Discussion Paper

Central Bureau of Statistics, P.B. 8131 Dep, 0033 Oslo 1, Norway

No. 5 25 March 1985

CERTAINTY EQUIVALENCE PROCEDURES
IN DECISION-MAKING UNDER UNCERTAINTY :
AN EMPIRICAL APPLICATION
BY

TULIE ASLAKSEN AND OLAV BJERKHOLT

CONTENTS
Page
1. The Johansen approach to certainty equivalence procedures
in decision-making under uncertainty ................... ... 1
2. An illustration of the certainty equivalence procedure ....... 5
3. Static and dynamic optimization in a two-period context ...... 9
4. A multi-period framework with stochastic rates of return ..... 15
5. Preference functions derived from macroeconomic projections .. 23
6. A strategy for optimal consumption under uncertainty:
empirical applications .........c.iiiiiiit ittt et 32
REf B BNC S ... .. ittt it ittt ineeeennenneenenasosennnssenennnsess 43
ABSTRACT

The paper outlines an approach to optimal planning procedures in a national
economy with petroleum resources and other assets with stochastic rates of
return. The starting point is an adaptation of some ideas put forward by
Leif Johansen on parametric certainty equivalence procedures. These are
used both in solving the dynamic stochastic optimization model and in the
derivation of revealed preferences from recent projections of the Norwegian
economy.
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1 The Johansen approach to certainty equivalence procedures in decision-
making under uncertaintv* A

The application of certainty equivalence procedures 1is a useful
method for simplifying a decision problem involving uncertainty. In the
theory of economic policy and planning certainty equivalence procedures
‘have mainly been elaborated in the case of a quadratic objective function
combined with a linear structural model. One of the many contributions of
Leif Johansen in this field is the generalization of the usual certainty
equivalence procedure to the case of an objective functipn expressed in
terms of combinations of exponential functions, by the so-called “para-
metric certainty equivalence”. The idea is to formulate a procedure for
optimal decision-making under uncertainty which is similar to the one which
would be valid in the case of full certainty by permitting an appropriate
adjustment of the parameters of the objective function.

Following the notation of Johansen (1980),'we consider a decision

‘problem of the following general nature:

X = a variable or a vector of variables to which we attach prefe-
rences

a = a decision or action represented by a vector of instrument
variables

A = a set of possible actions, i.e. we have a € A

Z2 = a vector of random variables

The values obtained for x are determined by the action taken and

the random variables by a reduced form system which we write as
(1.1) x = fla,z)
The objective function is written as

*) Jens Stoltenberg has given very valuable assistance, in particular with
the calculations.



(1.2) U = Ulx;a)

where a i1s a vector of ﬁarameters characterizing the objective
function, 1.a. the degree of risk aversion.

The optimization problem is to choose a decision in order to maxi-
mize the expected value of U. In making the decision we do not know the
actual values of the random variables z, but only the probability distri-

bution of 2. The optimal decision is determined by

{1.3) max E(U(x;a)) s max E(U(f(a,z);:a))
aeA T agA

A certainty equivalence procedure for solving the problem (1.3)
will consist in replacing the stochastic variables by non-stochastic values

; and then solving the problem

(1.4) max U(f(a.z);u)
agA

Such a procedure is often followed in practice, for instance with
; = E2. More generally the certainty equivalent ; may be considered as
derived from the probability distribution of 2.

Apart from the wellknown linear-quadratic casé it is not easy to
obtain certainty equivalence procedures ?or which (1.4) yields the same
solution as (1.3). However, one may obtain “parametric certainty equiva-
lence”, where the parameters of the objective function are adjusted in a
prescribed way in order‘to take uncertainty into account.

The parametric certainty equivalence procedure can be formulated as

(1.5)  max U(f(a,z);:a)
acA

where & is a modified parameter vector, derived from the original
parameter. vector a and the probability distribution of the stochastic
variables 2z. As above, z is a non-stochastic value representing 2z, for

instance Ez.




The parametric certainty equivalence procedure as formulated by
(1.5) involves no more complexity than what originates from the form of the
objective function U, the structural form f and tﬁe form of the feasible
set A, i.e. those elements which ;re presént also in the case of certainty.
The usefulness of the certainty equivalence procedure depends on whether or
not we can establish a sufficiently simple transformation to derive the
modified parameter vector ;.

In the following such a procedure will be derived for the case of
an objective function éxpressed in terms of exponential.functions when the
probability distribution is resﬁricted to the class of multi-normal
distributions.

Although the procedyre in the case of parametric certainty equiva-
lence is the same as under certainty. once the modified parameter vector a
has been established, the decisions actually taken will now in general be
different under uncertainty than wunder certainty, because the parameter
value @ will depend on the probability distribution which implies that the
existence of uncertiidty makes us changé our decision as compéred' to  what
we would do in the absence of uncertainty. |

For a scalar x the exponential objectiQe function is
(1.8)  U(x) = -Bexp(-Bx) B>0, B>0

This form implies constant absolute risk.aversibn:
(1.7) ‘-U'(x)/U'(x) = B = coefficient of absolute risk aversion

For a vector of variables x =‘(x’....,xn) a sum of exponential

functions will yield the objective function

1. = - - . .
(1.8) U(x) L Biexp( Bixi) Bi>0 8i>0

The certainty equivalence procedure is derived from the following
observation: ‘

If x is a stochastic variable, normally distributed with expected
value Ex and standard deviation ox , then the expected value of the

objective function (1.6) can be expressed as



(1.9)  EU(x) -Bexp(-Bx)

where x Ex - 1/2 B oi

The certainty equivalent of the stochastic variable x 'is the
expected value minus a correction term which is proportional to the vari-
ance and the risk aversion coefficient.

The expected value of (1.6) can also be written as
(1.10) EU(x) = -Bexp(-B Ex)
- 2 2
where B = Bexp(1/2 B ox)

This formulation is the link between the general parametric cer-
tainty equivalence approach and the sum-of-exponentials objective func-

tions. The parameter vector a of (1.8) is

= 8. LY [} ) L |
a ( i Bn 31 Bn)
If x1..., xn are normally distributed with expected values Exi and
standard deviations oi,'the expected value of (1.8) can - using (1.10) - be

written as
(1.11) EU(x:a) = U(Ex;a)
where the modified parameter vector ; is given by

(1.12) @ = (B, .... B, B, .... 8)

~N

"

2 2 2
(B1exp(1/2 B,a ) Bnexp(1/2 ﬁn an). g

1 1’ T T
The modification of the parameters involved in this procedure

affec B, ..., nd not B, ..., .
ects only 81 Bn a o 91 Bn



2 An illustration of the parametric certainty equivalence procedure

In order to illustrate the parametric certainty equivalence
procedure, we introduce the optimization problem which will be elaborated
in the following sections.

We consider the long-term macroeconomic planning problem in which a
substantial part of national income 1s accrued from investments in uncer-
tain sources of income. The planning problem consists in determining the
optimal trade-off between consumption throughout the planning period and
national wealth by the end of the planning period. The concept of terminal
wealth is intended tb represent future consumption possibilities beyond the
given planning horizon of length T.

