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ABSTRACT

The combination of the Lorenz curve and the Gini coefficient is a widely
used tool for measuring inequality in the distribution of income. In the
present paper we suggest inequality curves which possess simple interpreta-
tions similar to the Lorenz curve and measures of inequality constructed by
integral functional mappings of these curves. In addition we introduce in-
equality decompositions by factor components.

Not to be quoted without permission from author(s). Comments welcome.
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1. INTRODUCTION

In economic and sociological litterature, the egalitarian
definition of equality in the distribution of a recource, which for
convenience we shall refer to as income, is usually applied. The equal
income distribution is attained if each unit in the population receives
the same income. Inequality is defined as deviation from the state of
equality and restricted to satisfy the principles of transfers and
scale invariance. The principle of transfers means that inequality is
reduced if we transfer income from a richer to a poorer person and the
transfer is not so large that the receiver becomes richer than the
donor. The scale invariance principle means that inequality will remain

unchanged if we increase every unit's income by the same proportion.



S—

The Lorenz curve 1s a transformation of the cumulative distribu-

tion function, which gives a graphical representation of inequality in

the distribution function. . Within the class of transformations satis-

fying the principles of transfers and scale invariance, there is a one to
one correspondence between the Lorenz curve and the cumulative distribu-
tion function. Consequently, the Lorenz curve preserves information
about inequality in accordance with the above definition: The Lorenz
curve relates the cumulative proportion of income units to the cumulative
proportion of income received when units are arranged in ascending order
of their income and takes the form of a straight line, the L-line, if and
only if all units in the population receive the.same income. The L-line
represents the equality reference of the Lorenz curve. If any.units have
unequal incomes the Lorenz curve is a convex funct%on falling below the
L-line. ‘

It will be useful to distinguish between the problem of ranking
of distributions and the problem of quantifying the differences in
inequality between distribution;. As a first step, we can use the relation
of the Lorenz curve of one distribution being strictly inside that of
another as a criterion of ranking of distributions. However, since Lorenz
curves may intersect, the criterion of Lorenz curve ranking is incomplete.

In an attempt to establish a general ranking principle several
authors have tried to derive criteria from a welfare theoretic approach
(c.f. Dalton (1920) and Atkinson (1970)). This approach is, however, un=-
satisfactory since it requires a complete specification of the welfare

functions and these specifications are neither testable nor justified from

theoretical arguments.

Besides giving an excellent survey of the literature on measures of
inequality, Nygdrd and Sandstrdm (1981, pp. 122-131) discuss the problem
concerning the selection of a welfare function and they conclude that the

welfare "theory does not contribute to the solution of the ranking problem.



An alternative approach is to construct mappings (functionals) of
the Lorenz curve into the real line. The conventional measures of inequality
which satisfy the principles of transfers and scale invariance are in fact
functional mappings of the Lorenz curve. However, these mappings are not
expressed in closed forms. A well known exception is the Gini coefficient,
which is equal to twice the area between the L-line and the Lorenz curve. In
other words, the Gini coefficient is a mapping of the Lorenz curve into fhe
real line. We shall denote this mapping the integral functional. The Gini
coefficient gives a strategy for both ranking distributions and quantifying
the differences in inequality between distributions. On the other hand, this
strategy must necessarily suffer from certain inconveniences. Evidently, no

single measure can reflect all aspects of inequality of an income distribution,

only summarize it to a certain extent. Consequently, it will be important
to have alternatives to the Gini cogfficient. We may for instance derive
a family of competitors to the Gini coefficient by forming alternative
mappings of the Lorenz curve into the real line. Such an

approach will, however, not preserve the attractive geometric interpreta-
tion given by the integral functional. An alternative approach is to
construct one to one transformations of the Lorenz curve and derive a
family of inequality measures by making infegral functional mappings of

these transformations. One to one transformations of the Lorenz curve

fullfilling the principle of transfers will be called inequality curves.

