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1 Introduction

The life cycle model introduced by Modigliani and Brumberg in 1955 has received
a great deal of attention both for its micro and macro economic implications, and
during the last decade many have tried to estimate structural life cycle models from
micro data, cf. King [31]. A major problem in that respect is that, ideally, estima-
“tion of the life cycle model for consumption and labour supply requires complete,
individual lifetime data for a great variety of variables such as household labour
supply, the consumption of durables and non-durables, and their expected prices;
including interest and income tax rates. Today there is no single data set containing
all these variables, and the challenge has been to find specifications that can be
_used for estimation and identification of the parameters of interest given the data
actually available. This paper surveys the approaches for estimating structural life
cycle models of labour supply and consumption demand from micro data.

Apart from this introductory section and the concluding section, this paper is
divided into three main ﬁarts. In Section 2 we discuss the theoretical fra.m_ework for
the econometric a.pproachés presented in the two subsequent sections. We present
(Section 2.1) the life cycle model, ¢f. Ghez and Becker [18] and M. King [31], in-

~ cluding the specification of the wealth constraints and the specification of possible
constraints in the labour and credit markets. Then we discuss (Section 2.2) the
first order conditions in the case that the household has perfect knoWledge of future
prices, and point out that, in a life cycle context, the relevant demand functions
are the Frisch demands, cf. MaCurdy [34], Heckman [24, 25|, Browning, Deaton
and Irish [11] and Blundell {7]. From an econometric point of view, the usefulness
of these functions depends on the separability properties of preferences and wealth
constraints, éf. Blomquist [4], and Section 2.3 focuses on this fact. This section also
focuses on the fact that the practical usefulness of the intertemporal separability as- .
sumption may depend on whether there are binding constraints in the credit market

in current as well as historic periods.



- From Section 3 we consider in more details the various approaches for estimation.
First we look at methods that assume that households have perfect knowledge of
future prices. We start out (Section 3.1) with MaCurdy’s fixed effect approach, cf.
MaCurdy [34]. This approach uses a (first) differenced marginal utility of wealth
constant function for estimation of the parameters determiﬁing the responses of
labour supply to evolutionary wage changes along a given life cycle wage path.
In order to explain differences in labour supply across persons, the reduced form
equation for a variable related to the marginal utility of wealth, must be estimated.
This estimation requires individual life cycle data, and the true relationship must
typically be approximated. Section 3.1.1 presents the model speciﬁcafions, and
in Section 3.1.2 we view the estimation procedure. The restrictions on intra- and
intertemporal preferences are discussed in Section 3.1.3, and in Section 3.1.4 we
discuss this approach in the case that we allow for income taxation.

Section 3.2 reviews how Heckman and MaCurdy [27] modify MaCurdy’s fixed
effect approach by taking the decision of working or not into consideration in the
estimation. By estimating a bivariate fixed effect Tobit model, they eliminate the
possible selection bias from using a subsample of households that are unconstrained
in the labour markets.

In Section 3.3 we discuss some works that utilize the fact that if preferences can
be described by a Stone-Geary function, it is possible to find an explicit solution for
the marginal utility of wealth and the reduced form equations for the household’s
decision variables, cf. Bover [8, 9] and Bigrn [3]. A weakness of this approach is that
estimation essentially requires complete life cycle data, and the approach typically
requires rather arbitrary assumptions about lifetime prices; incl.uding interest and
income tax rates. |

We end (Section 3.4) the review of approaches that assume perfect certainty, by
discussing how the interpretation of the life cycle theory as a two-stage budgeting

process can be used for estimation of within-period preferences from cross section

data only, cf. Blundell [7]. Provided that panel data are available for all goods, this



approach can also be combined with a particular use of the Euler equation for the
marginal utility of wealth, for estimation of the remaining parameters of lifetime
utility.

In section 4 we turn to methods that assume that households do not have perfect
knowledge of future prices and variables influencing future preferences. These meth-
ods assume that households maximize expected utility. First we comment on the
changes in the optimization problem and the first order conditions compared with
the perfect certainty case (Section 4.1). Section 4.2 discusses the problems related
to MaCurdy’s fixed effect approach in the uncertainty case, cf. [36]. This approach
turns out to be unsuccessful, and in [35], MaCurdy suggests to use the marginal
rate of substitution functions for estimation (Section 4.3). This method allows for
more flexible functional forms than the fixed effect approach, but it requires that
we observe prices and consumption for at least two goods for the current period.

The marginal rate of substitution functions cannot be used for estimation of
the parameters of the transformation of within-period utilities, but MaCurdy shows
that this estimation is possible through a partiéula.r use of the Euler equation for

| marginal utility of wealth. This method can be viewed as a special case of the gener-
alized method of moments, cf. Hansen and Singleton [22]. The generalized method
of moments exploits the fact that the Euler equation for the marginal utility of
ﬁedth, and the other first order conditions, imply a set of population orthogonality
conditions that can be used for estimation of the parameters of the utility function.
In section 4.4 we discuss this approach, and comment on some of its limitations.

Section 5 summarizes the paper.

2 Theoretical Framework

This section presents and discusses the life cycle model of labour supply and con-
sumption including durable goods. The aim of the discussion is to clarify some

aspects that are relevant for estimation.



2.1 Consumption and Labour Supply Behaviour

Assume the household consists of one adult whose lifetime preferences can be de-

scribed by the utility function
T

Vo= t-zo(l +p)"*U: (Cy, Ko, Hy), (1)
where T is the planning horizon, p is the time preference rate, subscript ¢ denotes
period, U; (C:, K, H,) is within-period utility, C; and K, are Hicks composite goods
grouped as consumption of non-durables and durables, and H; is labour supply.
Within-period utility is assumed to be concave in consumption of goods and leisure.
While standard economic theory ailows for non-separable preferences both within
and between periods, empirical specifications usually assume at least intertemporal
| separability, cf. page 12, and we will assume this throughout the paper. This
assumption requires cardinal utility and that the demand for a particular good is
not influenced by habits. Recently several authors have emphasized the importance
of allowing for non-separable intertemporal utility, cf. Bover [9], Hotz, Kydland
and Sedlacek .[29], Johnson and Pencavel [30] and Muellbauer [38], but with one

exception we shall not discuss non-separable specifications.

The household faces the within-period wealth constraints,
Ay — Ary = weH + 1Ay — Se("zA:-l, tht) —pCe—q [Kt -(1- 61)K¢-1] » (2)

wheret = 0,1,2,---,T, and §; is the depreciation rate for durables. The prices p, ¢
and w are nominal prices of non-durables, durables and leisure, and r is the nominal
pre-tax interest rate. Since households are assumed to have perfect knowledge of
future prices and variables influencing future preferences, expected prices coincide
with realized prices. The variable A, is nominal net value of interest-bearing assets
at the end of period ¢, and if debt exceeds interest-bearing claims, it is negative.
The possibility of capital gains on durables is taken account of through changes in
g: from one period to another, and the assumption that durables do not depreciate

totally during one period, that is, 0 < §; < 1.
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The specification of the ta.x.functioh captures that income taxes S;(r:A;—1, we H;)
are assessed on wage and interest incomes. If the household’s net interest income is
negative, it allows for deduction of interests on debt by the tax assessment. We also
assume that the tax function is continuous and convex, and that it has continuous
first- and second order partial derivatives. Wealth taxes are ignored.

The specification of the wealth constraint implies that we disregard that house-
holds can place their wealth into various kinds of securities, such as bonds, stocks
and shares, pension funds, arts and antiques. With the exception of the fact that
inheritance at the beginning of the planning period can be (exogenously) included
into the value of Ay, we do not either consider the possibilities of inheritance and
bequest. In particular, this means that we treat Ar as exogenous.

The period-specific wealth constraints can often be more conveniently repre-
sented by amalgamating them into a lifetime wealth constraint

T
drAr — Ay = Zdt {‘tht - St("‘tAt—l, tht)}

t=0

T
- Ta{nc+a K.~ (1- KO

t=0
where d; = 1/[(1 + ro)(1 + 71)--- (1 + 7))}, for t=0,1,..-,T,is the discount rate
that converts income in period ¢ into its period 0 equivalent, and where 7o = 0.

In order to get an idea of the problems involved when we consider credit market
constraints, we follow Maﬁgér [37] and assume that households must borrow against
mortgage in property. That is, net debt, —A,, cannot exceed a fraction s of the

market value of the property, ¢, K;,
—AtS_ntht, t=0, 1,"',T. (4)

Here x is the fraction between maximum debt and the market value of durables,
and it is assumed that it is equal to all persons. In particular, this means that it is
independent of income and changes in institutionally determined constraints.

The household may also be constrained in the labour market, for example due to

institutional constraints, but this will not be discussed here. Only the non-negative
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restriction will be accounted for, i.e.,
H, >0 t=01,---,T. (5)

Maximization of lifetime utility (1) subject to the within-period wealth constraint
(2), the borrowing constraint (4), the non-negative constraint (5), and given values of
initial stock of assets and durables, and terminal stock of assets, yields the following

first order conditions,

aU,
‘a‘a—t—ktpt, t—O, 1,"',T, (6)
av, 1-46
'5171 = Aeq — e pf/\t+1¢1:+1 —YeKq, t=0,1,---,T, (7
av,
_a_I{tt:Atmt'}‘at, t=0,1,"')T, (8)
and the Euler equation
A= (14 Ryt)hess +7, t=0,1,---,T 9)
t—1+p +1 ) \t41 9(7) — Yy 4 4
where
ast(rtAt-l’ tht)
= 1-— 10
= [ O(w.Hy) (10)
and

3S¢+1(7‘¢+1At, wH'lHH'l) (11)
O(re41 A)

are the after-tax marginal wage and interest rate, that are both endogenous for the

Ripr =rmepn [1 -

household. - The Lagrange multipliers A, = (14 p)*A;, 7 = (1 + p)*4; and o =
(1 + p)ta; can be associated with the wealth constraint, the borrowing constraint
and the labour supply constraint respectively. Superscript * means that the values
of the multipliers are discounted to period 0, and multipliers without superscript
are current values.

According to the Envelope Theorem, the Lagrange multipliers signify the marg-
inal rate of change of the maximum value of tile utility with respect to a change in -
the constraint, cf. Takayama [42]. Thus they express the shadow price of the actual

resource. In particular, A} can be interpreted as the marginal utility of wealth in
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period ¢ discounted into the first planning period 0, while ), is measured in current
values.