As an illustration of the parametric éertainty equivalence
procedure we first consider a static analogy to this dynamic optimization
problem. We assume tﬁat preferences are formulated in terms of consumption
growth over the planning period (C) and total wealth by the end of the

planning period (W)
{(2.1) U(C,W) z -Bexp(-bC) - Gexp(-gW)

If there were no uncertainty involved, we would choose from the
feasible points so as to maximize (2.1). The indifference curves of (2.1)

are characterized by the marginal rate of substitution between C and W

given by
dw ) b8
(2.2) ac =z - P exp(gW - b(C)

Given the assumption of normal probability distributions, the parametric
ceftainty equivalence procedure entails the following transformation of

(2.1)



(2.3) U(EC,EW) = -Bexp(-b EC) - Gexpl-g EW)

ws
"

where Bexp(1/2 bzaz)

(23}
"

2
and Gexp(1/2 g o:)

The standard deviations of C and W are denoted by oc and °w respectively.
The certainty equivalence procedure consists in choosing EC and EW so as to

maximize (2.3). The marginal rate of substitution is now expressed as

' dEW b8 2 2 2.2
{2.4) JEC = - EE exp({1/2(b oc - g ow)) exp(gEwW - bDEC)

First it can be noted that uncertainty has no effect on the actual deci-

sions in the case where

bo

go

If this is not the case, the indifference curves of (2.3) will be twisted
as a consequence of uncertainty. Furthermore, a parfial increase 1in °w
will make the indifference curve flatter while a partial increase in ¢

will make the indifference curve steeper.. This will in general mean that :
larger ac tends to induce a change in the decision in the direction of a
‘larger:value of EC, while a larger value of ow tends to induce a change in
the decision in the direction of a larger value of EW.

In figure 1 the consequences of uncertainty are illustrated in the
Ccase where the risk adjustment term of terﬁinal wealth is the larger.'which'
implies a flattef indifference curve compared to the case where uncertainty

is disregarded.




Figure 1. Consequences of uncertainty when gow > bcc

W

The indifference curve U corresponds to the case where uncer-
tainty is disregarded, and in this case (E. i) répresent the optimal trade-
off between consumption growth and terminal wealth. The dotted curve illu-
strates how the indifference curve is twisted due to the certainty equiva-

lence transformation of the parameters. However, we assume that the
feasible set of (C,W) coﬁbinations is not influenced by the uncertainty,
ahd the relevant indifference curve is thus U. A flatter indifference

curve thus entails a change in the decision in the direction of a larger
expected value of terminal wealth and a smaller expected value of
consumption growth. This is indicafed by the point (EC,EW) in figure t,
thch represents the optimal trade-off between consumption growth and
‘terminal wealth in terms of certainty equivalence. The parametric
certainty equivalence procedure implies that the decision maker will tend
to safeguard against wuncertainty by taking a decision which implies a
higher expected value of the variable which has the higher uncertainty,
i.e. uncertainty as meaéured by the product of the standard deviation and
the risk aversion coefficient.

The question we are addressing 1is what consequences should be
inferred for current and future policy decisions from the uncertainty of
national income. However, the conclusion suggested by the preceding ana-
- lysis is partial in one important respect: Only the “substitution effect”

of uncertainty was considered and not the “income effect”. An implication



of the static consideration 1is that the feasible set 1is given, 1i.e.
expected 1income cannot be influenced by an appropriate reallocation of
national wealth. Thus the larger uncertainty of terminal wealth induces an
unambiguous substitution effect which makes the planner safeguard against
uncertainty by taking a decision which implies a_higher expected value of
terminal wealth and viz. a lower expected value of consumption growth.

On the other hand, in a dynamic context, the appropriate questioﬁ
is to search for guidelines for reallocating national wealth in the view of
uncertainty. An optimal composition of national wealth under uncertainty
is obtained if rjisk-adjuysted rates of return are equalized for all assets.
That is, expected rates of return should be higher than the corre-
sponding risk-free rate of return. In terms of expected values there is
thus a potential gain from investments in uncertain assets, which is the
source of the “income effect”™ of uncertainty. In the following section the
dynamic optimization problem will be outlined, and in section 4 the

complete income effect of uncertainty will be incorporated.




3 Static and dynamic optimization in a two-period context

Consider the following macroeconomic¢ planning problem. At the out-
set the accumulated national wealth Qo is given, and the planning horizon
comprises two peripds ("now”™ and “future"). The planning problem is to de-
cide on‘consumption in two periods, C1 and Cz. under uncertain;y of income
in both periods. The utility of current consumption is weighed against the
amount of wealth remaining at the end of period 2, wz. The optimization
criterion is the expected value of a sum-of-exponentials preference func-

tions given by
(3.1) F_(C o W) z U(C1) + U(Cz)/(106) + V(wz)/(1¢6)2
where U(C) = -Bexp(-BC) and V(W) = -Gexp(-wﬂ);

§ is the rate of time preference.
The budget constraint for the three alternative uses of total

wealth can be written

2 -
(3.2) L] z (1+r) (H°4R1-C1)_* (1er) (RZ-CZ)

where r 1s the certain rate of interest and Ri is income in period 1i. We
shall assume that Ri is normally distributed with expectation ﬁi and vari-
2 .
ance o, .
i , .
We now apply the certainty equivalence property of the preference

function (3.1).

(3.3) max € [Forc,,c,.w) ] = Max Folc, c,, W)

c!'CZ C1'C2
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where W = EW, - 1/2 vy var W

2 2 2

: (1¢r)2(i°‘§1-c1)_* (10:)(§z-c2) =12y (1er) 2t (1er) 2

The stochastic optimization problem has been replaced by maximi-
Zation of a non-stochastic function. The first order conditions for a maxi-

mum are

(3.4a) U (C))

J ((1+r)/(1*6))? Vi)

(3.40) U"(C,) (1+1)/(1+8) v'(ﬁz)

from which the optimal values of C1 and ;2 under static optimization can

easily be derived. The solution is of the form

- - 2 2 = 2
{(3.5) Ci = buo + b(R1-1/2 y(1+r) 01) + b(R é(l*r) - 1/2 102) + ai
i=1,2

‘i.e. consumption - in both periods - is a linear function of initial wealth
and fisk-adjusted income in bdth periods. |

.The consumption propensity b depends upon the risk aversion péra-
meters, B and Yy, and the fate of interest. The constant term is dependent
upon the parameters of the preference function, the rate of interest

and the rate of time preference. It can be seen directly from (3.4) that

(3.61 c, - C1 In(({t1+r)/(1+8))/8 = (r-6)/B
This growth formula for optimal consumption is in fact the same as under
full certainty for the same preferenée functi.n.

The static optimization problem as set out above pays no attention
to the strategic problem faced by the 1long-term macroeconomic planner,
which is the implication of taking seqdential decisions under uncertainty
of sequential events rather than taking all decisions at the outset of the
planning period as assumed above. The strategic problem has two important
aspects. One is that the scope for possible action at a future p?int of

" time may,  and normally will, be narrowed down as a consequence of earlier



actions and external influences. This may be due to irreversibility, capa-
city constraints, sluggishness etc. The other aspect 1s that future
actions do not have to be taken until called for. This implies that future
decisions can be based on more in%ormation than i1s available at the time of
plan preparation, in particular, the realization of uncertain events in the
period betweén the plan preparation and the decision point will be known.
The problem is how to include this dynamic flexibility into an integrated
plan. . |

The answer 1is to search for strategies, i.e. policy functions which
are decision rules stating how policy decisions should be determined 1in
each period on the basis of information available at the time. Perhaps the
main purpose of long-term macroeconomic planning exercises should be the
search for strategies. Unfortunately, the solution of this problem in the
form of explicit pélicy functions are almost impossible to find except in
very simplified cases.

A We shall illustrate the difference between static optimization and
the derivation of strategies by continding our very simplé example set out
above toward an optimal dynamic solution. |

In the dynamic solution the consumption décision in period 2 will
be postponed until the beginning of that period, that is to say, it will

be based on known wealth after period 1, w1. The constraint for the re-

maining part of the planning period is

13.7) W

(1+r) (N10R2-C2)

The second period decision is thus the solution to

Max F_(C..W_.)

(3.8)  mMax € [Foc,w) ]

1 72'72
CZ C2
= Max {U(C,) + V(W,)/(1+8)}
c 2 2
2 .
where wz = E1w2 - 1/2 ¥ var1 wz

v - 2 2
= (1+1) (N1+R -Cz) - 1/2 ¥y (1+1) o,

2
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Note that GZ here has a slightly different meaning than in (3.3). ( 51[ ]

and var1[ ] are expectation and variance at the end of period 1). The

first order condition for maximum.of (3.8) 1is

((1er)/(1+8)) v'(iz)

(3.9) U (Cz)

x
This equation determines C2 as a linear function of u1, C2 (w1).