The advantage of this approach is that the curves and measures of
inequality can be expressed as functions of the Lorenz curve,apd conse-
quently, important results of economic applications of the Lorenz curve (
(Jakobsson (1976), Kakwani (1977)) can easily be translated into these
families of curves and measures of iﬂequality,

In this paper we propose inequality curves which possess simple

internretations similar to the Lorenz curve and measures of inequality

constructed bv integral functional mappings of these curves. The actual

measures will not necessarily rank distributions in the same order.
N



Each of them will, however, due to their attractive geometric inter-
pretation, provide detailed information of the actual ranking. This can be
done by the plotting of corresponding inequality curves. In the present
paper we will discuss the properties of the proposed measures and show
ho;:¥Hg§“;ef1ect—§afious aspects of inequality of an income-distribution.
For practical purposes it usually will be suitable to apply two or several
of these measures rather than a single one.

Section 2 introduces the curves of inequality and section 3 the
corresponding measures of inequality. Section 4 gives methods of de-

composition. Section 5 deals with the estimation of the introduced

curves and measures of inequality.

2. CURVES OF INEQUALITY

Let X be an income variable with cumulative ‘distribution function
-1
F(*) and mean EX=u. Let [0,©> be the domain ‘of F where F(0) = 0.

~

The Lorenz curve L (*) for F is defined by (Gastwirth (1971))

L(u) F-1(t)dt, 0Sust

(@ =1

1
N ’ (2.1)

-1 . . .
where F (t) inf{x:F(x)2t} is the left inverse of F.

As pointed out in the introdﬁction the Lorenz curve gives a graphical
representation of an approved definition of the consept of inequality.
The family (?ﬁ of one to one transrormations of the Loreuz curve fullfilling
the principle of transfers obviously providesc alternative expressions of this
specific representation . The members of the family ‘™ will be called in-
equality curves. In this section we will establish some inequality

curves which have attractive economic interpretations.



Let the curves M(+), N(+), P(+) and Q(+) be defined by

M) = Ll (2.2)

N(u) = % (2.3)

P = Gl B2 2.4)
and

Qw) = 1w (2.5)

Note that the above curves have the following limiting properties

lim M(u) =0, 1lim N(u) =0, lim P(u) =0, lim P(u) = _111 and
u>0 u->0 u-0 u-1 F (1)

-1
lim Q(u) = F___(il
u->1 H

(+) and M(*), N(+), P(+) and Q(+), respectively. In addition we see that
L(+) an .Y, ,

M(+). N(*), P(+) and Q(+) satisfy the principle of transfers,

and are thus members of the family I

: . . fined b
By introducing the conditionalmean functions H(+) and K(-) de v

rE .6
H(u) = E[X X$F ()] = %IF Te)ae, 0<ust, (2.6)
0
and .
=1 = ru- S N ()ded, osust, 2.7)
K(u) = E[X X2F (u)] ——1-:;1-[11 éF (t)dt] u

respectively, we get from (2.1), (2.2), (2.3), (2.4) and (2.5) that the

inequality curves M, N, P and Q can be written on the following forms



..1 . .
M(u) = E(XléiF W) ogust, (2.3)
N(u) = E (x| XEF () . OSust, (2.9)
E(XiXéF-1(1-u))
p(u) = E& xst () , Osust, (2.10)
©EE|xzrT ()
and
-1
_EX[X2F  (u) cu< 2.11)
Q(u) = TR , 0sust,

These expressions show that the inequality ;urves M, N, P and Q
possess simple interpretations similar to the Torenz curve.

For a fixed u, M(u) expressés the ratio between the mean income
of the poorest 100u percent of the population and the mean income of the
population, N(u) is the ratio between the mean income of the poorest 100u
peréent and the mean income of the richest 100 u percent of the population,
P(u) is the ratio between the mean income of the poorest 100 u percent an&
the mean income of the richest 100 (1-u) percent of the population, and Q(u)
is the ratio between the mean income of the richest 100 (1-u) percent of the

population and the mean income of the population.

