of )A’h is smallest when the branch units
with the largest employment are sampled.

It can be shown that the prediction variance of };h is less than or equal to the prediction variance of all

A

linear and unbiased predictors of Y, . Since fh and ¥, are linear and unbiased this means that fh has a

smaller (or equal) prediction variance than );h and Y, . Hence, the standard error

-100

(32) s.e.(ci’—dj: Zhv()ah_Yh)

h Xh
is smaller than the corresponding standard errors of d and d .

We estimate the standard error (32) by estimating the prediction variance of fh , and we estimate the

prediction variance of );h by estimating ;. To estimate G, we use the same estimator as in section 6
and subsection 8.2, that is

6% = ;z%(yhi - thhi )2

n, — ies, "hi

when n, >1, and

ZZ (yli —Bx, )2

}’l _|g| leg ies, Xi

when n, =1. (Here, g denotes the group of strata that have the same employment interval as stratum
h, n, is the number of selected branch units in this group, and | g| is the number of strata in the

group). The estimator of the standard error (32) is therefore

: > 9[-y,
- =

(33) §.e.(c? —d |=
ZhXh

-100,

where
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ien, iern,

2
521 + 2 h >1
Gy " Xni Xpi (> WhEN n,
h

2
511 + 2 h =1
G~ Xy, x;; ¢» whenn, =
h

ien, iern,
is a estimator of V(Yh - th .

We note that \Af(f’h - th is smaller than \A/(}}h - Yh) and \7()7,1 - Yh) . This is because the prediction

variance of f}? is smaller than the prediction variance of );h and Y, forall o} >0, and that & is
estimated with the same estimator in all prediction variances. From this it also follows that

§.e.[c§' - dj is smaller than §.e.(c;’ - d) and §.e.(a7 —d) .

An approximate 95% confidence interval of d based on d is given by

(34) d+1.96- é.e.(c? - d) .

This interval is narrower than the corresponding intervals based on d and d , since §.e.(c2 —d j is

smaller than §.e.(c;’—d) and §.e.(a7—d).

We have seen that all the estimators d , d and d are model-unbiased with model €. Since

s.e.[c;’ - d] is smaller than s.e.(c;’ - d) and s.e.(ci - d) we may say that d is a better estimator than

d and d . However, whether or not d should be replaced by d depends on how much smaller

s.e.[c;' -d j is compared to s.e.(c? —-d ) . (As will be seen in the next subsection, the estimates of

s.e.[c;' - dj are just a little smaller than the estimates of s.e.(c? —-d ) ).

9.3. Illustration

We use the same data to calculate the uncertainty measures of d , as we used to calculate the

uncertainty measures of the estimators d and d . Table 5 presents the values of the design-based

A
~

standard error §.e.(d j , given by (30), and the confidence interval (31). Table 6 gives the values of the

model-based standard error §.e.(c;’ —d j , given by (33), and the confidence interval (34).
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The values of d and d are quite similar. Usually d is larger than d (26 of the 36 estimates with d

are larger than the corresponding estimate with d ). We have the largest difference in 1. quarter 2002,
where d = 58.48 while d =56.82 for domain E2. If we compare with the values of d as well, we

find that d falls between d and d in 23 cases (and usually we have the relationship d<d<d ).

A

From Table 5 we have that the estimates of s.e.(c:’ ) vary around 1.45 for the population, 2.40 for

domain E1, 3.20 for domain E2, and 2.20 for domain ES. We may say that the uncertainty is small for
the population, somewhat larger for domain E1 and ES5, and largest for domain E2.

A

The estimates of s.e.(c:’ ) are almost equal to the estimates of s.e.(c;’ ) . Some times §.e.(c;’ ) is smaller
than §.e.(a7 ) , other times larger. In one case the estimates are (approximately) the same. This suggests
that the design-based standard errors s.e.(c} ) and s.e.(c} ) are almost equal. (If we compare §.e.(c§ )

and §.e.(c? ) we find that they are (approximately) equal in 24 cases).

In Table 6 we see that the model-based standard error §.e.(a7 —d ) in 1. quarter 2002 equals 1.11, 1.80,

2.47 and 1.59 for respectively the population, domain E1, E2 and E5. The corresponding estimates in
2. quarter 2002 are 1.22, 1.72, 2.63 and 2.07.

We know that s.e.(c? —d) is smaller than s.e.(c? —d) and s.e.(c? - d) . We also know that

§.e.[c§' - dj is smaller than §.e.(c;’ - d) and §.e.(a7 —d) . From Table 4 and 6 we find that §.e.(a7 —d)
is almost equal to §.e.(c§ —d ) , and just a little bit smaller than §.e.(c:’ —-d ) . This could indicate that

s.e.[c;' - dj is almost equal to s.e.(c? - d) , and just a little bit smaller than s.e.(c? - d) .