All the Lagrange multipliers are non-negative, and if a constraint is not binding,
the multiplier is zero. Hence, v > 0 if and only if the borrowing constraint (4) is
binding. Similarly, a > 0 if and only if the labour supply constraint (5) is binding.
Since the wealth constraint is always binding, A; > 0 for all ¢.

2.2 Interpretation of the First Order Conditions

The first order conditions and all the constraints constitute a simultaneous equation
system. This system implicitly defines the lifetime demand path for all goods, and
the Lagrange parameters, as functions of initial and terminal value of assets, initial
stock of durables, lifetime prices; including the interest rate and all the formal
income tax rates in the tax tables, and the preferences. In most cases it is, however,
impossible to obtain a closed form solution for these functions.

It turns out that in a life cycle perspective, the relevant demand functions are
the so called Frisch demands, cf. Frisch [17]. These functioﬁs are characterized
by demand being qonditioned on the marginal utility of wealth, and if preferences
are intraperiod separable (in addition to interperiod separable), each of the first
‘order conditions (6) to (8) implicitly define the Frisch demands. In what follows
we make that assumption. This means that when we now turn to the discussion of
some properties of the first order conditions that are relevant for estimation, we also
discuss the properties of the Frisch demand functions.

The first order condition for non-durables, cf. equation (6), and the Euler equa-

tion (9) imply

Ui 14p [aUt ]
_ —l, 12
8Ciy1 1+ Rep |0C; (12)

when p, = 1 for all t = 0,1,---,T. That is, if preferences are both inter- and
intraperiod separable, if there are no binding borrowing constraints, and if R and

p as well as preferences are constant over time, then consumption (or its marginal



utility) at age ¢ is the only relevant variable to predict consumption (or its marginal

utility) at age ¢ + 1. Hall [20] also assumes that (1 + p)/(1 + R41) is constant® (at

least over a decade or two), and tests this implication on macro time series data.
If the tax function is convex, the first order condition for labour supply and

leisure demand, cf. equation (8), can be rewritten as

. 1 8y,
- 0 if -x o8 Heo > Milg_o
H, = (13)
1 80,

X80 = Mt otherwise,

where "tilde” denotes that the variable is evaluated at optimum. That is, the deci-

sion of working or not is determined by comparing the marginal utility of leisure at

1 8U;

zero hours work (measured in money), —3- 34

|H=o’ with the price of leisure, that
is, the after-tax marginal wage rate at zero hours labour supply, m.|g_,. If the
marginal utility of leisure at zero hours work exceeds the after-tax vmarginal wage
rate at zero hours, the person chooses not to work. Contrary, if the marginal utility
of leisure at zero hours work is smaller than the wage rate, he chooses to work, and
decreases leisure until the marginal utility of leisure equals the marginal wage rate.
Labour sppply then has two different dimensions, annual participation in the work
force, and annual hours of work. Heckman and MaCurdy [27] utilize this property
and estimate a bivariate Tobit life cycle model of female labour supply, cf. section
3.2, |

These conditions are necessary, but not sufficient conditions for optimum?, since
we do not require that the tax function is strictly convex. But as long as the house-
hold maximizes utility, the data observed by the econometrician yield maximum
utility, and by plugging these values into the first order conditions, we obtain the

marginal utilities that are relevant for estimation.

1The constancy of (1 + p)/(1 + Re41) is of cause a strong simplification even if we disregard
interest income taxation. While p is a constant, even the pre-tax interest rate varies across time

and households.
3These criteria are often referred to as local criteria as opposed to global criteria, where we

need to compare the utility levels of various combinations of labour supply and consumption.



Notice also that the marginal tax rate on labour income at zero hours is endoge-
nous, and can well be positive, since taxation of labour income depends on the level
of interest income. It also depends on the income of the other spouse if the house-
hold consists of two adults that are treated as one taxpayer by the tax assessment.
In Norway this was the case for married couples with at least one low wage income
until 1992.

The specification of the credit market constraint (4) implies that whether the
credit market constraint is binding or not depends on the demand for durables.
However, in order to simplify the discussion of the first order condition for durables,
we now argue as if this on/off decision is independent of consumer behaviour. The

demand for durables, cf. equation (7), can then be written as

A : Uy 1—8:
- —:qt if 8K.|k=_4 < Aege — 1+p At+1Ge41

K, = - (14)
gg‘; = Aeq: — %)«quﬁl otherwise,
where we recall that "tilde” denotes that the variable is evaluated at the optimum.
The marginal Acost, Atqr — %Atﬂqtﬂ, is now measured in terms of utility.

If the household is constrained in the credit market, the demand for durables is
determined by the constraint, and the marginal utility of durables, evaluated at the
constraint, is less than the marginal cost. Hence, credit market constraints increases
the demand for durables relative to the demand in the case of no binding constraints.
Contrary, if the household is not constrained in the credit market, the household
adjusts the demand for durables until the marginal utility equals the marginal cost.

Economic theory gives few guidelines with respect to how to measure demand
for durables. It should be measured in physical units or in real values, but apart
from that the theory is of little help. An example of the problems involved, is the
measuring of housing consumption with all its dimensions such as location, number
of rooms and quality. Problems with this definition also lead to problems with the

definition of purchase and user price of durables, cf. Kornstad [32].

Notice that our treatment of durables assumes that there are no fixed costs in



the demand for durables, and that durables can be treated as continuous variables.
These approximations may be reasonable for white goods, but not for other kinds
of durables such as housing.

While the first order conditions (6) to (8) determine allocation of resources within
a particular period, the Euler equation (9) determines allocation of resources over

time. It can be rewritten as
1 ]
At = m(l + R¢+1)/\g+1 if — A< Nq:Kt (15)

and

1 .
At 2 -]-,—-{-—;)-(1 + R¢+1)At+1 lf - At = KQgKt. (16)

If the household is unconstrained in the credit market, saving should be adjusted
until the marginal utility of wealth in period ¢t equals the (discounted) marginal
utility of using the same resources next year added after-tax interest incomes. If
the household is constrained, the marginal utility in period ¢ exceeds the marginal
utility of postponing consumption one period.

In the present case of perfect certainty, all the A’s can be calculated once and for
ever, and the updating mechanism is given by the Euler equation (9). This means
that if the househc;ld is unconstrained in all markets, and is able to calculate the
marginal utility of wealth for a particular period, cf. equation (29), it can use the
Euler equation to calculate A for all ¢, and plug these values into the first order
conditions to find consumption and labour supply.

As will be evident from the following analysis, equation (15) and (16) have -
been utilized in various ways to obtain equations that are suitable for estimation.
Since some households cé.n be constrained, the possibility of borrowing constraints
complicates estimation. One solution is to estimate the model from a subgroup
of unconstrained households, but then we should correct for the possible selection
problem, cf. Heckman [26]. Another possibility is to use the complete sample and
estimate a switching regimes model, cf. Hajivassiliou aﬁd Ioannides [19], but most

works disregard the possibility of this constraint since one usually cannot identify
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what households are constrained, cf. Hall [20], MaCurdy [34, 36] and Blundell (7).

2.3 Separability, Constraints and Frisch Demands

The functional form of the Frisch demands depends only on the specification of
within-period utility and, as we have seen, on whether corner solutions are present.
Their usefulness, however, depends on the separability properties of preferences,
. ‘the possibility of binding constraints in the labour and credit markets, and the
specification of lifetime wage rates and the income tax system, and this section
focuses on these topics. |

Apart from the difficulties related to a; and «, being latent and the endogeneity
of R;y; and m,, the fact that ), is latent and varying across age complicates the
4estimation of the Frisch demand functions. The problem related to \; being age-
specific can be circumvented by expressing these equations as functions of Ao (or

Aj)- Substituting the Euler equations successively into each other, leads to
Ae =.(1 + P)t’\th‘_ Yi-1> ‘ : (17)

where
1

T (I + Ro)(1+ Ry) -+ (1 + Ry) (18)

is the after-tax marginal discount rate that transforms income in period ¢ into its

D,

period 0 equivalent, and

__14p (14 p)?
T TIFRT T ORI+ Rac)

Ye-2 + + -+ De(1 + p)70.

Hence, the marginal utility of wealth at age ¢t can be expressed as a difference
consisting of a function of the marginal utility of wealth at age 0, and a weighted
sum of the multipliers of the borrowing constraints.

Substituting equation (17) into the first order conditions (6) to (8), implies

v,
%:' = [(1+ £) 20D = F,oa] 21, | (19)

11



U, . 1-— 5)«

_——t _ —F - S A 20

3K, [(1 + p)* A0 Dy ’7:-1] Qut ['“It 1+ Rops qe+1| Ve (20)
and |

aU, —
- '3'172 = [(1 + P)tAODt - 7:—1] m + ay, (21)
where
1-—6;

Qut = Gt 1T Roas ¥ Ront qt+1

is the user price of durables. Since R depends on the marginal taxation of interest
incomes, the user price is endogenous.

At this moment we notice that if preferences are non-separable both between and
within periods, all marginal utilities depend on the consumption of all goods in all
periods, and estimation of a particular first order condition is very data demanding
even if we could observe A. If preferences are separable between, but not within
periods, the marginal utilities for a particular period all depend on the consump-
tion of all goods in that period, and estimation of a particular first order condition
requires less data. If, however, preferences are both intra- and intertemporal sep-
arable, the marginal utilities 6nly depend on the consumption of the actua.lrgood,
and estimation is considerably simplified.

In the case of no binding credit market constraints in any historic period as well
as no binding constraints in the labour and credit market in the current period, «;,
¥,., and a; equal zero. If we also assume additive within-period utility, the Frisch

demand functions become

Ct = Ct (1 + p)tAODtpt] ’ t= 0) 17 vt ’Ta (22)

Ko =K. [(1+p)*AoDsqu), t=0,1,---,T, o (23)
and

Ht = Ht (1 + p)tAODtmt] ) t= 0’ 19 te 7‘T’ (24)

where the C;-, K;- and H,-functions are the inverse of the functions for the subutil-

ities of C , K and H respectively.
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This specification illustrates the advantage of what MaCurdy [34] labels the -
constant demand functions. In the case of no binding constraints in any historic
period in the credit market, no current binding constraints in the credit and labour
markets, and inter- and intraperiod separable preferences, the arguments of the
demand functions, apart from the discounting rate, are reduced to prices observable
within the current period and the (latent) life cycle component Ao. This means
that with the exception of the information that is included in D;, m,; and gy, >‘°.
summarizes all historic and future information relevant to the household’s current
decisions.