As mentioned above, the straight line joining the points (0,0) and
(1,1) is called the egalitarian line of the Lorenz curve, which means that
each unit receives the same income. Thus, equations (2.2), (2.3), (2.4)

. and (2.5) imply that the egalitarian lines of M, N, P and Q coincide with
the horizontale line joining the points (0,1) and (1,1).

Note that the universes of M-curves, N-curves and P-curves are each
bounded by a unit square. Therefore visually, there is a sharper distinction
between two different M-curves, N-curves and P-curves, respectively, than
between the two corresponding Lorenz-curves. As an illustration, we have
plotted the M-curves (figure 1) and the Lorenz-curves (figuré 2) of the
income distributions of Norwegian married couples and Norwegian married men

in 1979.



Figur 1. M-curves
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Figur 2. Lorenz-curves
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As can be seen from-figures 1 and 2, the plots of the M-curves
show that there is larger inequality in the lower tail of the income
distribution of married men than in the lower tail of the income distribution
of married couples, while the corresponding Lorenz-curves apparently do
not display the same information. Our example demonstrates that there
may be differences in inequality between the lower tails of two distribution
functions, which the plots of the corresponding Lorenz-curves fail to detect.

Note that the M-curve will be the diagonal line joining the points
(0,0) and (1,1) if and only if the underlying distribution is uniform (0,a).
Thus, the M-curve for a uniform (0,a) distribution represents an interesting
additional reference line.

Since the lower and central parts of the M-curves in figure 1 are
lying above the diagonal line and the wupper parts of the M-curves are lying
below the diagonal line, we can state that there is less 1inequality in the
lower and central parts and larger inequality in the upper parts of the

current distributions compared to the inequality possessed by a uniform

(0,a) distribution.



In table 1 we present inequality curves generated by four well-known

distribution functionms.

Table 1. The Formof L,M,N,P and Q for some Distributions Functions
Cumulative Distribution Function
Inequality e
Curve Fao=()’ 52 FGo=1-e™ F(x)=2 Flx)=1 - ()
’ x>0,2>0 0sx<a x>a, a>l
@l
2 ~(1-u) 2
L(u) u u+(1-u) log (1-u) u 1 u
@y
1-u) 1-(1-w) @
M(u) 1 1+ ( S ) log (1-u) u ”
1-a) (211)
: u+(1-u) log (1-u) u u( a _z (1—u) a
N(w) ! u(1-logu) 2-u u
a~1
u+ (1-u) log (1-u) u (1=-u) - (1-u)
P(w) L u(1- log (1-u)) 1+u u
Q(u) 1 1-"log (1-u) 1+u (1=u)




3. MEASURES OF INEQUALITY

The concept of inequality, as noted earlier, ‘is multidimensional.
Therefore, it is necessary to apply several measures in order to characterize
various aspects of inequality in a distribution of income.

A familar approach in deriving measures of inequality is to transform
measures of dispersion into measures of inequality. This type of measures
is, however, difficult to relate to the Lorenz fo;malization of inequality.

A more attractive approach is to derive measures of inequality from the
family of inequality curves (¥ by applying the integral functional. The
resulting family of measures of ;nequality (J) is defined by

1

I-= k1.+k2 .(/)' T(u)du (3.1)

where TE€f“and k, and k, are suitable normalizing constants.

1 2
All members of the family J satisfy the principles of transfers and
scale invariance. This fact is an immediate consequence of the

properties for f~and the integral functional.