% ] L I 2 x
(3.10) Cz =z bzw1 + bz(R2-1/2 1(1+r)02) +a,
This is the strategy function for Cz. The optimal value of ﬁz can -~
%
likewise be written as a strategy function of N1, wz(w1). that follows
x -

directly from C (u,) and the expression for W

2 2’

The optimal first period decision can now 1in principle be found
from (3.3) by replacing Cz and Qz by their strategy functions, 1i.e. the
following problem:

(3.11) Max E [ F (C, Co(W ), W.(W ) ]
' R 2 - A

<

where W s (1+7) (W +R_-C.).
o 1 1

This way of proceeding leads, alas, to a problem we cannot solve expli-
citly. We must proceed by dynamic programming!
Let J(N1) be the optimal value of (3.8), i.e.:

(3.12) J(H{)

* -t
U(CZ(H1)) + V(NZ(N1))/(106)

From the first order condition (3.9) follows that J(w') is proportional
to J'(N1) which implies that J(w1) 1s an exponential function. The optimal

L1 can now be found by solving

(3.13) HMax {u(c,) + 3(51)/(1+a)}

<

where W_ 1is risk-adjusted W

*
1 with the risk avgrsion coefficient abz of J().

1
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The first order condition of (3.13) is

((1e5)/(1+8)) I (W)

(3.14) U'(Ci) 1

from which the explicit solution of C1 can be found as

.

2 2 8

. _ - .
(3.15) C1 = bNo + b(R1-1/2 y(t+r) a1 E:;TTT;T )

- 2
b(Rzl(1¢r)-1/2 Y 02) + a1

In the dynamic solution the caonsumption decision for period 1. is
related to wealth at the beginning of period 1, io' and the risk-adjdsted
expected values for income in both periods.

How does the solution to the dynamic optimization compare with the
static solution? We see that the only difference between (3.15) and the

expression for C, in (3.5) is that the risk-adjustment for R’ has been re-

duced and the op:imal consumption is accordingly higher. The intuitive ex-
planation for this is that under dynamic optimization - which means sequen-
tial decisions - optimal consumption comes out higher in the first period
because less emphasis is put on the uncertainty of income in the first
period. If this turns out to be different from expected income, it can to
some extent be counteracted by the second period decision.

The answer given here is different from that which follows from the
. more widely known and dpplied assumption of a 1quadratic preference
"function. When combined with a linear model the answer in this case is
given by the wellknown certainty equivalence result of Theil (1964): - the
first period decision on C1 is the same in both cases and entails ™o risk
adjustment. _

What then about the second period consumption? In the strategy
function for C2 as given in (3.10) w1 depends upon C1 and realized income
R1' wWhen C1 is replaced by the right-hand side of (3.15) we arrive at the

following expression for Cz

(3.16) c, = bio . b§1 . n(§2/41+r)-1/z 102) + 1(1*r)2/(801(1*r))
- 22 -8B
((R‘-R1) + b 1/2 ¥ (1+1) o, Bey(1eT) ) + a,

The only difference between this expression and that of Cé in the static

solution (3.5) is the effect of first period income. As Cz'in (3.16) 1in-
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cludes the stochastic variable R1. it may turn out to be smaller than the
static solution, but the expected value 6f (3.16) is obviously higher than
C2 in (3.5), for two reasons: [1) there is no risk adjustment for income
in period 1 and (2) by sequential decisions it is possible to consume from
the “wealth reserve”™ that arises when the risk adjustment has been hiéher
than the income loss. In short, by dynamic optimization the consumption
decision in period 2 is based on more informatibn: income in period 1 is
not uncertain any longer. Thus strategies are worth searching for.

In the static optimization problem, (planned) consumption in period
2 increases according to the same growth formula as under full certainty,
cf. (3.6). In the dynamic optimization problem, the increase in expected
consumpt;on in period 2 is somewhat higher. From the solution given by
(3.15) and (3.16) we obtain (using (3.6))

(3.17) EC_ - C

2 1 {(1/8) 1In((1+1)/(1+8)) +

(1/2) gy(1er)® af/(a ey (1ern)?

The gain from elaborating strategies for optimal consumption is here
expressed by the risk-adjustment term of the growth formula. Using the

definition of certainty equivalent consumption in period 2 we obtain

EC, - (1/2) B var C

(3.18) C2 2

2

EC, - (1/2) 8 12(1~r)‘a$/(ﬂ+1(14r))2

and

{3.19) Cz- C1

(1/8) 1n((t+r)/(1+8)) = (r-8)/B

In terms of certainty equivalent consumption, the dynamic optimization
solution yields the same growth formula for consumption as -under full

certainty and in static optimization.
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4 A multi-period framework with stochastic rates of return

‘We assume that the national wealth is distributed over a number of
assets - physical and financiai assets as well as natural resources. Assets
are measured 1in terms of the purchasing power of consumption goods. The
planning horizon is div;ded into periods of equal length. At the beginning
of each period the returns on the various assets are. added hp and
distributed between consumption and accumulation in the same assets. For
the decisions to be taken at the beginning of each period we have the

following budget equation

(4.1) R T = C =+
' i

" ™Mo

Iit

where Ii is the investment in asset no. 1 and Ct is consumption-in

t
period t. Consumption is defined as the sum total of private and government
consumption. All income is assumed to be capital income, accruing from

investment undertaken one period earlier, hence

n
Re = L TigMien
i=0- .

where wit-i is the amount of asset no. i invested at the beginning of per-
iod t and Tiy its rate of return. In asset terms the budget equation can

be written
n
(4.2) G = C. + [ W,

n
where 6., = [ W, + R = W+ R

Total wealth Gt-1 at the beginn;ng of period t hence consists of stocks of
assets inherited <from the past as well as capital income. The rates of
return are stochastic variables. We assume that when decisions are to be
made at the beginning of period t the outcome of the stochastic rates of
return dated t is known with certainty whereas the uncertainty regarding

future periods has to be taken into account. There is thus a minor



16

difference here from the assumption made in the two-period model of the
preceding section.

011 reserves still in the ground can be considered as one type of
assets although they are not usually counted as a part of national wealth.
The value of the 01l reserves can be measured as the product of the amount
of reserves St and the price net of marginal extraction costs, qt = pt - bt
where pt 1s the current o1l price and bt is marginal extraction cost. We
- assume that marginal cost is constant with respect to the rate of extract-
ion but is a hyperbolic function of the remaining reserves. The rate of
return on the 0il reserves is equal to the rate of growth of the net oil
price.

Introducing oil as an additional asset in (4#.2) and redefining total wealth

Gt and total stock of assets “t to include the o0il reserves give

©.3) 6 : W
(3 6, et %
. n
where 6y T L Wiply t Rp v 95
i=0
n
and Ht s .Z wit . tht
i=0 -

The planning problem is now defined as the maximization of the sum
of discounted expected utility from consumption over a planning horizon of
length T,v'taking into consideration the discounted utility of terminal
wealth. The utility of terminal wealth must be interpreted as derived from
the consumption possibilities it represents beyond the planning horizon.

The objective function at, the beginning of period t can thus be

written as

T-1

T, v(GT)(1+6)t- t = 1,2....T

.
(4.4) I U(CT)(1o6)t'
=t
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. For U() and V() we use the utility functions for current consumption and
terminal wealth, respectively, 1introduced in section 3, and 8§ is the rate
of time preference.