If there is no income taxation, D;, m, and ¢, are exogenous, and \o summarizes
all historic and future information relevant to the household’s current decisions.
The marginal utility of wealth at age zero can then be thought of as a statistic®
representing the household’s (perfect) expectations about future pre-tax wage and
interest rates, the purchase prices of durables and non-durables and all the (forrha.l)
income tax rates in the tax tables, besides realized values of these variables earlier in
life. Initial and terminal (net) wealth also influence conéumption and labour supply
through the marginal utility of wealth.

Since Ag is independent of time, it can be treated as a fixed effect during es-
timation, a;nd if the Frisch demand functions are additive in Ao or its logarithm,
the problem related to )y being latent can be overcome by differencing the Frisch
demands, cf. MaCurdy [34] and section 3.1. This approach also reduces the prob-
lem related to the fact that estimation of the A-constant demand functions is quite
data demanding even if we could observe Ag, since the after-tax discount rate D, is

endogenous and depends on Ry, Ry, -+, R;, cf. equation (40).

3Friedman (1957) argues that the consumer’s aggregate consumption is related to ”permanent”
and “transitory” income. Mincer (1962) transfers this theory to the labour supply market, and
assumes that labour supply is related to transitory and permanent wage rate and incomes. Com-
paring these theories with our marginal utility of wealth constant functions, we find that permanent
income and wage rate play the same role as the marginal utility of wealth, while transitory incomes

and wage rate play the role of the current prices.
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While empirical analyses typically assume that life cycle ‘wage rates are inde-
pendent of labour supply, they can also be thought of as being affected by work
experience, cf. Heckman [28] and Nakamura and Nakamura [39]*. This assumption
introduces a kind of non-separability through the wealth constraint, since current
labour supply decisions can be viewed as an investment to increase future wages.
The marginal wage rate then depends on future hours, and both future wage -rates
- and hours enter into the first order conditions. The data requirement thus increases.

The introduction of income taxes, Sy(r;A¢—1,weH:), also leads to a kind of non-
separability that may reduce the usefulness of the marginal utility of wealth constant
functions, and the methods based on these functions. If one does not observe current
interest incomes, the calculation of the after-tax marginal wage and interest rate
" requires observations on A;_;, and we need panel data for (at least) two years. The
calculation of the after-tax discount rate D;, cf. equation (18), requires panel data
for even more periods, and the after-tax wage and interest rate, and the user price
of durables, are now endogenous. In order to simplify estimation, income taxes are
often omitted. The lifetime wealth constraint then becomes separable in goods and
priées across periods, and the only way a price change can influence demand in other
periods, is through the wealth effect. According to Blomquist [4], the responses to
price changes in other periods are then of a very special form.

The possibility of constraints in the credit market also complicates estimation
of the Frisch demands considerably. Comparing equations (6) to (8) with (19) to
(21), we notice that the substitution of the Euler equation (17) into the first order
conditions introduces the borrowing constraint multipliers for all earlier periods

into these conditions. Since these multipliers are latent, this substitution probably

4Using estimates from participation equations only, according to these authors it is impossi-
ble to separate this kind of dependence from the dependence due to intertemporal non-separable
preferences. Hotz, Kydland and Sedlacek [29] show that the separability properties of lifetime pref-
erences can be studied by expressing the Euler equation in terms of consumption since consumption

does not depend on the process generating the life cycle wages.
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“introduces more problems that it solveé, and the specifications (6) to (8) seem to be
more attractive.

In order to use the Frisch demands to explain differences in demand across house-
holds, the relation between Aq and all the exogenous variables must be determined.
Substituting the A-constant functions (22) to (24) into the lifetime wealth constraint

in the case of no binding constraints in any market in any period, leads to

drAr — Ao
T
= zdt {tht [(1 + P)tl\thmt] — Sxe — peCe [(1 + P)t/\thPt]

t=0

- q [Kt [(1 + p)tAODtQut] - (1 - 5f)Kt—1 [(1 + P)t_lAODt—IQut—l]]} ’ (25)

where S,; denotes that the A-constant functions are also substituted into the tax
function. This function implicitly defines Ao as a function of the hoﬁsehold’s initial
value of assets and durables, terminal value of assets, all prices for all periods, and the
time preference rate and the other parameters determining lifetime preferences. If
there are binding constraints in some markets, the shadow pﬁces of these constraints
are also included. | -

In most cases this equation cannot can be given a closed form solution with re-
spect to Ag. Even if we could, cf. sectioﬁ 3.3, tile fact that existing panel data do
not contain complete lifetime price paths, including the interest rate and the income
tax rate paths, and seldom initial and terminal assets and equities, complicates esti-
mation of the reduced form equation for Ag. The fact that )\ is latent, complicates

estimation further.

3 Estimation in the Perfect Certainty Case

While the aim of section 2 was to present some theoretical considerations that can
be used for estimation of the life cycle model, we are now going to take a closer look
at some important contributions and methods within this field. In this section we

limit ourselves to methods particularly suited for the perfect certainty case.
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3.1 MaCurdy’s Fixed Effect Approach

The use of the marginal utility of wealth constant functions for estimation of the
life cycle model can be associated with Thomas E. MaCurdy [34]°, and we will now

study how he utilizes these functions to estimate an intertemporal model of labour

supply.

3.1.1 Model specifications

Compared with our general model presented in the first section, MaCurdy disregards
consumption of durables, personal income taxation and the possibility of credit
market constraints. The lifetime wealth constraint is then
T T
Ajo + ZdtwitHit = Z dCi, (26)
t=0 t=0
where subscript 7 denotes person and terminal wealth, Ar, is assumed to be zero.
The wage and interest rate, and the stock of assets, are now measured in real terms.
MaCurdy assumes that preferences can be described according to
r
Z(:)(l +0) 7 (1 Cy* — 12 H? ), (27)
where w; and w, are time- and person-invariant modifiers of preferences, and ~;;;
and ~2it are person- and time-specific modifiers. The modifier of preferences for
leisure, 73, is assumed to be randomly distributed across the population according
to Invys = 0y — £, where o; is a non-stochastic parameter and £ is a stochastic
parameter. Since the consumer is assumed to have perfect knowledge of future
prices and preferences, £; is introduced in order to take account of the fact that the
econometrician cannot observe all factors that influence preferénces for work.
The taste modifier for leisure, 7,5, is not specified further since MaCurdy focuses

on labour supply and does not use the first order condition for consumption.

5The original paper was part of his Ph.D. thesis, ”Two Essays on the Life Cycle”, University
of Chicago, 1978.
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Assuming the real rate of interest is constant over the life cycle and equal to r
with the exception of for period zero where it is equal to p, the marginal utility of

wealth constant labour supply function (24) now becomes
In H;y = Fyo + bt + aln wy + &t : (28)

where a = 1/(w; — 1), &t = aé}, and Fy = [1/(wz2 — 1)](In A\jp — 0; — Inw,). This
speciﬁcaiion also requires that In(1 +r). and In(1+ p) can be approximated by r and
p-

The assumptions about the interest rate imply that (1 + p)!D;, in equation (24)
is being reduced to bt, where b = a(p — r), and the interest rate becomes part of the
b-parameter.

Since the specification of preferences means that it is impossible to find a re-
duced form solution for )¢, cf. equation (25), MaCurdy assumes that ”In );, can be
approximated as a linear function of measured characteristics, Z;, net natural log of
wages at each age, initial wealth and an unobserved random variable, (;, representing

unmeasured characteristics”. Hence
T*
Fo=Z:¢+ ) vlnwy+ Awf + ¢, (29)
t=0
where T* denotes the age of retiring, +, and 6 are scalars, and ¢ is a vector of
constants that are assumed to be constant across consumers.
Estimation of this equation requires that the lifetime wage path and initial assets
can be observed for each consumer. To observe the wage rates outside the sample

period, and for the unemployed workers, MaCurdy assumes that wages follow a

quadratic function in age,
Inwy = moi + tmy + 270 + Gty (30)

where ¢;; is a random variable, and where the coefficients mo;, 71; and 7,; are linear

functions of some age-invariant characteristics, M;,
Tji = i9;, j= 0) 1121 (31)
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where go, g1 and g, are vectors of parameters. The variables included in M, are
education and age, and variables related to family background.

Most data set do not include even extensive measures of the consumers’ current
wealth, and to predict initial assets®, MaCurdy assumes that the optimal lifetime
income stream from buying assets, Y;; = rA;;, can be approximated by a quadratic
function in age,

Y = aoi + tay; + t2as; + g, (32)

where g;; is a random variable, and where the parameters aq;, ai; and a,; are linear
functions of a vector of exogenous and time invariant determinants, J;, of property
incomes,

a_,-; = .],'qj, ] = 0, 1,2. (33)

3.1.2 Estimation

MaCurdy does not estimate the parameters of the utility function, but applies equa-
tions (28) and (29) for prediction of labour supply.

The estimation of equation (28) t#kes into account that ), is latent and corre-
lated with the exogenous variables. Since Fjg is a linear transformation of \;, and
some time invariant parameters, F;y can be treated as a fixed effect. MaCurc_ly then
estimates a and p, determined through b = a(p.—-r), by working on a first differenced

version of the Frisch supply function..(28),

: AlnH,-j=b+aAlnw.-j+A£,-,~, 1=1,2,--+,n, (34)

j=2,3,'--,1',

6Noi;'ice that MaCurdy’s specification of the property income path seems to overdetermine the
property income path. When consumption and labour supply are determined through the first
order conditions, the period-specific wealth constraints can be utilized to derive saving in all
periods. Given initial assets and a lifetime path for the interest rate we can then find assets and
property incomes in all periods. Hence the a priori assumptioﬁ of a particular lifetime property

income path can lead to inconsistency problems.
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where A is the difference operator, i.e. AX; = X, — X;—;. Subscript j denotes
sample period, 7 is the number of sample periods, and n is the number of workers
in the sample. The variables H;; and w;; then denote person i’s labour supply and
wage rate in sample period j.

Since there may be omitted variables that are correlated with both the wage
rate growth and the error term A¢;;, the wage rate is treated as endogenous in the
estimation. The parameters of equation (34) can then be (consistently) estimated
by standard 2SLS7.

An advantage of this approach is that the parameters determining the responses
to current price changes along a given life cycle price path can be estimated from
panel data for (at least) two periods for only the actual good in question (including
the price), in addition to the relevant instrument variables. In MaCurdy’s case this

means that he can estimate the parameters related to labour supply without having
data on total consumption. Since many data sets do not include observations of
both labour supply and consumption including the consumption of durables, this
fact is important. _

A problem related to first differencing in particular, but also higher order dif-
ferencing, is that it tends to accentuate measuring noise relative to the observed
changes in the differenced variables, and the precision of the estimated parameters
is reduced.