The Gini coefficiént G, defined by

1
G =2/ (u-L(u))du , ' (3.2)
0

is a member of the family J.
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The specific inequality curves introduced in section 2 result in

the following members of I,

1

A=/ (1-M(u))du , (3.3)
0
1

B=/ (1-N(u))du , (3.4)
0 .
1

Cc =/ (1-P(u))du (3.5)
0 .

and

1

D=/ (Q)-1)du . . (3.6)
0

A, B, C and D are defined by the area between the inequality curves
M(+), N(+), P(*) and Q(+) respectively, and the corresponding egalitarian
lines, which in these cases are the horizontal line between the points (0,1)

and (1,1). The range for A, B and C is [0,1], while the range for D is

[0,o>. A [0,1] normalized version of D is given by

D' = —— . - (3.7)

A desirable property of an inequality measure is that it should
equal zero when the underlying distribution function expresses perfect
equality. The Gini coefficient and each of the above introduced measures
of inequality possess this specific property. Another desirable property
of an equality measure is that the maximum attainable value is one, i.e.
the value one is obtained if one unit receives all incomes and the others

zero income. The measures A, B, C, D' and G possess this property.
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Also note that A, B, C, D' and G take the values *500, <614, <693,
*447 and +333, respectively, if the underlying distribution function is
uniférm (0,a).

Alternative expressions for A, B, C and D, indicating probabilistic

interpretations, are given by

_ E[X-E(X|XsY)] (3.8)
EX

—

A

where X and Y are independent and identically distributed

E(X|X2F | (1-0)) - E(X

E(X|x2F | (1-0))

x<F () (3.9)

B ="E[

where U 1is a uniform (0,1) distributed variabel independent of X and F

is the distribution function of X,

_ =rE(X]|X2Y) - E(X]|XSY) (3.10)
¢ = S Gen b
and
p = EIEE[X2Y) -x] (3.11)
EX

~

The advantage of adopting (3.1) with respect to interpretation
is obvious. In a simple way each of the derived measures can be discussed
in relation to inequality curves that have independent economic inter-
pretation. Each measure reflects the properties of the corresponding
inequality curve.

Now we shall examine the derived measures with respect to sensiti-

vity to transfers. As we shall see, there are in fact important differences
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in sensitivity to transfers at different parts of the underlying distri-
bution. As pointed out by Atkinson (1970), the Gini coefficient attaches
more weight to franfers in the centre of an unimodal distribution than at
the tails. By expressing the above measures of inequality in terms of
the Lorenz curve it is easily seen that A, B and C attach more weight to
transfers at the lower tail than at the centre and at the upper tail. If,
therefore, one wants to give more weight to transfers at the lower end of .
the dist;}bution than at the top, all these measures are appropriate.
Note that A weights transfers at the lower tail more heavily than B and
C.

D and D' attackh more weight to transfers in the upper tail of a
distribution thaﬁ at the centre and the lower tail.

For practical purposes it will usually be appropriate to apply a few
of the above discussed measures of inequality simultaneoﬁsl&. In that way

we will obtain more detailed but still compact information of inequality

in distributions of income.

4. DECOIPOSITION BY FACTOR COMPONENTS

In sect;on 2 we introduced various measures of inequality,
designed to summarize or aggregate the inequality of an income dis-
tribution function. Judgements about the importance of various influences

on the inequality of a distribution function are another aspect of the
analysis of inequality. In economic literature it is common ?o relate
these judgments to measures of inequality and to attempt to decompose

these measures of inequality into relevant component contributions.
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We will study decompositions for situations in which the income
of individuals or househoids is expressed as the sum of incémes from
different factor components, such as earnings, investment income,
negative and positive transfer payments, etc. The main purpose of
deriving this type of decompositions is that they are useful tools for
assessing the contributions of different income factors on the inequalitv
of the distribution of total income.

Let Z be a random variable (income variable) with distribution
function F(*) and mean U . We assume that the income variable Z 1is the
sum of incomes from s different factor components Zk with distribution

functions F, and corresponding inequality measureés G, , Ak’ Bk’ and D

k
k=1,2,...,s.

“x K
Now we will decompose the inequality measures A, B, C, D and G
according to the s factor componerits.
s
Since Z = I Zk we obtain the following expression of the conditio-

k=1
nal mean function H(+*), defined by (2.6),

(4.1)

where

H () = B(Z%| zsr7 ' () .