The decision problem at the beginning of each period is deciding on
the reinvestment of total wealth and the 1level of consumption to be
maintained in the period. The results of earlier decisions are represented .
in pefiod t through the stock of assets 1inherited from the previous
periods. We assume that total wealth can be frictionless reallocated
between assets. The decisions to be taken in the following periods up to T
have to be taken into account when deciding on consumption ahd investment
at the beginning of period t. Decisions in all periods should reflect' an
appropriate trade-off between consumption and investment, as well as
between consumption in the blanning period and terminal wealth.

The optimization problem given by maximization of (4.4) under the
budget constraint (4.3) and’'given initial values of oil stock and non-oil
wealth can be solved by the method of stochastic dynamic programming . which
we applied in section -3. For a planning horizon starting at t=1 from
given values of G0 and So the optimization problem is solved by beginning
at the end of the planning horizon and solving the decision problem for
each period recursively. At the beginning of period T the optimal HiT'
ST and CT are determined, given the initial condition GT_1 and ST_1. Having
found the optimal solution for the last period contingent on any initial

condition G and S we solve the two-period problem for the last two

T-1 T-1'
periods by choosing the optimal “11-1' ST_1.and CT__1 , contingent on the
initial condition GT-Z and 57;2'-'"q so on. In the last stage the optimal
ui!' S1 and C1 are determined, given the initial values GO and S0 available

at the beginning of period 1. A crucial assumption for the qptimality of
this procedure is stochastic independenée between rates Qf return,
including the oil price, in different periods.' Our approach -follows
Samuelson (1969) and Chow (1975).

In the notation of dynamic programming we denote the maximum ex-
t-1' by Jt (Gt;1)'
blem at the beginning of period t can now be more precisely stated as

pected value of (4.4), contingent on G The decision pro-

(4.5) Jt(Gt-1) = Max E {U(Ct) + Jt¢1(Gt)/(1#6)}

where the maximization is with respect to the Hi 's and St and subject to

) t
{4.3). Before proceeding to the solution procedure, the stochastic assump-
tions must be specified.

The stochastic assumptions concerning future oil prices and rates
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of return are of considerable 1importance for the optimal solution. We
shall assume that the rates of return of the various assets are multinor-
mally distributed with expected v;lues p‘ and variances and covariances
cij' 1,3=0,...,n. This implies that the standard deviation of income 1is
proportional to the amount of capital and not constant as assumed in
section 3. The o1l oprice is assumed to be normally distributed with ex-
pected value “t and varilance 12 . Covariances between the 01l price and
the rates of return on non-oil assets are given by Ti' 1=0,...,n. By the
method of dynamic programming we start by solving the maximization problem

given by (4.5) for t=T, i.e.

(4.6) JT(G )

T-1 Max E {U(CT) + V(GT)/(1+6)}

Max {u(c ) + V(ET)/(1+6)}

where
GT = EGT - 1/2 y var GT

n
EGT = _I wiT(1ooi) + (!T’1- bT”)ST

i=0

n n 2 2 n
varG = L L o. W W._+ 1T S_+2 L 1. W_.S
T . T7T
T i=0 j=0 13 17 37 j=0 J 3]

Evaluating the terminal value of the o0il reserves should take into account
future o0il price uncertainty beyond the planning horizon. The approach of
measuring the terminal value by certainty equivalent net price at the be-
ginning of period T does not cépture this future uncertainty. However, the
marginal value of the terminal o0il reserves 1s equal to the certainty
equivalent net oil price, provided that the terminal level of 0oil reserves
is optimally weighed against consumption throughout the planning period and
terminal stocks of non-0il assets.

The first order conditions for the solution of (4.6) are

(6.7a) U'(CT) = ((1*;1)/(1+6)) V'(ET) i=0,...,n for non-o0il assets
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(6.7b) U (CT) = qT”/qT v (GT)/(146) for the o0il asset
. BET n
where T. = -1 = e. - YL o W._ - y1.5§ i=0,...,n
i awiT i 320 i3 3T i°T
a'T > n
and QGreqy 7 3s, L FOTRLE JOR A ’jgorjij RS PRRRT ST

-

ri is the certainty equivalent rate of return on assets no. i, i.e.
the marginal increase in certainty equivalent wealth by a marginal increase

in asset no. 1i. is the certainty equivalent net o0il price in period

q
T+1

T+1. The difference between the certainty equivalent net o0il price and
the expected net o0il price consists of the correction terms due to the

uncertainty as well a term due to the dependence of marginal cost on the

.

on the reserve level. With a hyperbolic marginal cost function, bt= m/St 1

cost function terms in aT*! cancel out, and ET" appears as

n

- 2
Qrey  F 0 Tpeg T YT Spo- ngorjij

To obtain an explicit solution for the optimal portfolio and consumption we

make the crucial assumption that asset no. 0 is risk-free. ylelding a cer-

tain rate of return r,- Hence, r, = r, and from the first-order conditions
we- get
(¢.8a) vu'(cC.) = (Crer )/(1+8)) V7(G,)
(4.8) r. = T i=1, N
1 0
(¢.8c) aq. /9. -1 = T,

Optimal accumulation in the uncertain assets is determined by the condition

that certainty equivalent rate of return should be equalized for all
assets. 0il extraction is determined by a modified Hotelling rule: cer-
tainty equivalent net oil pricé should grow at a rate of return -equal to

the certain rate of return:
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By proceeding as 1n section 3 we can solve the original problem
recursively from starting at t=T7 and working backwards towards t=1. A more
complete presentation of the solution procedure 1s given in Aslaksen and

Bjerkholt (1984). The first order condition at t with respect to asset no.

0 is
(¢.8)  u'(c) = (Cergh/nee)) 3 (6,) t=1,2,..., T
and we can show that
(¢.10) J; (Gt-1) = U'(Ct) t=1.21...,T
Similar to what we found for the two-period model we find that the
general form of the solution can be written as "

{(4.11) ¢ : b

t T-t%-1 ¢ et
T-t+1
where b = y(t+r )T-t*1/(801 L (ter )Y) t=1,2,...,7
T-t 0 0
T=1
t+r b
and a s g —2 % Tt (1n(BB/EY(1er 1G))ex) /Y (1eT )
T-t T r 0 ) 0
0 0 (1+r ) .
0
- (5-“r°)u+“r° u—]
1¢r0 Y T T, T, .
1+r
0 x
where a z (1n Ry - xX)/B = (ru-b )/8
) = O+y
n n . at+1 n
and X = 1/2 L L f(@.-r )leg.-r )a._. + | -1 -r1.) L lg -v )1,
i=1 =1 i°0 J 0 13 qt 0 j=1 9 0 3
q
o122 1-r0)2 12
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oij' Tj and T are the elements of the inverse of the wvariance-covariance
. 2 - . ) .
matrix of aij' Tj and v , and qto1 1s the expected net price (equal to

't‘1-bt¢1)' As an implication of the certainty equivalence procedure, the
stochastic parameters appear only in the risk-adjusted time preference
x
rate § .
The marginal propensity to consume out of current wealth, b is

_ T-t'
dependent upon the risk aversion coefficients y and B as well as the 1inte-
rest rate Ty It is in fact only the ratio between y and B that matters.

In the limiting case where T-t + », b approaches a constant given by

T-t
b =‘ r0/(1+r0)

In this case the marginal propensity to consume is indepéndent of y as well
as B. However, 1'and B appear in the constant term of the consumption
function.

‘Hhen the optimization problem has been solved step by step, optimal
cﬁnsumptiod is implemented by recording actual development and inserting,
period by period, the outcome of the stochastic rates of return, as ex-
pressed by Gt~1' in the consumption function (4.11). The optimal solution
can thus be interpreted as a gstrategy: decision rules for optimal
consumption are caléulated initially, whereas actual consumption decisions
are postponed until current wealth is known with certainty.