To estimate the reduced form equation for F;p, MaCurdy uses the wage and

property income path equations and obtains

Fio = Zip + m0ig + ™11 + 727, + 0ib + €, (35)
where
_ Tx= .
0 =0/r, 7=ty j=01.2,
t=0

and ¢ is the error term.

7MaCurdy also considers another specification of equation (34) where the interest rate is allowed

to vary over time.
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The equations (31), (33) and (35) constitute a simultaneous equation system,
that can be estimated if we have data for Fy, Z, the n’s and oy for all consumers.
The consumer characteristics, Z;, are observed directly, and MaCurdy shows that
unbiased estimates for all the 7;’s and the a;’s can be obtained by making some
particular transformations of equations (30) and (32). Estimates for all the Fio’s are
obtained from equation (28) inserted the estimates for b and a from the estimation
of equation (34). Using these results, MaCurdy estimates the simultaneous equation
system (31), (33) and (35) by ordinary 2SLS. The substitutions imply that the error
term and the right hand side variables of the Fp-equation become correlated, but
according to MaCurdy, the estimates are consistent for a ”sufficiently large” number
of observations per consumer.

The estimation of the reduced form equation for Fjy is very data demanding, since
it requires life cycle data for each person. This means that if we want to estimate
all aspects of demand, the fixed effect approach necessarily involves some kind of
arbitrary assumptions about the lifetime price paths. In most cases estimation also
requires approximations té the true relationship. This reduces the tight connection

between theory and estimated regression function.

3.1.3 Restrictions on intra- and intertemporal preferences

MaCurdy'’s fixed effect approach requires that the marginal utility of wealth constant
demand functioﬁs are linear functions of A or In Ao. From the first order conditions
(6) to (8) it should be evident that if the A-constant demand functions are to be linear
in ), within-period preferences must be additive, cf. also Blundell and Walker [6].
This assumption may seem implausible, and to reduce restrictions as far as possible,
Browning, Deaton and Irish [11] suggest to start out from the profit function instead
of from the direct (within) utility function. This approach views the household’s
decision problem as a profit maximization problem; where the household produces
utility, U, from consuming the consumption vector C = (‘Cl, Ca,...). The household’s
profit is defined as the maximum profit attainable, w(p",p), from selling utility to
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itself at a price p*, subject to the technology of utility production, U = v(C), that
is,

~(p", p) = max [V —pC; U =2(C))], (36)
where p = (p1, ps, ...) is the price vector corresponding to the input vector. Since 1/A
can be interpreted as the marginal cost of utility or the price of utility, p* = 1/A.
The profit function can be viewed as representing consumer preferences as a function
of p* and p. It also appears that additive or block additive utility is equivalent to
additive or block additive profits, and one of the consequences of intertemporal
separability is then that the various periods can be treated separately.

Browning et al. find the most general profit function that satisfies the condi-
tion that the partial derivatives of the Frisch demands with respect to all prices,
are independent of the marginal utility of wealth. Based on this function they con-
clude that "the treatment of p* as additive in the hours and quantities demanded
implies intraperiod quasi-homotheticity”. In other words, viewing the households’
decision problem as a profit maximization problem, the requirement that the Frisch
demands are linear in p* implies that dema.nd is linearly related to within-period
full income®. Blundell, Fry and Meghir [5] show an analogous result, that is, re-
laxing intraperiod additive separability leads to unitary within-period full income
elasticities if the logﬁhear Frisch demands are to be loglinear in Ao. Hence, the most
common specifications of the Fribs‘ch demands introduce restrictions on intratemporal
preferences. '

_ Intuitively we would consider that the use of highly aggregated Hicks composite
goods reduces the restrictiveness of assuming intraperiod additive separability. In-
traperiod separability can then turn out to be a reasonable approximation for life
cycle models of highly aggregated Hicks composite goods.

The assumption of intertemporal sepmabiﬁty can also be questioned. According

to Blundell [7], the indirect within-period utility corresponding to the profit function -

8Full income is defined as the sum of interest incomes, the value of the household’s time endow-

ment and the asset decumulation.
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of Browning et al., is of the Gorman Polar form

Gy = F{[Y: - a(p)l/0p))} (37)

where F; is some concave monotonic transformation, a,(p,) and b,(p,) are particular
concave linear homogeneous functions of the price vector p, in period ¢, and Y, is
full income. Full income is defined as the sum of interest incomes, the value of the
household’s time endowment and the asset decumulation, and both p, and Y, are
discounted to period zero.

Blundell uses this specification to discuss the restrictions on intertemporal sub-
stitution implied by the profit function of Browning, Deaton and Irish. He follows
Browning [10] and assumes that the intertemporal substitution possibilities best can
~ be measured by the intertemporal elasticity of substitution, ¢ = G,/YG,,, where

. Gy = 8G/3Y and G, = 8G,/dY. The utility index (37) implies

_ F{Y: — ai(p))/b(p,)}0x(p,)
“TF[Ye - adp,)])/be(p,)}Y:

where F] denotes partial derivative. Since Y; — a,(&) is dominated by Y;, this

(38)

means that b‘(ﬂt) represents the substitution possibilities for rich people. This result
and the fact that the specification of the profit function implies that b(p,) is a
linear function of all the prices of P,» means that the use of linear Frisch demands
constraints intertemporal substitution for the high income groups.

It can be argued that this matter is not very important since the substitution
possibiﬁtieé are also determined by the derivatives of the monotonic transformation
F. Many works, however, let F' be the identity transformation, and Blundell shows
that the substitution elasticity for the loglinear and the exponential transformations
approaches -1 and 0 as income increases. Linear or loglinear Frisch demands then

also seem to restrict intertemporal substitution possibilities considerably.

3.1.4 Income taxation and MaCurdy’s fixed effect approach

As mentioned MaCurdy disregarded income taxation and assumed that the interest

rate was constant across periods and equal for all persons. In this case the Frisch
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demands only include current variables. Without these simplifications the Frisch

labour supply function becomes
In Hye = Fio + aln [Die(1 + p)'mue + &, (39)

where we recall that D;, is the after-tax marginal discount rate defined in equation
(18), and my is the after-tax marginal wage rate. Since the discount rate D;, is
endogenous, we can hardly assume it is constant during the life cycle, and in no way
we can reasonably assume it is equal for all persons. Taking also into consideration
that D;t depends on Rj, Ri1,- -, R, the introduction of income taxes immediately
seems to complicate estimation considerably. However, first differencing the Frisch

demands yields
Aln Hy = ap + a[Alnmy — In(1 + Ry)] + Ak, (40)

which illustrates that the method of differencing is even more attractive in this case.
MaCurdy’s fixed effect approach can then very well be used even in the case of

personal income taxation.

3.2 A Fixed Effect Tobit Model

Heckman and MaCurdy [27] extend MaCurdy’s fixed effect approach by implement-

ing a bivariate fixed effect Tobit model for married females’ labour supply. This
work uses the utility- function

Bp(L — H))* + B..C ‘ 41

§(1+ )t[ht( )" + tt] (41)

where L is total time available in the period, and a and v are unknown coefficients.

The age- and person-specific modifier of tastes for leisure is assumed to be related

to a set of observed consumer characteristics, Z, and a stochastic component, ¢;;,

according to By, = exp(Z:¢ + €1¢). The taste modifier for consumption, B, is not
specified further. |
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The wage rate equation is
Inw, = X,B + ea, (42)

where X is a vector of observed consumer characteristics, 3 is the corresponding
vector of coefficients, and €, is a stochastic component. Identification of a, ¢ and
(p — r) requires that X includes at least one variable that is not included in Z , cf.
equation (42) and (46).

It is also assumed that the disturbance vector (e, €2;) follows a components of

variance scheme,
€t =1+ pie, J=1,2, (43)
where the vector (1, p2:) is allowed to be correlated within-periods, but is assumed
‘to be serially uncorrelated and generated by a bivariate normal distribution. The
components 7; and 7, are left freely correlated. Thus, the econometric model has
the structure of a bivariate Tobit model, cf. also [13]
Assuming In[(1 + p)/(1 + r)] can be approximated by p — r, the labour supply

function corresponding to equation (13) now becomes

— Y;+ Vi if iy < —f-Y,+InT
ln(L—Ht)={f+ t+ Vi 1 1< —f t + (44)

InL if Vie>—f-Y,+InL,
where
f=%_1(1n/\o-1na—171+772), Vu:ail(ﬂzt—#u) (45)
and
Yt:Z:;t_Ztag—sl-i—Xtaél' - (46)

This approach then takes into consideration that labour supply has two different
dimensions, cf. the discussion of equation (13), and the simultaneous likelihood
function for the model consisting of the labour supply function (44) and the wage
rate equation can be found. Since f includes the marginal utility of wealth, f
is correlated with all the exogenous variables of the model, and to overcome this

problem, it is treated as a fixed effect to be estimated.
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Again there is no reduced form equation for A or f. Heckman and MaCurdy ap-
proximate, and regress estimated fixed effects, f, (obtained from the ML-estimation)
on education, average household income, future fertility plans, premarital work ex-
perience and realized fertility measures. The effects of lifetime prices and initial
wealth as determinants of demand, are ignored.

Compared with the estimation strategy found in MaCurdy [34], this estimation
method reduces the possible selection bias from using a subsample of unconstrained
persons. Regarding the estimation of the responses to current price changes along
a given life cycle price path, both methods have in common that they only require
observations of variables related to the actual good in question. Both methods typ-
ically require approximations to the true relatioﬁshjp for the reduced form equation
for the marginal utility of wealth. The way they estimate the fixed effects (Fp and f)
is different. While MaCurdy’s approach involves a quite cumbersome procedure, f is
estimated simultaneously with all the other parameters in the approach of Heckman
and MaCurdy. Both methods reqﬁire panel data (Heckman and MaCurdy use panel
data for eight years) for eétimation of these effects. Dependinig on the parameter
specifications, Heckman and MaCurdy can estimate the .pa.rameteré determining the
responses to current price changes along a given life cycle price path, from cross sec-
tion data. In contrast, MaCurdy’s fixed effect approach reéuires panel data for at

least two periods.

3.3 Reduced form estimation

In this section we revieiv some works where it is possible to find the explicit solution
for the household’s optimization problem.