The mean U 1is given by

)
uw=H(1) = Zu (4.2)

where

By substituting (4.1) and (4.2) in (3.2), (3.3), (3.4), (3.5)

and (3.6), respectively, we get the following decomposition rules

=
=2

s s
G= ZTu(®= I =Xg (4.3)
k_1 k’=1 u k »
where
1 K)o
Y, = 1=2 J 1, (u)du and 1, (u) = uE(Z |25F (u))’
k o k k My
s s U o '
A= Tu@ =1 *LEa (4.4)
k=1 k=1 ® A .
where
1 - K| o1
O = 1"£ mk(u)du and mk(u) - EC2 ]§§F (w))
s s M, B
B= Tu(B) = I &k k B - 4.s) ~
k=1 k=1 * "
where
1 K| =1
Bk =1-/ tk(u)du and tk(u) - HE(Z IZ=F_1(u)) ,
0 ukE(zlzzF (1-u))

(4.6)
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where
1 ki, o1
o= 1=/ pk(u)du and pk(u) - WE(Z IZEF_1(u))
0 ukE(Z{ZEF (w)
and
s s uy 8
D= Zu =1 £ kKp (4.7
k=1 k=1 " Py
where

E(z%|z25" (u))
My )

1
e 3 - =
é qk(u)du 1 and qk(u)
We defi i
e define the ratios (Yk/Gk), (ak/Ak), (Bk/Bk), (Wk/ck) and (Gk/Dk) to
equal zero when the state of equality for factor k occurs.

A discrete version of (4.3) was proposed by Rao (1969) and later a
generalized version corresponding to (4.3) was introduced and discussed by
Nygard and Sandstr¢m (1981). By applying the decomposition method for the

Gini coefficient, Sandstr¢m (1982) studies the effect of various income

sources on the inequality of total income.

The present decomposition rules are all on the same form. It is
therefore sufficient to present a detailed discussion for only one of the
derived decomposition rules. We shall relate this discussion to the

decomposition rule for A.

If A is the inequality measure chosen, we see from (4.4) that
uk(A) is the inequality contribution of factor k. The term (uk/u)
expresses the income share of factor k and Ak is the A-inequality of the

distribution of Zk. The term o is an expression of interaction between
Zk and Z and will be called the interaction component of factor k . The

interaction component o, 1is, loosely spoken, the conditional A-inequality

k

of factor k given by the units rank order in total income. By studying

the sign of o, we see whether or not factor k acts equalizing or disequalizing.

k

A positive value on 0, would increase the inequality and a negative value

k
would decrease the inequality when uk>0. If uk<0, we have the obposite

result.
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There are two characters of factor k which have influence on the
value of o - The first ﬁharacter is the A-inequality (Ak) of the distri-
bution of the factor k wvariable Zk and the second character is the
location of the factor k incomes in the rank order of total income.
Therefore, we have expressed the interaction component as a product of Ak
and (uk/Ak). The last term informs about the location effect of factor k
on the A-inequality in the distribution of total income (F).

Notice that o is determined by the area below the curve mk('),
henceforth called the interaction curve of factor k. For a fixed u,
mk(u) gives the ratio between the factor k mean of those units having
total income less than or equal to F_1(u) aﬁd the factor k me;n uk. If,
for instance, Zk is an earning variable then mk(1/2) gives the ratio
between the mean earning of the lower half of the income distribution F

and the mean earning My - In the particular situation where E(Zk{Z§F-1(u))=

-1

k) k.
E(Z" |z <F,

(u)) for every u, i.e. the units rank order in earning coin-
cides with their rank order in total income, we have that mk(u)==Mk(u) for
all u and ,.thus ak==Ak, where Mk(') is the M-curve of the factor k wvariable.
If ak=0, factor k will have a neutral effect on the A-inequality
of the distribution of total income, but still factor k can have different
effects on the A-inequality of various parts of this distribution. The
effect is neutral in every part of the distribution if and only if
mk(u)= 1 for all u. Thus, this shows the importance of plotting the
interaction curves instead of solely being concerned about the corresponding
interaction components.
As stated earlier, the interpretation of the remaining decomposition

rules is similar to the interpretation of the decomposition rule for A.