As  in the two-period model, it 1s easily demonstrated that cer-
tainty equivalent consumption increases according to the same growth for-

mula as under full certainty. From (4.9) and (4.10) follows

u ‘Ct’ = ((1oru)/(146)) U ‘Ct+1)
hence

(4.12) Ct*1 - Ct - = ln((1+r°)/(1¢6))/ﬂ = (rofb)/ﬂ

Given the optimal consumption, the accumulation in the uncertain

assets is determined as a one-period portfolio problem

n . .
1
{(4.13) wit = EE;_t {j§1(oj-r0)oij + Ti(wt+1 - (1¢ro)qt)}
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n .
(4.14) S .  — {.E (oj-r )rj A - (1»r0)qt)}

Hence, optimal o0il extraction in period t is given by

4.15 X s - S

( ) t St-1 t

where St is determined by (4.14) and St-l is given from the previous
period.

Due to the strong assumptions regarding the utility function and
the stochastic parameters as well as the production structure and the cost
function for o0il extraction we have thus obtained explicit solutions with

intuitive interpretatibns. .
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S Preference functions derived from macroeconomic projections

An empirical application of the stochastic optimization framework
requires an assessment of the risk aversion coefficients. In this context
we have approached this problem by the method of deriving the underlying
preferences from macroeconomic projections currently elaborated and
presented. '

In Norwegian economic planning long-term macroeconomic projections
are usually elaborated in connection with the quadrennial government White
Papers bresenting,a_four-year plan and a less detailed and less committing
projection for the ensuing 20-30 years. The purpose of such projections 1is

threefold. The shall serve

- as the basis for government policies over a wide range of issues,

- as guidelines for the development of the national economy that can
be linked to sectoral, regional and other less. comprehensive . ana-
lyses, and . '

- as a general orientation about the economic prospects for the

public at large.

All these projections have been elaborated by means of successive
versions of the MSG model, originally constructed by Leif Johansen in 1960.
The MSG modél is a large general .equilibrium model which combines an
overall macroeconomic framework a with considerable amount of details. The
model has been extensively presented elsewhere in this book and will not be
further discussed here.

One of the more difficult tasks in the elaboration of long-term
projections is to account properly for the many aspects'of inherent uncer-
tainty 1in the preparation and presentation of future development paths.
With a time span of twenty or more years ahead there are large amounts of
uncertainty with regard to many of the exogeneous assumptions on which the
analysis i1s based. Greater efforts of gathering information could probably
reduce this uncertainty to some degree, but much would stili remain. For a
small open economy much of the uncertz2inty stems from abroad, such as the
growth in world trade and the future crude o0il price.

The traditional ways of dealing with such uncertainty are either to
present alternative broad scenarios or to wuse sensitivity calculations
varying the assumptions about exogenous influences. Such hethods can give
interesting illustrations of the uncertainty. But in a planning context

the important question is what conclusions can be drawn for current and
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future planning decisions from this uncertainty. The uncertainty as it
propagates from the exogenous influences must be evaluated in view of what
can be governed or influenced by means of economic policy.

The development of the 01l sector in the Norwegian economy has
entailed a cqnsidetable macroeconomic exposure to risk, and the need for an
explicit consideration of uncertainty’ issues 1s thus more strongly felt
today than earlier. | Most of the attention given to uncertainty 1in
connection with the increased reliance upon petroleum extraction in the
Norweglian economic and political debate has been related to short- and
medium-term consequences of a volatile 0il price. Less attention has been
given to uncertainty in the longér term perspective. However, two recent
reports from government appointed committees have i.a. dealt with these
perspectives (NOU 1983 : 27, NOU 1983 : 37). v

Qur work 1is related to that of these two committee; and may be
regarded as suggestions of how the analyses could be brought further. We
are well aware that answers given are very tentative to say the least, both
theoretically and empiricaliy. Our own attitude to them can be well
expressed by a quote from Leif Johansen (who in fact initiated our work on
this topic) who wrote in the introduction to his book on the MSG model:
".... 1f 1 were required to make decisions and take actions in connection
with relationships covered by this study I would (in the absence of more
reliable results, and without doing more work) rely to a great extent on
the data and the results presented in the following <chapters.” (Johansen,
1960) . .

The. intended application of the stochastic optimization framework
oqutlined above is mainly as a means for evaluatihg and corroborating
long-term projections from the MSG model. Although stochastic elements are
not included in the MSG model, the model is a valuable means for
‘illustrating the wide range of possible™ long-term projections under
alternative oil price assumptions. Model calculations are performed with
alternative o0il price scenarios and exogenously stipulated oil and gas
production profiles. The consequences of alternative o0il revenue scenarios
are traced out by model calculations. These 1long-term projections
illustrate the considerable impact on sectoral development and accumulated
foreign reserves under alternative o0il price assumptions. A consistent
evaluation of these long-term equilibrium growth paths wunder uncertainty
requires a stochastic optimization framework. .

Our emphasis 1is not on the treatment of uncertainty in macro-
economic projections in general, but rather on the implications of uncer-

tainty for the selection of “optimal” or “good” paths.
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Our analysis 1s based on ‘projections in a report called the
“Perspective Analysis™ (NOU 1983:37), published in 1983 by an appointed
committee of experts relying to a great extent on the model tools and data
sources used by the government fof its projections. The committee stated
views on the methodology of using macroeconomic models for long-term pro-
jections as well as presenting its own projections in the form of a re-
ference path and alternative scenarios reflecting both uncertainty issuesl
policy alternatives and policy performance. The methodological part
included remarks on how to cope better with uncertainty in macroeconomic
projections, but refrained from introducing new procedures in the
preparation and presentation of projections compared to earlier government
projections.

The projections of the Perspective Analysis were elabor;ted without
the political commitments that are given to the projections presented 1in
e.g. the quadrennial medium-term programme. However, for our purpose it
may not be totally misleading to interpret them as reflecting current
political preferences. 'The projections of the Perspective Analysis do not
easily lend themselves to the assessment of preferences; Little is said
about the evaluation of the alternative projections, and no precise guide-
lines are given for the trade-off between consumption and wealth accumu-
lation.

Although no explicit welfare function or preference indicator has
been applied in the elaboration of the projections, the various stateménts
given in the report <can be interpreted as expressions of a set of
underlying preferences. The discussion of the ~policy choices between
domestic use of 0il revenues versus increased current account surplus has
been our starting point for deriving the preferences.

The present analysis is based on the reference path and the fdur

alternative projections which are summarized in table 1.
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Table 1. Selected results from the Perspective Analysis.

Net foreign reserves
Total consumption in 2000 plus value
Scenario (private and government)| of proven oil
in 2000 as increase over| reserves in 2000.
1980. Percent Billion kroner
1. Reference path ........... ' 62.2 1£419.6
2. Higher petroleum income
2.1 Increased domestic use - 82.8 1575.4
2.2 Increased capital
exports .............. 62.2 1811.8
3. Sluggish world economy
3.1 Tight policy ......... 50.5 1379.4
3.2 Lax policy ........... 70.8 1204 .9
Note: The figures are derived from NOU 1983:37, and unpublished material

from the Ministry of Finance. The reference path is based on full employ-
ment and an increase in the production of o0il and gas reaching 80 mill. toe
in year 2000. The crude oil price is in the reference path assumed to grow
with 2 percent p.a. in real terms. Non-o0il export grows with less than 2
percent.p.a. In the two higher petroleum income scenarios the production
of o0il and gas is assumed to reach 90 mill. toe in year 2000, while the
crude oil price grows with 3 percent p.a. In 2.1. the increased income 1is
used to promote growth in domestic demand. Employment and the rate of
technical progress increase, while in 2.2 the 1increased income is.
accumulated as foreign assets. The sluggish world economy scenarios depict
developments where non-oil exports grow even less than in the reference
path, only | percent p.a. In 3.1 the balance of payments is maintained by
means of tight demand management. Employment falls off compared with the
referenge path. In 3.2 on the other hand priority is given to employment.
Private and Government Consumption are increased with adverse consequences
for the balance of payments. This table reveals, in fact, little about the
differences between the alternatives. The Perspective Analysis also
presented 3-4 other alternative scenarios.