A
~

We have calculated the bounds of Bias(d ) from subsection 9.1, obtaining the lower bound —12.59

and the upper bound 12.59 (for 1. and 2. quarter 2002). The corresponding bounds of d and d are

A
~

+19.23 and £11.00, respectively. This means that the bounds of Bias(d ) are some smaller than the

bounds of Bias(c;’ ) , and a bit larger than the bounds of Bias(a? ) .

To get a better picture of the design-based bias of d , we have simulated 10000 independent

configurations of the y,;'s. For each of these we have calculated the bias of d . This gave 10000
biases in the interval —0.708 to 0.774, and 9903 of these were in the interval —0.5 to 0.5. This

indicates that the bias of d is small for most of the configurations of the Ypi'S.
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A
~

We have also compared Bias(c;’ ) and Bias(d ) with randomly chosen configurations of the y,,'s.

This showed that Bias(c;’ j can be both larger and smaller than Bias(d ) , but that Bias(a? j usually
is smaller than Bias(c? )‘ .
Table 5: Design-based standard error
The figures in brackets are d and §.e.(c;’ ) from Table 1.
&, NUARTER 1999
Aggregated Estimated Estimated Lower hound, 95% Upper hound, 95%
lewel diffusion index standard error confidence interval confidence interwal
Population 48,30 47, 73) 1.58 (1.59) 45 20 E1.41
Domain E1 E2.04 (52 40) 2.48 (2.4T) 47.18 E6. 89
Domain EZ 40,31 (38 86) 368 (3.684) 33.10 47,51
Domain ES 50,06 (49 16) 2.31 (2.4m 45 53 54 58
3. QUARTER 1999
Bggregated Estimated Estimated Lower houond, 95% Upper hound, 95%
level diffusion index standard error confidence interwval confidence interwval
Population 55,48 (55.03) 1.51 {1 54 E2. Rl 8. 44
Domain E1 ET.13 (Ee.0T) 2.E1 (2. 4% g2 2l 62, 04
Domain EZ2 39,87 (39.07) 324 (3,43 33.52 46, 22
Domain ES B5. 58 (6&.04) 2OET (22O £1.13 70.03
4. QUARTEER 1999
Bggregated Estimated Estimated Lower hound, 95% Upper houond, 95%
Llewel diffusion index standard error confidence interwal confidence interwval
Population 4372 (42 9% 1.44 (1. 443 40.90 46 53
Domain E1 El1.62 (51.01) 2,35 {2.33) 47.01 Eg. 22
Domain EZ 38,49 (38 30 3,09 (3.13 32.43 44 E5
Domain ES 39,34 (38.07) 2,19 {2.17) 35. 04 43 64
1. QUARTEER 2000
Bggregated Estimated Estimated Lower hound, 95% Upper hound, 95%
lewvel diffusion index standard error confidence interwval confidence interval
Population 63 58 (63.40) 1.46 {1.52) B0, 72 BE. 43
Domain E1 63.05 (B3 TL) 2,36 (2.3 B, 42 T3 68
Domain EZ2 £3.01 (52 EBE) 3.30 {353 46 53 E9.49
Domain ES BE. 01 (66, 200 2.08 (2.1% Bl. 94 70.09
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Aggregated
level

Population
Domain E1
Domain E2

Domain ES

Aggregated
lewel

Population
Domain E1
Domain EZ

Domain ES

Bggregated
lewvel

Population
Domain E1
Domain E2

Domain ES

Aggregated
lewel

Population
Oomain E1
Domain EZ2

Domain EL

Aggregated
lewel

Population
Domain E1
Domain EZ

Domain ES

Eztimated
diffusion index

£4.13 (53.50)
£0.72 (59.94)
£0.92 (50.28)
50.85 (49, 35)

Estimated
diffusion index

60.42 (60.36)
63.03 (62.41)
54.50 (54.71)
62.40 (62.67)

Eztimated
diffusion index

54,36 (53.58)
60.70 (60, 26)
60.04 (59.46)
43.41 (42.13)

Estimated
diffusion index

63.90 (63.43)
E6. 04 (65 T2)
£8.48 (Le. 82)
6573 (66090

Estimated
diffusion indesx

4969 (49 70)
54,22 (54,73
46.12 (45 313
4772 (4T 85)

2. QUARTEER 2000

Ezstimated

1.48 {1.45)
2.48 (2.49)
3.10 {3.02)
2.26 (2. 16)

3. QUARTER 2000

Estimated

1.52 {1.53)
2.45 (2.47)
3.24 (3.23)
2.37 (2.39)

4. QUARTER 2000

Eztimated

1.41 (1.43)
.37 (2.39)
306 (3.14)
2.06 (2.07)