The differences between A, B, C, D and G pointed out in section 3, are



reflected in the relations between the corresponding interaction components.

We have, for instance, that o, attach more weight than Yy to transfers

k

concerning the factor k incomes of units with small total incomes.

—— ———

The interaction components o

B

k* "k’ Yk

K? 6 énd Yy satisfy

-D, sa SAk s (4.8)

where Dk and Ak are the D-inequality and the A-inequality in the distribu-

tion of the factor k variable, respectively,

1 Q (1-u) 1 (u)
1-7 =% &

= - (4.9)
CIEETY dusB =1 é IEEN

where Qk(') and Mk(~) are inequality curves of the factor k variable
defined by (2.8) and (2.5), respectively, and Q(*) is the inequality curve

of total income defined by (2.8),

1 Qk(1-u) 1 Mk(u)
1 —é‘ _Q-(Tl)_ du;‘s'lTk§1 "'.(/; —am du , (4.10)
-Akgekgpk (4.11)
and
-Gngk§Gk , . (4.12)

where Gk are the Gini coefficient of the distribution of the factor k
variable.

The interaction components of factor k attain their maximum values
when the rank order of the units in factor k income and total income,
respectively, are identical. The minimum values are obtained when the
ordering in factor k income is reversed in relation to the ordering in

total income.
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5. METHODS OF ESTIMATION

In this section we will give nonparametric methods for estimating
the curves of inequality, the measures of inequality and the various

components of the decompositionms.

5.1, Estimation of Curves and Measures of Inequality

Let X1, X2,...,Xn be independent random variables with common
distribution function F. When the parametric form of F is not known,

it is natural to use the empirical distribution function Fn to estimate F

and to use

ﬁ(u) =

el—

. .
JF 1(t:)dt, 0sust, (5.1)
0 n

to estimate H(u), where the left inverse of F is defined by

-1 . .
F (t) = inf {x.Fn(x)zt} . (5.2)
To give a more explicit expression for H(u) we introduce the order

1 i < < < - 1
statistics X(1)_X(2)_..._X(n). Now for u€<(i-1)/n, i/n] we have
..1 _
F (u)-—X(i) and
1
nu

H(u) = X(j) + (nu-1i+ 1)X(i)) . (5.3)
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For u = i/n  (5.3) reduces to the partial sample mean
D) = X i=1,2
n (i)’ 9650,y
where
- 1 i
. =+ I oy o
RSN SRR

(5.4)

Now replacing H(u) by H(u) in the expression (2.3) for L(u), we get the

following estimate for the Lorenz curve L.

i(u) =

Similarly, the

thus given by

M(u)

N(u) =

p(u) =

and

-~

(u)

u = s
H(1)

Osus1.

estimate of M, N, P and Q are obtained from (5.5)

Lw) ~ osgust,

u
LM ocust,
1-L(1=-u)
1=(u=0) , L) = ggygq,
1-L(u-0) °

1-L(u-0)

and

(5.6)

(5.7)

(5.8)

(5.9)



The introduction of (u-0) in (5.8) and (5.9) guarantees that the

-~ -~

empirical inequality curves P and Q will be right continuous.

Now using (5.4) in (5.5), (5.6), (5.7), (5.8) and (5.9)

respectively, we get

i

)

L@ = Jn , i=1,2,...,m,
L X.
j=1 1

~ s X,

mdy - 2@ 502,00,

a -
X
where i==i(n) is the sample mean,

X(1)
where
i
-1 1
X(i) -1 j§1 X(n+1-J)’
- X,.
phy = L ie1,2,000,0,
X(n+1-1)
and
bl |
Q(%) =—(n—:'.:'1—-];')‘ 4 i=1,2,.--,n.