These alternative projections of the Norwegian economy toward year
2000 results in different states of the economy by the end of the planning
period. In.the highly simplified representation of these alternatives in
our further discussion we ignore most rtructural and other aspects of the.
differences - between these alternatives and foc.i on only two variables:
consumption level (or rather increase over 1980) and wealth position.
Figure 2 plots all five projections with regard to these two characteri-

stics.
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Figure 2. Selected projections from the Perspective Analysis. Percentage
increase in total consumption in 2000 over 1980 (C) and accu-

mulated wealth .in 2000 (W).
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C = Total consumption (private and government) in 2000 as percentage

increase over 1980.

W = Net foreign reserves in 2000 plus value of proven o0il reserves
i
in 2000 (see table 1).
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These five projections 1illustrate a wide range of possibilities for the
choice between consumption and accumulation of foreign assets. The two
triangles 1in figure 2 indicate the feasible sets under the assumptions of
either higher petroleum income (2:1 and 2.2) or sluggish world economy (3.1
and 3.2). Little 1s sald about the choice between increased domestic use
and ingreased capital exports in the case of higher petroleum income, and
the choice between tight and lax policy in the case of a sluggish world
economy.

Based on the information provided in the report of the Perspective
Analysis we have however established the following crucial assumptions.

Consider the following stochastic experiment with two possible out-
comes: Either the outcome of higher petroleum income 1is realized, where
.the feasible set is represented by the line segment between 2.1 and 2.2, or
the outcome of a sluggish world economy is realized, where the feasible set
is represented by the line segment between 3.1 and 3.2. These two outcomes
are assumed to have an equal probability. The alternatives 2.1 or 2.2 ‘and
3.1 or 3.2 thus represent extfeme policies under each income scenario, and

to reveal the optimal policy we state the following assumptions:

a) Sluggish world economy: Given a feasible set of all points between
3.1 and 3.2 the best choice is to pursue a policy aiming at a re-

sult midway between the two extreme policies.

b) Higher petroleum jincome: Given a feasible set of all points between
2.1 and 2.2 the best choice is to pursue a policy aiming at a re-

sult slightly closer to 2.1 than the midpoint.

c) Reference path: The reference path is considered as ‘the gertainty
eguyivalent of the stochastic experiment described above. Given the
two optimal policies described in a)-b) the expected utility of

these two outcomes is equal to the utility of the reference path.
These assumptions are formulated in view of a preference function
given by
(5.1) U(C,W) = -Bexp(-bC) - Gexp(-gW)

C = Total consumption (private and government) in 2000 as percen-

tage increase ovef 1980.
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W = Net foreign reserves in 2000 plus value of proven oil reserves

in 2000 (see Table 1).

To simplify the estimation of the risk aversion coefficients, the
preference function (5.1) has been formulated as a static analogy to the
multi-period preference function (4.4) of the dynamic optimization problem.
The implications of a preferencé function like (5.1) are more extensively
discussed 1in section 2. In (5.1) preferences are attached to the percen-
tage increase in consumption over the planning horizon, rather than the sum
of discounted wutility of conshmption in each period. However, this re-
formulation does not alter the main conclusions for the trade-off between
consumption and terminal wealth under uncertainty. The numerical estimate
for the risk aversion coefficient b will " differ from the risk aversion
coefficient B of the multi-period preference function, and the appropriate
estimate for B will finally be derived.

~ The wealth concept W defined as net foreign reserves plus the value
of the 0il reserves is highly tenthtive. to say the least.,‘ It does not
properly reflect the concept of nationil wealth as defined in the
optimization model. According to the preference function (4.4),
consumption should be weighed against total wealth at the end of the
planning period, i.e. production <capital, financial assets and natural
resources. The role of terminal wealth in the preference function is to
represent the production and income potential for future consumption beyond
the planning horizon. The discussion of the Perspective Analys;s is
however more explicitly related to the trade-off between consumption growth
and net foreign reserves at the end of the planning.period. The point of
‘foreign reserves in this connection seems to be as a safeguard against bthe
risk inherent in the o0il reserves. In order to accommodate the views
expressed in the report as a guideline for our estimation of the risk
~aversion coefficients, the value of petroleum reserves and net foreign
reserves are included in our wealth concept here while other assets afe
disregarded. This is perhaps a dubious interpretation and inclusion of real
capital would have given different estimation results.

The. assumptions a)-c) give three relationships to determine the
parameters b, g and G/B. The level of utility is arbitrarily chosen by
setting B8=1, Furthermore, the pafameter values are adjusted to yield

G=B8=1. The following parameter values are thus obtained:

o
"

0.1426
0.00589

L'<)
"
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Figure 3 shows the estimated preference function as represented by three

‘indifference curves implicitly referred to in assumptions a)-c).

Figure 3. Indifference curves with b=0.1426 and g=0.00589.
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In order to apply the multi-period framework of section 4, we have
to establish the correspondence between the preference function (4.4) of
the dynamic model and the static analogy given by (5.1). In the dynamic
model which is to be applied in section 6, preferences are formulated in
terms of the sum of discounted utility from consumption over the planning
period, whereas in the static preference function (5.1), the relevant
concept is percentage increase in consumption over the planning horizon.
In order to find the appropriate risk aversion coefficient in a dynamic
context, we make the assumption that the sum of discounted wutility from
consumption over the planning period 1is equal to the utility of the
percentage increase of consumption. The annual growth rate of consumption
in the reference path is 2.4 percent. We assume that the time preference
rate is 1 percent. Given the estimate of b=0.1426 an estimate of B=0.0352
is thus obtained for the risk aversion coefficient of the dynamic model.
The estimate of the risk aversion coefficient g=0.00583 is calibrated 1in
order to include the production capital. An estimate of v¥=0.0027 is thus

'obtained.
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6 A strateqy for optimal consumption under uncertainty: empirical appli-

cations

In the preceding section'we looked at actual long-term projections
of the Norwegian economy and tried to estimate the risk aversion
coeff;cients that seemed to be implicit 1in the considerations of the
committee responsible for the projections. An application of certainty
equivalence procedures in establishing 1long-term projections would, of
course, imply an integration of the ideas set out in this article at a
much earlie} stage in the elaboration of projections. We shall neverthe-
less attempt a tentative ipplication within the framework and scenarios . of
the Perspective Analysis. ‘

The point of departure is the formal model framework of section 4.
First we shall define the composition of total wealth as required in the

model. We shall distinguish between four assets apart from oil:

real capital in the sheltered sector (i.e. non-tradable

W =z
: goods pr&duction; protecfed sectors, and government)
“E = real capital in the export sector
HH = real capital in the import-competing secfor
“U = foreign assets

Table 2. Average rates of return.

Estimation period 1962-1981

°i~ Percent
Sheltered sector’ 7.53
{excluding government)
Import-competing sector 10.00
Export sector 5.45

Foreign assets are assumed to yield a risk-free rate of return of 3 per-
cent. This is our ru. The increase in expected net oil price, is assumed
to be 2 percent p.a. through the whole period.

The variance-covariance matrix for the estimated rates of return in
the period 1962-81 is given in table 3 and the inverse variance-covariance

matrix is given in table 4.
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Table 3. Variance-covariance matrix. Estimation period 1962-1381

aij'ri' rz Sheltergd Import-compe- Export Real oil
sector : ting sector sector price
Sheltered sector 1.65685 -0.088861 -1.84331 | -1.28275
Import-cumpeting
sector ....... 2.30443 1.93291 -0.897742
Export sector .. 13.8807 0.621457
Real o0il price . 16.789

Table 4. lInverse variance-covariance matrix.

iq Ti' rz ; Sheltered Import-compe- Export Real oil

3 sector - ting sector sector price
Sheltered sector 0.756811 -0.037254 0.102251 0.052005
Import-competing

sector ....... | 0.507531 -0.076836 0.027137
Export sector .. , 0.096458 0.000218
Real oil price . ‘ 0.0649739

The choice of breakdown of non-0il national wealth 1is - as the

other specifications of the model - rather tentative. A priori we would
expect capital in the non-tradeable sector to be a more certain asset (i.e.
lower rate of return, but also lower variance) than investment in the
tradeable sectors, while foreign reserves are assumed to be a risk-free
asset.