Bover [8] recognizes that when preferences can be described by a Stone-Geary
function, it is possible to find the reduced form equation for Ag. This equation can

then be substitﬁted into the Frisch demands.
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Assuming the AStone-Geary utility function
T
2(1 + p) " [BrieIn(vn — Hi) + B2ie In(Cie — 7c)), (47)
t=0
no income taxation and the lifetime wealth constraint (26), the reduced form for Ao

1s

EtT=o(1 + p)_t(ﬂlit + Bait)
Ao = : 48
° AiO + E:tr___o(l + T)_t(‘th“ — 7c) ( )

Here 43, 7. and p are unknown coefficients, (3;;; and B;;; are taste modifiers, and A;o
is the initial stock of assets measured in real terms.

As we would expect from the discussion of equation (25), Ao is a function of
preferences, initial wealth, and the lifetime price paths, here represented by the
(real) interest, r, and wage rate, w;;. Since no data sets include all these variables,
estimation requires further assumptions. Bover assumes that (3 =1- Ba2it = Bit,
that the time horizon is infinite and that p = r, where r is not observed. She also
specifies the wage equation

Wi = loi + it + v, : (49)

where ly; and l;; are "unspecified functions of time invariant determinants of wages”.

The earnings function now becomes

w; H; = ThWit — ﬂu [7hi0i + Zfiu + Aio — ‘Yc] ’ (50)

r
147
where Iy; and ih‘ are unbiased estimates of lo; and I;; obtained from a separate esti-
mation of the wage equation. Assuming further that 3;; can be related to observable
variables and a random error, Bover uses this specification as basis for estimating a
linear earnings equation on wj, io;, ih', A;o, individual characteristics, and interac-
tions of characteristics with io;, il; and A;o, by minimizing a generalized instrumental
variables criterion function. From this estimation she obtains estimates of all the
parameters of the utility function, including the time preference rate p = r.
Regarding the properties of this approach, we notice that it is based on the

relevance of the Stone-Geary utility index. To find the reduced form expression for
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Ao, one has to assume tha;t there are no binding constraints in any market in any
period. Estimation requires observations of variables related to the actual good,
initial assets and demographic variables, but since most data sets do not include
observations of initial assets, estimation can be more complicated than it may look
like at first glance. Bover also disregards income taxation, and this decision simplifies
estimation and reduces the data requirement.

An éxplicit solution of the optim.iz#tion problem is also obtained in [3], where
Bigrn estimates a Stone-Geary utility index with the household’s aggregate con-
sumption as the only argument in the utility index. By splitting income at the
beginning of the planning horizon into permanent and transitory income; he relates
consumption to permanent and transitory incomes.

In [9], Bover modifies her Stone-Geary specification described above, to allow for

habits;
T

(1 + o) * [Buir In(n + ¢Hik—1 — Ha) + Bair In(Cir — 7)) - (51)

k=t
This specification implies that the utility from supplying H hours of labour de-

pends on Hj_;, and the ¢-parameter reflects to what extent the household considers
last year’s labour supply in its determination of current labour supply.

Since we do not observe (Hy — ¢Hj_1) (or ¢Hj—1), it seems difficult to estimate
this specification, but rewriting the wealth constraint in terms of H;t = H, — ¢H,_1,

the Frisch labour supply and consumption demand functions become

H: =M — %ﬁ &'1 and Cy =19+ ’32“/\&1’ (52)
it
where ) .
Tk ¢ 2 .
+ — _ iketd - 53
Wsp 15_—_-2 (1 + 1‘) Wik45 ( )

Bower now allows for wage replanning®. The specification of the wage equation

is similar to equation (49), but it is now assumed that [, and !; are both time- and

9This assumption introduces a particular kind of uncertainty, but according to Bover there is

no obvious extension to allow for general uncertainty.
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~person-specific. It is still assumed that B = 1 — Biix, and that the taste modifier
Biix can be related to observable consumer characteristics, Z;,, and a random error.
Using a plausible approximation to the reduced form for );, the earnings function

corresponding to equation (50) becomes

wiHy = Yhwir + dwiHioy + a1 Zis + 02 Zigis + a3 Zighyae
+ asZyAi + asHiy—1 Zipie + agHip—q Zitilit’ (54)

where aj, j = 1,2,---,6, are nonlinear functions of the structural parameters, and w,
is the predicted wage rate from the estimated wage equation. Notice that the habit
parameter ¢ from the utility function, is the coefficient on the variable w; H;;—;.
Estimation of this equation allows for identification of all the structural param-
eters. Despite the fact that this equation does only include current variables and
variables lagged one period, estimation fequires panel data for more periods in order
to estimate the wage equation. (Bover uses 10 years of panel data from the Michigan
Panel of Income Dynamics.) Notice also that in contrast to specification (50), that
includes initial assets, this speciﬁcatidn includes current assets, a gfca.t advantage
from an econometric point of view. With the exception that this specification con-
siders habits, the approach is quite similar to Bover’s approach discussed above, and

the properties of these two approaches are quife similar.

3.4 Two-Stage Budgeting

According to Blundell [7], empirical specifications that are based on parametrization
of the direct utility, can often be shown to be unnecessarily restrictive compared to
dual representations. Blundell [7], and Blundell and Walker [6], therefore suggest
to use the two-stage budgeting theory for estimation. This approach is particularly
relevant for estimation of the parameters of within-period preferences. At the end of
this section we show that this approach can be combined with a particular use of the

Euler equation in order to estimate the parameters of the monotonic transformation
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of within-period preferences. For simplicity we assume that there are no binding
constraints in any market.

Assuming intertemporal additive separability, the life cycle theory can be viewed
as a two-stage budgeting process. In the first step the household adjusts saving
according to the Euler equation (9). We recall that full income, Y}, is defined as the
sum of interest incomes, the value of the household’s time endonent, and asset

 decumulation, and when the household has decided how much to save, full income
is determined. From equation (25) it is clear that the distribution of full income
depends on all lifetime price paths; initial and terminal wealth, and the parameters
determining lifetime preferences. Estimation of this relationship is then rather data
demanding.

Conditional on full income, the household in the next step determines the al-
location of full income on all goods. In order to simplify notation, assume C, is
the vector of consumption goods with corresponding price vector p,, and that C; is
an arbitrary good among these goods with corresponding price p;. If there are no

binding constraints in any. ma.rke‘t, the within-period demands are

.= £, Y (5)

where f, is the vector of demand functions.

These functions are labelled y-conditional demands since the consumption vector
is chosen conditional on full income. They are homogenous of degree zero in prices,
p,, and full income, Y;, and the functional form varies across goods. According to
Blundell and Walker [6], the demand function for all goods will generally change
if there are binding constraints in any market in period . Binding constraints in
the future only change the value of Y. The assumption of intertemporal additive
separability then allows for decentralization over time.

Although we are assuming perfect certainty, we notice that the introduction
of uncertainty about future prices and preferences leaves the two-stage budgeting

model almost unchanged, since all uncertainty is captured through the distribution
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of full income across the life cycle.

Compared with the Frisch demands, the y-conditional demands only include
variables that can be observed, and they can be observed within the current period.
Estimation of the demand function for a particular good requires observations of the
demand for the good, the price vector p, and full income. Siﬁce many surveys are
either income or expenditure surveys, it can be hard to find data sets that include
all these. variables. |

In order to get more insight in the y-conditional approach, assume within-
period utility is of the general Gorman Polar form (37). While the fixed effect
approach requires a particular specification of the price indices a,(&) and bt(&), the
y-conditional approach does only require that a;(p,) and b,(p,) are concave linear
homogenous functions of p,, cf. Blundell [7]. Blundell and Walker [6] discuss par-
ticular forms of these functions, with emphasis on their flexibility and how they can
be related to demographic variables, but we do not go further into these items here.

Using Roy’s identity, the within-period demand for a particular good in the

vector C, is given by

b(p,) [¥ — au()]
bt(&) ’

where a;(p,) and bi(p,) are the derivatives of a,(p,) and b,(p,) with respect to the

C, = a(p,) + (56)

price of the good, p;.

While this specification is linear in Y;, estimation of the y-conditional demands
does not require that. In contrast to the Frisch demands, which include the par-
tial derivative of the monotonic transformation of the within-period utilities, the
specification of the y-conditional demands is independent of the choice of this trans-
formation. This means that for general choices of the monotonic transformation, it
is impossible to derive estimates of the parameters of this function from estimating
y-conditional demands.

The two-stage procedure implies that Y; is predetermined. Despite this fact,

Blundell claims there is no reason to assume that Y; is exogenous from an econo-
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metric point of view. Since we are assuming perfect certainty, the reason must be
that there are variables that are known for the consumer, but unobserved for the
econometrician. If these variables are autocorrelated, Y; will be correlated with the
error term of the y-conditional demands, and estimation requires an instrument vari-
able method. Blundell suggests a method for estimation, and testing the exogeneity
assumption, proposed by Hausman [23].

Blundell also shows that if there are no binding constraints in the credit market,
the parameters of the monotonic transformation of within-period utility can be
estimated by utilizing the Euler equation (9), cf. also Hall [20]. To clarify this
method, assume the indirect within-period utility is Fy[U,(Y:, p,)]. The marginal

utility of wealth is now A} = F| U,

ty» Where F/, and U, denote partial derivatives

with respect to Ut(Yt,&) and Y;. Substituting this result into the Euler equation
leads to
/

Uy = (14 )72 [0, (57)
where the partial derivatives can be estimated by using the parameter estimates
from the estimation of the y-_condi_tioné.l demands, and observations of Y; and P, |
Depending on the parametrization of the F-function, we can use panel data for two
or more periods to estimate p and the parameters of the F-function. In section 4.3
we show how this appioa.ch modifies in the uncertainty case.

Blundell uses this approach'for a particular specification of the Gorman Polar

form (37), that is

Y )P
Rl ) = 2L, (58)
where Y;* = [Y; — a«(p,)]/b:(p,) is "real supernumary” outlay, and o, and B are

coeflicients.

Equation (57) now becomes

(59) .

AlnY =0Alna;—oAlnb(p,)+oln (1 + Rt) ,

14p
where ¢ = 1/(1 — ). Assuming a, is normalized such that ap = 1, and that the

time preference rate p is known, we can estimate 8 and a, for t = 1,2,...,T, if
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we have panel data for full income, the price vector p, and R, for all the periods
t=0,1,2..T.

While the fixed effect approach restricts the specification of the monotonic trans-
formation of within-period utilities, cf. section 3.1.3, there is no such a priori restric-
tions in the present method. It therefore seems to allow for more flexible preferences,
cf. Blundell [7]. However, estimation of a rich specification of the F-function tends
to require panel data for many yea.fs, cf. specification (59), and if we do not have
access to all these data, the theoretical advantage can be reduced in empirical ap-

plications.