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)
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Replacing the theoretical inequality curves by the corresponding

empirical inequality curves in (3.2), (3.3), (3.4), (3.5) and (3.6),

respectively, we arrive at the following estimators of G, A, B, C and D

n i
A, PR
G=2/ (u-L(u))du= --2=11J ’
0 n
(n+1) T X
j=1
n -~
zX,.
A. 1 - _ i=1 (1)
A= (1-M@))du = 1 - B ,
0 ‘ nX
~ - n X,.
B =/ (1—N(u))du=1-% 5 —51) ,
° | =1 )
-~ 1 - n 5-(
C =/ (1-P()du=1 -+ 3 L)
O ni=1 i' s
(n+1-1)
and
n -1
- 1 RRCYSEEY
D=/(Q(u-1)du = —— -1,
0 n X

(5.15)

(5.16)

(5.17)

(5.18)_

(5.19)

In the literature ((n+1)/(n-1))G is commonly used as an estimator of G, G

and ((n+1)/(n-1))G are obviously asymptotic equivalent estimators.
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5.2. Estimation of the factor components

Let Z1, ZZ""’Zn be independent random variables with common
s
distribution function F. We assume that Z. = [ Z?, i=1,2,...,n,
k=1
where Z? is the factor k income of unit i . This leads to the commonly

used estimators of Y and u, defined by (4.2)

k

~ _ 4 m .

i=1
and
- n
=k 1 k

U =7 == I Z.. . (5.21)

k g 1

Now let (Z,.., Z?, Z?,...,Z?), i=1,2,...,n be the random vectors
(1) %i* “i i

(Zi’ Zl, Z?,...,Zi), i=1,2,...,n ordered according to Z(1>SZ(2)§...§Z(H).

This leads to the empirical conditional mean function
z%, i=1,2,...,n, (5.22)

as an estimate of the conditional mean function Hk(ﬁ) defined by (4.1).

Replacing Hk by Hk in the current interaction curves and components

defined in section 4.1, we obtain the following estimates

-~ . . J
Ly 3= T i=1,2,...,n; k=1,2,... (5.2
lk(n) b 1 b b ’n’ bl b _,S’ 3)



and

-~ n -~
= - 2 iy k=1,2,...,s, (5.24)
Ve =TT L E L @
1=1
i I
PiE
m (D) = 3L i=n2,05 k=12, (5.25)
z
ool n Ay ke1,2,...,s, (5.26)
k n . mk n
1=1
i -
T I z‘jc )
-~ _]__— _ j=1 VA . . = ; 3
tk(n)_ ( = ) ( o ), i=1,2,...,n; k=1,2,...,s, (5.27)
z 1
El z Z()
j=n-i+1
B oe -1 7 oty ke1,2,..0s, (5.28)
k n . k'n’?
1=1
i o~
DS SO Ll Z i=1,2,...,0; k=1,2,...,8, (5.29)
pk(n) ( -k )( n ), 1 24 ’ ’
z 1 i
n-i+1 J=l (J)
no=1-41 2 o &y, k=1,2,...,, (5.30)
k n . k'n’?
1=1
n ~
L
NN E (5.31)
q, (=) = N i=1,2,...,0;3 k=1,2,...,s, 5.
k 'n - ’
Z
-~ n -~ .
1 i _ (5.32)
= — =) - —1,2, s S
e =n ko w@on ok ’
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The estimators fortGk, Ak’ Bk’ Ck and Dk’ based on the sample
2%, 25,...,25, are given by (5.15), (5.16), (5.17), (5.18) and (5.19),
respectively. The obtained estimator for G given by

G (5.33) -

I Mo
n ™Mo
= 1 )
~
<
e

= I uwo -
k1uk k=1

coincides with (5.15).

The results for the estimators A, B, C and D are analogous.
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