For .a small oil exporting country like Norway the o0il price is exo- -
genous, independent of domestic reserves and rate of extraction. It may be
‘less obvious that the stochastic rates of return on assets other than oil
are independent of time and of the stocks of the respective assets, as
assumed 1in section & above. In the following we assume that real capital
by sector has constant expected rates of return as set out above.  This
exceedingly simplified picture of a national economy can only be defended
on the ground that it serves a higher purpose!

For the risk aversion coefficients we use those derived in section
S. For the rate of time preferencs we assume & = 0.01.

From these estimates and assumptions we can calculate a reference
scenario based on the stochastic optimization model. There are many
reasons why this reference scenario will not coincide with the reference

scenario of the Perspective Analysis elaborated by means of the MSG model.
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- The stochastic optimization model has hardly any macroeconomic
infrastructure. The labour market, production structure and foreign trade
are not explicitly dealt with. The asset composition can be changed in a
frictionless way, we thus pay no ittention to the transition problem of
changing fhe asset composition from what is historically given. An additi-
onal problem is the more specific assumptions of the constancy of the
parameters of the model estimated above. We have chosen, however, to
interp;et the scenario based on these -assumptions as the appropriate
scenario for the further analyses. In the reference scenario consumption
increases émoothly and reaches a level in 2000 whicn is 74.4 percent higher
than in .1980. Investments in uncertain assets are declining throughout
the planning horizon, whereas foreign debt is gradually reduced. Totai
wealth is increasing in early vyears and is decreasing thereafter. The
development of total wealth is crucially dependent on the relationship
between the risk aversion parameters and the risk-free rate of return. The

parameters of our reference scenario give the condition
(6.1) /Y ¢ (1er )/t
B/y < 9 / a

which entails the concave path of total wealth as shown in figure 5. If
the inequality sign of (6.1) is reversed, total wealth increases along a
convex path.

Optimal o0il reserves in 1980 turn out somewhat lower than the
actual level of oil reserves in. 1980. An initial Jjump in the o0il pro-
duction profile to 161 million toe is thus necessary in order 'to reach the
optimal path which starts at 106 million toe in 1981 and increases gradu-
ally to 123 million toe in 2000. .

The numerical results obtained by the stochastic optimization model
are highly dependent on the choice of parameter vaiues. Table S 1illu-
strates the effects on consumption, foreign reserves and terminal wealth of
partial shifts in the parameteré of the reference scenario. .

A partial increase in B implies reduced consumption in all periods
at least when the planning horizon is 20 years. In the optimal strategy
for consumption, the marginal propensity to .consume out of current wealth
decreases with B (not shown in the table), in the two-period as well as in
the multi-period context, and this wealth effect dominates any positive
effect through the certainty equivalence correction terms. .Lower con-
sumption throughout the planding horizon entails higher total terminal
wealth. Investments iﬁ uﬁcertain assets decrease with B, because the cer-
tainty equivalent rates of return are reduced and it is less profitable to

invest in uncertain assets. However, in the last period of the planning
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horizon, the increase in B has no effect on the level of investment in the
uncertain assets - in the last period it is ¥y which is the risk aversion
parameter for deriving the certainty equivalent rates of return and hence
optimal investments in the uncertain assets. The reduced accumulation in

uncertain assets implies higher foreign reserves.

Table 5. Effects of positive shifts in the parameters

1980Ct 2000 GZOOO 1980wut 2000
Parameter:
B ......... e . - - + + +
Y ceees s e e e e + + - + +
L G =0 + + + +
tt”/tt et e =0 + - - -
QS ceee e Cee e . =0 + : + - +
OHK C et ceeeee st e . =0 + . - +
OUK' St e s et =0 + + - -
ro c et s e ettt et et + - - + -
6 ........................... + - - - -

An increase in Y has the opposite effect on consumption in all
periods and terminal wealth as compared to an increase in 8. This has a
Qquite infuitive appeal in view of the dynamic programming solution of the
model whereby the optimal trade-off between consumption and remaining
wealth is established in each period recursively. However, increases .in ¥
and B both tend to reduce investment in wuncertain assets through the
certainty equivalence correction terms. In order to maintain the higher
consumption entailed by an increased Yy, investment in foreign assets must
increase toward the end of the planning horizon.

An incre;se in the variance of the oil price implies that invest-
ments in all uncertain assets are reduced, because the 1increased uncer-
tainty makes it 1less profitable to invest in uncertain assets and more
wealth is converted into the risk-free asset. Moreover, consumption 1is
higher throughout the planning period.

An increase 1in any of the expected rates of return, including the
expected growth rate of net oil price, provides a positive income effect
which increases consumption in all periods as well as terminal wealth. A
higher expected rate of return naturally implies increased investment in
the asset in question, and the effect on the other uncertain assets depends
on the signs of the covariances. The effect on investing in foreign assets

is initially negative, for later periods the sign varies.
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The role of the risk-free rate of return r0 is somewhat compli-

cated. The potential gain from choosing wuncertain alternatives in the

allocation of national wealth 1s less the higher r_1s compared to the ex-

0
pected rates of return. Investments in all uncertain assets are thus re-

duced when ru increases. This income loss gives less scope for investing

"in foreign assets, and it 1is therefore not so that an increase in the

risk-free rate of return‘implies higher investment in the risk-free asset.
Naturally, terminal wealth 1is reduced. Consumption is somewhat higher in
the first periods and is later reduced due to the 1loss of the potential
gain from uncertainty. -

An increase in the rate of time preference Brimplies that the
consumption path is shifted toward the beginning of the planning period.
This early increase in consumption gives less scope for .saving and terminal
wealth is reduced. Investments in uncertain assets are not affected by &
since the allocation of total wealth between uncertain alternatives is
determined as a static portfolio problem once the optimai trade-off between
consumption and future wealth has been establighéd in each period. L

An - important question in macroeconomic planning under uncertainty
is to elucidate the implications for economic policy with given stochastic
assumptions and an explicitly stated attitude towards risk. The scenarios
of the Perspective Analysis which we are referring to 1illustrate the
implications of tight and lax economic policy under alternative scenarios
for uncertain future income. These policy alternatives are established by
variations in the exogenous variables and government instruments in the
MSG-model. It is not obvious how a corresponding simulation of policy

alternatives can be performed in the stochastic optimization model.

‘However, different assumptions about the risk aversion parameters entail a

different propensity to pursue a tight or a lax economic policy. Consider
a situation where the government is more concerned about future consumption
possibilities and wants to pursue a policy for increasing the national
wealth at the end of the planning period. In a fully efaborate& macro-
economic context this is aimed at by steering the exogenous variables so as
to decrease current consumption and promote accumulation in foreign (and
domestic) assets. In our model it is natural to express such a concern in

terms of risk aversion: a policy which aims at reducing current consumption

-and increasing terminal wealth corresponds to a shift in the risk aversion

parameters toward higher B and lower Y.

In order to realize the effect of risk aversion, it is elucidating

to express a specified change in economic policy by the correspohding

v;riations in the risk aversion parameters. In this empirical application
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we have intended to interpret the policy alternatives discussed by the
Perspective Analysis in terms of risk aversion.

The alternatives 2.2 and 3.1 represent the tight policy alternative
under each income scenario, whereas 2.1 and 3.2 represent the lax policy
alternatives. By variations in B and Yy we have established the scenarios
of our model which <correspond to these four policy alternatives. The
results are presented in table 6 and in figure 4 and 5.