4 Estimation in the Uncertainty Case

This section presents the main approaches for estimating life cycle models in the
case that the household is uncertain about future prices and variables influencing
future preferences. To get a basic understanding of the various estimation strategies,
we first study the modifications of the optimization problem, and the interpretation

of the first order conditions, compared to the perfect certainty case.

4.1 Consumption and Labour Supply Behaviour

We assume that the household is uncertain about future prices and variables influ-
encing future preferences. In contrast, current exogenous (pre-tax) prices as well as
variables influencing current preferences, are realized at the beginning of the period,
and they are then known. At each age ¢t the household!® maximizes the expected

value of the time-preference-discounted sum of total utility,

1 T
U:(Ce, Ky Hy) + 7 E{ S (1 + o) *UL (Ch, K, Hk)}, (60)
) + P k=t+1

with respect to Cy, Ky and Hy, for t' =t,t+1,---,T, subject to the within-period

wealth constraints, the borrowing constraints and the labour supply constraints pre-

10For simplicity we assume a single person household.
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“sented in section 2.1, and given values of Ai-1, (1 — 64)K,—1 and Ar. Here p;, ¢,

wy, ¢ and all the parameters of the tax function S; as well as the value of current
taste modifier variables are known in period ¢, while py, ¢y, wy, v+ and all the
parameters of the tax function Sy, for t' > t, as well as the value of future taste
modifier variables, are not known. The expectation operator E, indicates that the
household accounts for all information available in period ¢, in the calculation of
expected values. Since households are assumed fo have rational!! expectations, E;
denotes both the household’s subjective expectation and the mathematical condi-
tional expectation as of period ¢.

To study this optimization problem, we can use a dynamic programming for-
mulation. According to Rust [41], our (discrete time) continuous choice process
with exogenous state variables can be viewed as a controlled Markov process sat-
isfying certain conditions. Assume then that the state variable s, = (y:, z:) can be
divided into endogenous state variables, y;, such as the after-tax m#rginal interest
and wage rates and the marginal utility of wealth, and exogenous state variables,
2;, such as consumption prices and exogenous variables influencing preferences. We
also require that the law of motion, Y(dz¢41|2:), for the exogenbus state variables is
independent of the household’s decisions ¢, that is (Ct, Hy, K;), and that the realized
values of the endogenous state vaﬁables depend on household’s decisions according
t0 Ye+1 = ¥(ye, ¢, ze41) with probability one. Here ¥ is a continuously differentiable
function of (y, c).AThe approach also fequires that the transition probability density

for the state variable {s;}, p(ds;s1]s:, c:), factors as

P(d3t+1 | 8¢, Ct) = p(dyes1,d2zeq1|ye, 2¢,¢t)

= Ifys41 = ¥(ye, c, 2e41)] T(dzeq1|2e), (61)

where I = 1 if yp41 = ¥(yt, ¢, 2¢41) and O otherwise.

11Begg [2] defines rational expectations as »The hypothesis of Rational Expectations asserts
that the unobservable subjective expectations of individuals are exactly the true mathematical

conditional expectations implied by the model itself”.
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In order to find Bellman’s equation corresponding to the maximization problem

(60), let

Virn = V(A,, (1 - §4)Ky, 2e41) = (62)
T
max {Et+1 3" (14 p)*Uk (Cx, K, Hk)] }
C.K, k=t+1

be the value function at age ¢t + 1. This function shows the household’s mazimum
expected lifetime utility at age ¢ + 1 when all the wealth, the labour supply and
the borrowing constraints are satisfied, the household is endowed with initial wealth
equal to A; and (1 — é;4)K,, and the value of Ar is given. Since V;4, is a function of
all the parameters generating future preferences and prices!?, and the household is
uncertain about their realized values as of age t, V;4, is uncertain at age ¢.
Bellman’s equation corresponding to the household’s optimization problem (60)

now becomes

V(At-]l) (1 - 6f)Kt—1 ) zt)
= C?%'a.”?("‘ {Ut (Ct, Kg, Ht)+ m / V(At, (1 - 6})Kt, Z¢+1)T(dzt+1|2g)}
— A[Ai— (1 +7)Aisys — weHy + Se(reAe—r, weHy) + peCe + g [Ke — (1 — 85) K1)

+ Ye(A: + kg K:) + a Hy. (63)

The first order conditions are

oU,
_— _ 64
aCt Atpt’ ( )

3Ut 1 BV(At, (1 - 6})Kg, Z¢+1)
= Aeqe — —64)T(d - 65
oK, tqe 1+p/ 8[(1 - 6,)K] (1 —84)Y(dzet1]2z) — yerge,  (65)
oU,

- aI{i = Atmg + o (66)

and '

1 / BV(At, (1 - 6})Kt, Zt+1)

1 T P aAt T(dzH.;Izt) - Ag + Tt = 0. (67)

12We suppress these arguments for simplicity.
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The Envelope Theorem implies

OV(Ai—1,(1 = 6)Kis,
6[(1 — 85) K]

%1 6;) = (1— 6)heae

and
3V(At_1, (1 - 6f)Kt_1, Zg)
0Ai

Thus, the first order condition for durables, and the updating eqﬁation for the

marginal utility of wealth, can be rewritten as

U, 1-6
:97{}: = Aegt — 1+ ;Et[z\¢+1q¢+1] — YtRGe (68)
and
1 .
Ae =17 pEt[(l + Rep1)Aes1] + 72 (69)

The first order conditions are quite similar to the conditions in the perfect cer-
tainty case, cf. section 2. The main difference is that in an environment of uncer-
tainty, the marginal utility of wealth, A;;;, and the after-tax interest rate, R;;;,
become stochastic. In the case of no current binding constraint in the credit mar-
ket, the Euler equation (69) says that saving should be a.djustéd until the marginal
utility of wealth in the current period, equals ezpected marginal utility of using
the same resources; next year added after-tax interest incomes. If the household is
~ constrained in the credit market, the marginal utility is greater than the expected
marginal utility.

If there are no binding constraints in any market, demand is determined by
substituting the value of \; into the demand functions. If the good is a durable
good, the value of Eg[‘A¢+1q¢+1] must also be substituted into the demand function.
To complete this view ;.)f behaviour, we also assume that the household at the
beginning of the planning period calculates A; and E;[)\;41g¢41], and that it uses all
available information about future prices and variables influencing future preferences
in this calculation. As time passes by, the household continuously acquires new,
unanticipated information about these variables. When the forecasting errors are

realized, the household (continuously) revises the Mue of E¢[(1 + Rey1)Ae41) and
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E¢[At+1¢¢41], and 'simultaneously adjusts demand according to the unanticipated
elements. The effects of unanticipated price changes are then taken account of only
through the changes in E;[(1 + R.y1)A¢41] and E¢[A¢41¢:+1], while the responses to
anticipated price changes can be measured by the coefficients on the (current) price
variables, cf. equation (75). The importance of distinguishing between these two
aspects has been recognized since the works of Heckman [24, 25], and Ghez and
Becker [18].

To improve the knowledge about the stochastic process generating the marginal
utility of wealth, notice that we can always express the actual value of In \; as the
sum of its expected value viewed from period ¢t — 1, and a one period forecast error
€; that represents unanticipated realizations of the stochastic \}ariables in period ¢.

It can be shown, cf. MaCurdy [36], that this decomposition implies .

In A = B +1In Aoy + €, (70)
where
- 1 + p ¢:‘
b =In [1 - Rt] —In [Eeoa(e%)]. (1)

Since R, 'is not stochastic, b; is deterministic.
Repeated substitution gives
. t t
=0 Jj=1
and in order to adjust for the mean value of In(1 + R,) across periods, we define

b;* = b — b*, where b* = (1/t) X" b;. We then find

=0
. t t '
InX =lnXo+5t+ Y b+ ¢, (73)
3=0 i=1
which indicates that in an environment where the household continuously revises its
predictions of the marginal utility of wealth to account for new information, In J,
follows a stochastic process resembling a random walk with drift. Substituting this
result into the first order conditions, implies that consumption and labour supply

follow a nonstationary stochastic process over life cycle.
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- We end this section by noticing that the introduction of uncertainty seems to
complicate the estimation of preferences for durables. In the perfect certainty case
with no binding constraints in the credit market, we can use the Euler equation to -
express the first order condition for durables in terms of \; only, and not both A,
and A;41, cf. equation (23). In the uncertainty case this is more problematic, since
the Euler equation includes E;[(1 + R;41)At+1], while the first order condition for
durables includes E;[A;+1qe41], cf. equa.fions (69) and (68). Since the expectation
of a product in general cannot be rewritten as the product of the expectation of
the two components, we must assume that both the after-tax interest rate, and the
purchase price of durables, are non-stochastic if we want to follow the strategy from

the perfect certainty case.

4.2 MaCurdy’s Fixed Effect Approach with Uncertainty

We are now going to study how MaCurdy [36]!® suggests to utilize the Frisch de-
mand functions for estimation of a life cycle model of labour supply in the case of
uncertainty. Th.is paper generalizes Ma.Curdy-[34] by allowing for uncertainty, and
since the perfect certainty case is treated thoroughly in section 3.1, we focus only
on the estimation problems particular to the uncertainty case.

Assume the lifetime utility index

T
Y (1+p) " (T1uCi* — T HY? ), (74)
=0

where I'y;; = exp (—Xiwp* — v,). The vector X, represents measured characteristics,
¥* is a vector of parameters and v}, reflects unmeasured characteristics. MaCurdy
disregards income taxation and the possibility of binding constraints in the credit
and labour markets, and the marginal utility of wealth constant labour supply func-
‘tion now becomes

InH; = Fye + alnwy + Xatp + vy, (75)

13He did not estimate the model in this paper.
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where a = 1/(w; — 1), Fiy = a[ln A\;; — Inw;)], ¥ = ayp* and v = av};,. We recall that
w and A (equation (77)) are measured in real terms.

As shown in section 2, Fj; is latent and correlated with all the exogenous variables
in the model. In [34] MaCurdy solved this problem by expressing the Frisch demands
in terms of );o before he applied first differencing to eliminate it. Using the same
approach here, we get

In H; = .-o+azt:b}‘,- + alnwy + Xath + i, (76)
=0

— t
where n; = vy + a X €

is the disturbance term, and where bj; is defined in
equation (71). The disturbance term represents the effects from omitted variables
and the accumulation of all past forecast errors.