1. QUARTER 2002

Estimated

1.32 (1.45)
2,27 (2. 3
2.84 (2.2T
1.85 (2. 06}

2. NUARTER 2002

Estimated

1.41 1.43
2.12 {2.17
3.15 (3.17
2,22 (2.2m

standard error

standard error

standard error

standard error

standard error

41

Lower bound, 95%
confidence interwal

51.23
L4, 86
44 .84
46.43

Lower hound, 95%
confidence interwval

57.45
Ltg. 22
48.15
ET.75

Lower hound., 95%
confidence interwval

51.e0
56, D6
4. 05
39.37

Lower bound, 95%
confidence interwal

£1.31
£1.59
£z 90
62,16

Lower bound, 95%
confidence interwal

45.93
50.06
39.54
43.37

Upper hound, 95%
confidence interwval

ET.03
64. 57
ET.m1
55. a7

Upper hound, 95%
confidence interwval

63.40
67.83
60. 85
67. 04

Upper bound, 95%
confidence interwval

57.13
B5. 34
B6. 02
47.45

Upper bound, 95%
confidence intecwval

66 49
0. 449
64 . D&
63,40

Upper hound, 95%
confidence interwval

£z 4%
58.37
5z.30
sz o7



Table 6: Model-based standard error and confidence interval

The figures in brackets are d and §.e.(c;’ —d ) from Table 2.

1. QUARTER 2002

Bggregated Estimated Estimated Lower hound, 95% Upper hound, 95%
lewvel diffusion index standard error confidence interwval confidence interval
Population £3.90 (63.43) 1.11 {1.17) £1.74 6E. 07
Domain E1 66.04 (65.72) 1.80 ¢1.91) 62.51 69. 57
Domain E2 £g.48 (L6 82) 2.47 (263 £3.e4 63,32
Domain ES 65.78 (66.09) 1.59 (1.69) 62.65 63. 20
2. QUARTEER 2002
Bggregated Estimated Estimated Lower bound, 95% Upper bound, 95%
lewel diffusion index standard error confidence interwval confidence interwval
Population 49,69 (49703 1.22 {1.28) 47.30 sz.07
Domain E1 5422 (54.73) 1.72 {1.81) 50.85 57.58
Domain E2 46.12 (45,313 2.63 (2.75) 40. 96 51.28
Domain ES 47,72 (47,85 2.07 2.1 43.67 £1.77

10. Summary

In this paper we have seen how the uncertainty of d can be measured by design-based standard error
and model-based standard error. The design-based standard error measures the uncertainty arising
from the fact that a lot of samples can be selected. The model-based standard error measures the
uncertainty coming from the assumption that the y,,'s are random variables that can take different

values.

If we measure the uncertainty with the design-based standard error, the uncertainty is small when the
diffusion index of the population is estimated (the estimates of the standard error vary from 1.43 to
1.59). The uncertainty is a little larger when the diffusion index of domain E1 and ES5 is estimated (the
estimates of the standard error vary from 2.17 to 2.49 for domain E1 and from 2.06 to 2.40 for domain
ES). For domain E2 the estimates of the standard error vary form 3.02 to 3.64 and indicates some
uncertainty for this domain.

When we measure the uncertainty with the model-based standard error, it seems to be a relative small
uncertainty when the diffusion index of the population and the domain E1 is estimated (the estimates
of the standard error for the population equal 1.17 and 1.28). The uncertainty is a little bit larger for
the domain ES. We have the largest uncertainty when we estimate the diffusion index of domain E2
(the estimates of the standard error are 2.63 and 2.79).

Which of these measures we should use depends on which uncertainty we want to measure. The

design-based measure is often used in survey sampling, but we believe that the model-based measure
might be a better measure in the Business Tendency Survey. This is because the same sample is used
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for several quarters, and for each quarter it is observed new values of the y,,'s in the sample. Hence it
seems reasonable to think of the sample as given and instead treat the y,. 's as random variables.

In addition to measuring the uncertainty of d we have analysed two alternative estimators of the

diffusion index (c? and d ). The reason for doing this was to see if the diffusion index can be

estimated more accurately with one of these estimators (compared to d ). Whether that is the case
depends on whether we have a design-based or a model-based point of view.

If we choose a design-based point of view, we cannot say that one of the estimators always is better
than the others. It seems that each of the estimators could be better than the others for some
configurations of the y,;'s, but not for all.

On the other hand if we believe it is more proper to look at the estimators from a model-based point

of view, then d is the best estimator. This is because d has the smallest model-based standard error.
(All of the estimators are unbiased under the assumed model). But the differences between the
standard errors are probably quite small, based on the estimates of the standard errors. Hence, it does
not seem worthwhile to replace the estimator in use today.
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