As the reference scenario of the stochastic optimization model
deviates from the reference scenario of the MSG-model, it has not been our
intention to simulate the four alternatives (2.1, 2.2, 3.1, 3.2) exactly by
appropri;te adjustments of the risk aversion parameters. However, we have
applied the same criteria for establishing our alternatives as those of the

Perspective Analysis:

- Tight policy in the high expected income scenario (=2.2) and lax
policy in the low expected income scenario (=3.2) should aim at the

same increase in consumption as the reference scenario

- Tight policy in the low expected income scénario (=3.1) and 1lax
policy in the high expected income scenario (=2.1) should aim at

the same terminal wealth position as the reference scenario.
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Table 6. Selected results from the stochastic optimization model.
Net foreign
Total consumption Total wealth reserves
Scenario in 2000 as increase 2000 2000
over 1980. Percent Billion kr Billion kr
1. Reference path .... T6.4 5568 , -i219
2. Higher petroleum
income ............
2.1 Increased dome-
stic use ...... 118.2 5561 -973
2.2 Increased capi-
tal exports ... 100.0 7846 -878
3. Sluggish world eco-
NOMY ..o ivinvnns
3.1 Tight policy .. 56.3 5619 -1218
3.2 Lax policy .... 70.2 4904 -1911

These criteria have been our guidelines for the choice of
appropriate variations of the risk aversion coefficients. The numerical
results can be summarized as follows:

An increase in B of 15 percent corresponds to a tight policy where-
by consumption is reduced according to this criterion. Since the terminal
wealth position differs between the two income scenarios, it was further-
- more necessary to reduce Yy by 10 percent to simulate 2.2 and to reduce Y by
S percent to simulate 3.1. Terminal wealth varies inversely with y. Since
2.2 is the alternative of higher expected income than 3.1, it.was necessary
~to reduce Yy relatively more in the simulation of 2.2 to account for the
large terminal wealth of this alternative. -

In the simulation of the lax policy alternatives 2.1 and 3.2 B was
decreased accordingly, i.e. by 15 percent. Since the terminal wealth
position of 2.1 should reflect the higher expected income as compared to
3.2, Y is increased by 20 percent in 2.1 and Y is decreased by 5 percent in
3.2.
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Figure 4. Consumption path 1980-2000. 8illion kroner
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The optimal consumption paths are illustrated in figure 4. The
simulations of the lax policy alternatives, 2.1 and 3.2, give consumption
paths which are higher than that of the reference scenario throughout the
planning horizon. The consumption path of the tight policy alternative 3.1
1s accordingly . lower. However, the consumption path of 2.2, which simu-
lates tight policy in the high income scenario, intersects the consumption
path of the reference scenario. The appropriate increase in risk aversion
entails lower consumption in early years, and this effect is gradually
reversed due to the wealth effect of the high income assumption.

The wvariations in the risk aversion coefficients B and Yy in the

- simulation alternatives are all within the range given by (6.1), thus total
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wealth 1increases 1in early years and declines thereafter, see figure 5. In’
accordance with our criteria for establishing the simulation alternatives,
terminal wealth in the scenarios of 2.1 and 3.1 turns out as in the
reference path, while terminal wealth of 3.2 is lower and terminal wealth
of 2.2 1s higher. The initial decline in consumption in the high income
scenario 2.2 gives a considerable growth in total wealth, and the sloping
down of total wéalth occurs at a later stage than in the other alterna-
tives. Thus consumption in 2000 comes out somewhat higher than in the

reference scenario.

Figure 5. Total wealth 1980-2000. 10 billion kroner.
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Investments in uncertain assets decline monotonically in all simu-
lation alternatives, as our assumptions about the risk aversion parameters

entail that a conversion from uncertain_ assets into the risk-free
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alternative will take place. Thus foreign debt is reduced throughout the
planning period 1in all alternati?es. However, none of the alternatives
imply positive net foreign reserves within a horizon of 20 years. The
explanation 1s that initiﬁl optimal accumulation in the unceftain assets 1is
substantially higher in all alternatives than the «corresponding national
account figures for 1979, which are used to determine initial wealth of the
model. In order to realize the optimal solutions for consumption and in-
vestments in uncertain assets a substantial foreign debt has to be incurred
initially. Net foreign wealth pdsition 'is determined residually in the
model, and the initial levels of foreignvdebt entail that positive net
foreign reserves cannot be obtained in a time span of 20 years. This con-
clusion Ls crucially dependent on the constancy of the other parameters but
the rzsk aversion coefficients.. If e.g. the standard deviation of the o0il
price is increased by 25 percent, a decline in the accumulation of uncer-
tain assets whereby foreign debt starts at a more modest level than in the
depicted alternatives. With this assumption the reference scenario will in
fact come out with positive net foreign reserves in 2000;

Within ‘each alternative oil production is fairly constant once the
optimal path has been reached, see figure 5. In the alternatives of lax
policy 2.1 and 3.2, the initial optimal value of the 0il reserves is
substantially ﬁigher than the initial estimate for the value of the oil
reserves because of the reduction in the risk aversion coefficient 8. As a
consequence, the model gives negative oil extraction in 1980 (not.shown in
the figure). Similarly, a substantial peak occurs.in initial oil production
in the tight policy alternatives 2.2 ana 3.1 because thg iﬁitial‘ optimal
value of the oil reserves is reduced due to the higher degree of risk
aversion. However, from 1381 the oil production paths show that optimal oil
production is higher in the lax policy alternatives and iower in the tight

policy alternatives as compared to the reference scenario.
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Figure 6. 0il depletion. 1980-2000. Mtoe.
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Notes: For scenario 2.1 and 3.2 the first-year depletion is negative,

about -320 mtoe.

Although solutions with initial peaks in oil production or initial

negative oil production are not exceptional in an optimization context,

they <can naturally not be implemented. In terms of policy guidelines, we

can, however, interpret the initial negative o0il production as

cation that o0il production

an indi-
has been too high .in the preceeding periods and
the remaining level of 0il reserves is too small in 1980 as compared to the

optimal o0il reserves. If oil production is temporarily postponed for some

years, the value of the o0il reserves will gradually reach the optimal

level, and thereafter o0il production can follow the optimal paih;
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Accordingly, a solution with an initial oil production which is
higher than excisting capacity suggests that .actual o0il production should
gradually 1increase above the optimal level until the optimal reallocation
of uncertain assets have taken place.-

As a consequence of uncertainty, oil production in all alternatives
is higher throughout the planning horizon than the projected o0il production
paths 1n the scenarios of the Perspective Analysis. However, in the
alternatives of low risk aversion (2.1 and 3.2), optimal o0il reserves are
initially higher than the current estimate because it is more profitable to
maintain uncertain assets. On the other hand, the optimal terminal o0il
reserves come out lower in all alternatives as compared to the projections
of the Perspective Ahalysis. Thus the conclusion that uncertainty provides
an 1incentive to increase o0il production and convert the o0il reserves into
more certain assets, is near at hand. Our conclusion is in accordance with
the present value <calculations given in the report of the government
appdinted committee on the future extent of petroleum activities on the
Norwegian continental shelf (NOU 1983:27, annex 14). In these present
value considerations uncertainty was not wexplicitly taken into account.
However, it must be kept in mind that although a lower risk aversion
implies higher oil production, it also indicates that the initial oil
reserves should be higher.

In terms of risk aversion, we have thus established alternatives
for economic policy corresponding to what is considered by the Perspective
Ana;ysis as a  relevant feasible set. Starting from the given stochastic
assumptions and with a given degree of risk aversion, the stochastic
optimization model yields guidelines for policy implications under
uncertainty, which can be applied for evaluating 1long-term macroeconomic
projections for the MSG-model.

The important lesson to be drawn is that moderate variations in the
attitude toyard risk may have fairly large impacts in terms of choices of

economic policy.
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