Differencing this equation eliminates Fjy, but we are left with the unobservable
variable b}, that is both household- and time-specific. Since b}, includes the after-
tax interest rate, it is correlated with all the exogenous variables in this equation,
and the error term 7;;. If the distribution generating the forecast errors is such that
E.-1(e%) varies with changes in household characteristics, b}, is also correlated with
X;: and 7;; even in the absence of income taxation. This means that without further
assumptions, the ﬁrst diﬂ'erencing‘approach cannot be used for estimation of this
equation.

If we can assume that b; is constant across both households and periods, the
method of first differencing can be used. The introduction of uncertainty gives an
additional argument for treating the wage rate (and the wage rate growth) as well as
R, as endogenous in the estimation. Since the wage rate and the after-tax interest
rate include unanticipa.te& components, In w;; and R; are correlated with current and
past values of €},. A similar argument can be applied on X, that is, for X;; being
exogenous in the empirical analysis, it must both be known prior to period one and
uncorrelated with the unobserved taste factors v;. This fact is also of significance

for the choice of instrument variables, in that, for a variable to be a valid instrument,

it must be uncorrelated with all unanticipated components.
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We then conclude that if we can assume that bj; is constant across both consumers
and time, the parameters determining the responses to anticipated price changes can
be estimated from panel data for at least two periods for the actual good in question.
In most cases, however, this assumption seems quite unreasonable.

Regarding the estimation of the reduced form equation for the marginal util-
ity of wealth, MaCurdy suggests to approximate the relationship corresponding to
‘equation (29), by

T
Fu = Zude + ) 7B Inwij + Auby + i, (77)

j=t
where subscript ¢ on all the parameters and the variables indicates that they are
observed or anticipated at age . MaCurdy interprets A;; as the stock of assets at
‘the beginning of period ¢, and it is then exogenous for the household as of period t.

Since the household is assumed to continuously replan as it acquires new infor-
mation, there is one (different) equation for each year. Subscript ¢ is introduced on
all parameters to take account of that the parameter values may change systemati-
cally with age. The reason is that, as the household updates expectations about the
distribution of future preferences and prices, this may well change the mathematical
form of the reduced form expression for the marginal utility of wealth. Hence, the
(mathematical) form of this equation may change across periods, but in order to
simplify, MaCurdy assumes that only the parameter values are changed.

Apart from the huge problems related to obtaining information about the house-
holds’ expectations about future wages and other exogenous variables, the fact that
F;, varies across both households and periods, makes it hard to think of how we can
estimate these equations without further assumptions. Recall also that even for the
most simple models, it is impossible to find the reduced form expressions for A;;. We
then conclude that MaCurdy’s fixed effect approach cannot be used for estimation

of life cycle models under uncerfa.inty.
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4.3 Marginal Rate of Substitution Functions

This section focuses on how the marginal rate of substitution functions'* can be
utilized for estimation of within-period preferences, cf. Altonji [1] and MaCurdy
[35]. We also show how this approach can be combined with a particular use of
the Euler equation to estimate the parameters of the monotonic transformation of
within-period preferences, cf. also the perfect certainty case in section 3.4.

When we wish to estimate the first order equations (64), (66) and (68), it is
a problem that ), is latent!®. These equations can, however, be viewed as (three)
separate expressions that can be used for elimination of );. Using the first order

conditions for consumption and labour supply, we find

—Qy — BU,/BHt ﬁ

BU,«,/BC’t ‘ - Pt )
Here —(8U,/0H,)/(8U;/8C,) is the marginal rate of substitution between leisure

(78)

and non-durables, and if the consumer is not constrained in the labour market, the
equation implies that, in equilibrium the person sets the marginal rate of substitution
between leisure and non-durables equal to the real marginal wage rate.

Choosing a particular specification of the utility function, equation (78) does only
include variables that can be observed, the unknown parameters of the within-period
preferences, and the Lagrange multipliers of eventual binding constraints. | Using a
subsample of unconstrained households,’ the marginal rate of substitution functions
can then be used for estimation of the parameters of within-period preferences!®.

If preferences are separable within periods (in addition to intertemporal separa-

ble), estimation requires cross section observations of prices and consumption of at

least two goods, and the taste shifter variables. We also need a set of instrument

14According to Rust [41] this method can be thought of as a special case of the method of
moments, cf. the next section, but with a different orthogonality condition.

15In the estimation of equation (68) it is also a problem that E;[A¢41g¢+1] is latent.
16Since the various parameters of the marginal rate of substitution equations may be functions

of two or more parameters from the utility function, we may, however, be confronted with an

identification problem.
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variables since the marginal rate of substitution functions generally will be (non-
linear) simultaneous equations. If within-period preferences are non-separable, we
must observe the consumption of all goods, but we can still use cross section data.

Equation (78) cannot be used for estimation of the monotonic transformation of

within-period preferences. Assume that the within-period utility is
Ut = Ft [Ut(Ct Kt, Ht)] ) | (79)

where F; is a monotonically increasing function. The equilibrium condition corre-
sponding to equation (78) is now identical with equation (78), and it is impossible
to identify the parameters of the F-transformation.

Since the Euler equation determines the household’s relative preferences for con-
sumption and leisure in the various periods, it seems natural to use this equation
for estimation of the F-transformation. Utilizing also the first order condition for

consumption, we obtain

FlaU,/8C, 1 { |
= E [1+R
P 1 + p t ( t+1)

F! .08U,.,/6C
t+10Ue41/ t+1]+%,

80
Pt41 ( )

where F} is the partial derivative of F, with respect to U,. Given this expression we

can also write

F{+13Ut+1/60¢+1 _ 1 + P [F{BUg/BCt

- ' [ +e 81
Pt+1 1 + Rt+l Pt 7‘] ( t+1), ( )

where e;4; is the forecast error.
If the household has rational expectations, e;4; is uncorrelated with

1+p [Fg' 3Ut]
14 Ry | pe OC: ’

and specification (81) can be used for estimation of the parameters of the F-function,
and the time preference rate p, cf. the discussion of equation (57). Notice that even
if within-period preferences are additive, this specification requires panel data (for

at least two periods) for all goods influencing preferences. The reason is that even

though 8U,/8C; does only depend on C;, the partial derivative of F' depends on
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all goods. Under particular circumstances, among them that the parameters of the
F-function is independent of household, estimation may also be possible with time
series data.

Estimation requires information about eventual binding constraints in the credit
market since the Lagrange parameter 4, equals zero only if the household is uncon-
strained in the credit market. If F, includes a stochastic component, the right hand

side variables of equation (81) may be correlated with the error term. Assume

U.C:, K, H,)+ 6]’ — 1
F.[U(C,, K., H,)]:a;[ {Cn Ko B) 4O =1 (82)

o

where €, is related to household characteristics, X;, and a stochastic component,
¢t, according to Q; = exp{X;:¢+ ¢:}. The error term of equation (81) how becomes
Yt — Pe+1+1n[1+ e,41]. Since it includes ¢, the right hand side variables can be cor-
related with the error term, and they must be treated as endogenous in the empirical
analysis. If, however, F; is deterministic, the error term only includes the prediction
error, and the right hand side variables can be considered as predetermined in the
estimation. |

According to MaCurdy, this estimation method is sensitive to measurement er-
rors. If the error term of equation (78) includes measurement errors, the predictions
of the variables in equation (81) are biased. Since the measurement error does not
satisfy X, = X; + 9, where X; is the true value and ¥ is an error term that is
ra.ndémly distributed and independent of all instrument variables, the parameter
estimates will be inconsistent.

The approach discussed above allows for a rich class of utility functions, since we
do not need to find the closed form solution for the demand functions. We do not
either need making any assumptions regarding the households’ anticipations about
future prices including the interest and the tax rates, and the variables influencing
future preferences. As it is presented here, it is also assumed that we can ignore
the possible selection problem from using a subsample of unconstrained households

in the estimation. In empirical applications of this approach it may be a problem
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“that it is difficult to find good instruments for the right-hand-side-variables of the
marginal rate of substitution functions. Estimation of the transformation function

F is also data demanding.

4.4 The Generalized Method of Moments

In this section we review Hansen and Singleton’s [22] generalized method of moments
(GMM). A recursive application of this approach has been used in [29], where Hotz,
Kydland and Sedlacek allow for a particular kind of intertemporal non-separability
in an analysis of labour supply. The estimation method in MaCurdy [35] can also
be viewed as a variant of this approach, and the approach is also described in Rust
[41]. |

The basic idea underlying the generalized method of momentﬁ, is that economic
models typically yield a set of stochastié Euler equations that characterize optimum.
These equations imply a set of population orthogonality conditions that depend on
the parameters of the objective/utility function and some observable variables. By
settiﬁg the sample analogies equal zero (according to a certain nietric), we can
estimate the parameters of the utility function (and subsets of the parameters de-
termining the law of motion of the state ‘varia.bl‘es).

In order to clarify this approach, notice that in the case of no binding restllictions
in any‘ market, the Euler equation (69) and the Frisch labour supply function (66)

imply
L 3Ut _ 14+ Rt+1 1 3U¢+1
*|m. 8H, 14+p mey1 OHepy

E =0. (83)

That is, the conditional expectation evaluated at the true parameter values equals
zero.

Depending on what variables are observed and for what periods, various com-
binations of the first order conditions can be substituted into the Euler equation.
Hansen and Singleton assume a representative consumer, and use time series data

(national accounts), but this approach can also be applied to cross section or panel
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data sets where the orthogonality conditions are based on averages for the con-
sumers. In this case consistency of the estimated parameters requires that the state
and control variables of the Euler equation are uncorrelated across consumers.

The orthogonality equation (83) does only include variables that can be observed,
and the parameters of the utility function. To simplify notation, write the set of

orthogonality conditions that are to be estimated as
Etg(llt, 1-!¢+1, 0.) = 0, (84)

where z; = (yt, 2, ¢;) is defined in section 4.1, Z;41, Je+1 and G;4q are the correspond-
ing random variables with respect to the household’s information set in period ¢,
and 6* is the vector of the true parameters of the utility function. The value of g,,,
evaluated at the true parameter § = 6* is given by §iy1 = ¥(yt,ct, Ze41,0") with
probability one, and ;41 = 6*(§¢41, Ze41), where §* is the optimal decision rule.
Notice that g(z¢, Z:+1,0*) can be interpreted as the disturbance vector, u,, in
the estimation, and that the orthogonality conditions must be chosen such that the
matrix utu: has full rank. ' ‘

Using the law of iterated expectations, equation (84) implies
Eg(zhit‘}-l)o‘) = E[Etg(zt,it+1,0*)] = 07 (85)

that is, the unconditional expectations also equal zero. According to Dudley [16],
if the unknown parameters are independent of time ¢, and if {z.} is a strictly sta-
tionary and ergodic!” process, the time averages of functions of z, converge to their
unconditional expectations with probability one,

. = e = ey
Am TZg(z,,zHl,G ) = E[g(z¢, 2¢41,67)] = 0. (86)
t=1

By analogy we estimate 6* by that value of 6 that makes the sample average

}:'f:l 9(z¢, Teq1, é) close to zero.

17Confer Cox and Miller [14] page 92-93 for a definition.
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If the number of unknown parameters is greater than the number of orthogonality
conditions, we cannot identify the parameters. Hansen and Singleton then propose
to use a vector of instrument variables, v;, that can be any function of the household’s
information at age ¢, provided it is observed by the econometrician. Apart from this,
the only requirement is that v, is predetermined as of time ¢, a.nd current and lagged
values of y; can then be used. In this case the Kronecker product E,g(z;, Z;41,0*) ®
v, = f(z;t, Z¢41,v:,0%) equals zero, sin(;,e v, can be treated as a constant in the
calculation of the expectations. By analogous reasoning that lead to equation (86),

we find that _
1 T . .
GT(O) = T Z f(zt’ Te41, Uty 0); (87)
t=1
evaluated at the true value of § = 6*, should approximate zero for large values of T'.

Assuming {z;,v;:} is a stationary, ergodic process, Hansen and Singleton define the

GMM estimator § as that value of § that minimizes
Jr(8) = Gr(8)'WrGr(6), (88)

where Wr is a symmetric, posiﬁve definite weighting matrix. This estimator is
consistent and asymptotic normally disfributed under mild regularity assumptions,
cf. Hansen [21]. According to Hansen and Singleton, it is also consistent even in the
case that the error terms of the orthogonality conditions (84) are serially correlated
and the instruments are not exogenous, but only predetermined.

Hansen and Singleton explain how to choose Wr optimally, in order to minimize
the asymptotic covariance matrix of the estimator. The estimation method then
becomes a two-stage procedure: In the first stage, estimate § by equation (88)
using an arbitrary weighting matrix. Calculate the optimal weighting matrix W3

according to

Wi = [}io b (-2 (& + 1) )

=1

where

A N R ; .
RJ = E f(zh T41, Uty 0)f(zt—j7 Tt+1—-355 Vt—j, 0),1 (90)
=3+1 ' i ‘

|
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and where m equals the number of non-zero autocorrelations in f(:ct,z':gﬂ,vt,é).
Then, in the second stage, estimate § by equation (88) using the 6ptima.1 weighting
matrix.

Hansen [21] shows that T times the minimized value of equation (88) evaluated

at the optimal weighting matrix,
TGr(6)WiGr(9), (91)

is Chi-square distributed with degrees of freedom equal the number of orthogonality
conditions, O, minus the number of parameters, P. This result can be used for
testing model specifications: In the estimation, P of the orthogonality conditions
are set close to zero in order to estimate the P unknown parameters. If the number
of orthogonality conditions exceeds the number of unknown parameters, O — P of
the orthogonality conditions are not used in the estimation, and the model is said to
be overidentified. However, if the model specifications are true, these orthogonality
conditions should also be close to zero. This means that if the test statistics (91) is
"large”, there is reason to believe that there is something wrong about our model
specifications including the choice of the instrument variables. Thus, the general

method of moments also provides a test for the validity of the model specifications.

4.4.1 Advantages and limitations of Euler equation methods

The main advantages of this approach are:

¢ Only minimal assumptions about the distribution of the unobservable exoge-

nous state variables are required.

¢ GMM can be applied on time series, cross section or panel data sets. Depend-
ing on the separability property of preferences, it is possible to estimate the
preferences for a subgroup of goods from time series or cross section data for
only that subgroup. Repeating this approach for all subgroups, it is possible
to estimate a complete life cycle model from a combination of various data

sets. GMM is then quite flexible with regard to data set specifications.

46



e The instrument variables need only be predetermined and not exogenous, and

the approach gives considerable latitude in selecting instruments.

e We do not need to explicitly solve for the value function or the optimal decision

rule. Instead we can use the Euler equation and the first order conditions.

Standard gradient algorithms can be used for estimation.

The approach yields a useful diagnostic test statistic as a by-product.

According to Rust [41], GMM is not applicable for the following model spesifi-

cations:

e Specifications with binding constraints in the goods and/or the credit markets,
cf. equations (4) and (5), and the possibility of institutional constraints in the
labour market. In this case the orthogonality conditions will be inequalities

and not close to zero.

e Most spgciﬁcations where the unobserved state variables enter the Euler equa-
tion directly, that is, not implicitly as funétions of other observed state and
control variables. For instance, unobserved components of the exogenous vari-
ables cannot influence preferences directly. These variables are typically cor-
related with the forecast errors that arise froﬁl unanticipated realizations of
prices and variables influencing preferences, and they are then correlated with
the price variables and the taste modifier variables in the Euler equation.

Hence they cannot be treated as a part of the error term.

e Specifications where the Euler equation contains state or control variables
that reflect macroeconomic shocks that are correlated across consumers. Ih
this case the data might not satisfy the ergodicity conditions, and the result
(86) may not be valid.

o Specifications where the transition probabilities, p(ds’|s,c), depend on the

control c. In this case the first order conditions include the value function
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V, cf. equation (62), and it seems to be no way to substitute it out of the
problem. The orthogonality conditions corresponding to equation (84), now
require explicit solutions to Bellman’s equation, and we need explicit paramet-

ric specifications of the law of motion for all the state variables.

Regarding the point of binding constraints, in some cases we can also think of
specifications where the econometrician makes use of that he knows what households
will be unconstrained in the future. However, as Pakes [40] points out, "If we simply
select out those observations for which it ends up being true, we will be selecting
the sample on the basis of behaviour determined by information not available at
date t, and any selection procedure based on such information will generate an
inconsistency in the estimation procedure.”.

Rust also comments on a problem with the use of the test statistic (91), that is,

o The unconditional expectation of the Euler equation can be close to zero even

though the conditional expectation may be non-zero for some histories.

The‘point here is that while the conditional expectation of tile Euler equation is
zero for every history given that our model specifications are true, the criterion
function (87) attempts to set the average of expectations, that is, the unconditional
‘expectation, to zero. This means that if our model is misspecified such that the
conditional expectations are non-zero, but on average equal zero, the test statistic
(91) fails to reject the model specifications. See also West [43] for an interesting
illustration of this problem.

5 Summary

From the previous sections it should be apparent that a great deal of effort has
been spent trying to estimate structural life cycle models on micro data. Despite
this effort most empirical analyses make use of strong simplifications. Most works

are incomplete in the sense that they do not account for the simultaneity in the
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determination of labour supply and consumption, and in particular the consumption
of durables. In addition most works disregard habits.

While these simplifications concern the specification of preferences, the specifica-
tion of the wealth constraint is also simplified. Many analyses treat income taxes as
well as the existence of bequests and inheritances superficially. Most analyses also
disregard the many possibilities of constraints in the various markets, and even if
they are taken into consideration, the model is usually estimated from a subsample
of unconstrained households without trying to correct for the possible estimation
bias.

There are many reasons for these simplifications, the most important being that,
ideally, estimation of the full life cycle model requires complete life cycle data for
variables such as female and male labour supply, consumption of non-durables and
durables, the stock of assets and all the matching prices; including the interest
and income tax rates. Since households adjust according to anticipated prices, and
the expectations are continuously being updated as the household acquires new
informai;ioh, ideally, these expectations'should be observed in each period. To allow
for heterogenous households, vwe also need observations of taste shifter variables,
and the estimation of the wage equation requires variables such as female and male
gducation and work experience. Depending on the econometric specification, we
may also need further instrument variables, and the estimation of a complete life
cycle model is then very data demanding. .

Estimation of the preferences for durables involves a particular problem. Eco-
ndmic theory is weak with respect to how to measure the stock or consumption of
durables, and without a precise definition, the price is also undefined. This means
that the standard first order conditions are not particularly suitable for estimation
of the preferences for durables.

Estimation is considerably simplified if one is willing to assume intertemporal
separability. Within-period preferences can then be estimated using only variables

currently observed, cf. the equations based on the marginal rate of substitution
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functions or the two-stage budgeting theory.

If we can also assume intraperiod separability, it is possible to estimate the
parameters determining the responses to current price changes along a given life cycle
price path, using panel data for only the actual good in question, cf. MaCurdy’s
fixed effect approach. Since many cross section data do not include observations of
both labour supply and consumption, this property is of importance.

In order to analyse the effects of shifts in the price paths, MaCurdy suggests
to estimate the reduced form equation for the marginal utility of wealth. This
estimation typically requires approximations to the true relationship, and a priori
assumptions about lifetime price paths. A considerable weakness of this approach
is that it cannot be used if the consumers are uncertain about future prices and
variables inﬂuenéing future preferences.. It also restricts preferences more than the
‘approaches based on the marginal rate of substitution functions and the two-stage
budgeting theory.

While the equations based on the marginal rate of substitution functions and
the y-conditional demands can be used for estima.tion of within-period preferences,
they cannot be used for estimation of the monotonic transformation of within-period
preferences. It is then suggested to combine these approaches with a particular use
of the Euler equation. In the two-stage budgeting theory case this method requires
panel data for full income and all prices, in addition to observations of the after-tax
interest rate for at least the current period. On the contrary, the estimation based on
the substitution functions requires panel data for all goods and one price in addition
to observations of the after-tax interest rate, and this result is independent of the
separability property of within-period utility. Since most data sets do no include
all these variables, and since the number of years covered by panel data is typically
quite short, most analyses do not estimate this transformation.

We end this paper noticing that common to all the surveyed estimation strategies
is that they use the first order conditions as basis for deriving the specifications used

for estimation. Compared to the real world, the first order conditions are restrictive
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in the sense that the household is to compare marginal utility with the marginal cost
of buying the good. Concerning the labour market decisions for instance, it might
be the case that the job searchers only can choose between a limited number of
packages that consist of wage rate, hours of work, fringe benefits and other working
conditions, cf. Dagsvik and Strgm [15]. The job searchers must then make utility
comparisons between these packages, and the first order conditions do not hold. This
argument is also relevant for some durables, and it implies that the predictions based
on estimations of the first order conditions will be biased no matter how sophisticated
the estimation procedure really is. Considering also all the simplifications pointed
out at the beginning of this section, we conclude that we cannot be satisfied with
the current stage of development and knowledge of the empiricél life cycle model of

labour supply and consumption.
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