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Abstract

Terje Skjerpen

Seasonal Adjustment of First Time Registered New Passenger Cars in Norway by Structural Time
Series Analysis

Reports 95/30 • Statistics Norway 1995

Within the framework of structural time series models it is shown how monthly unadjusted data can be seasonally
adjusted. It is assumed that a time series or the log of it is the sum of three unobserved components corresponding to
trend, seasonality and irregularity. For each of these components we assume explicit stochastic processes. Utilizing
the State Space Form and Kalman filter techniques the unobserved components can be estimated and the observed
time series can be corrected for seasonality. With respect to the seasonal component we comment on two different
stochastic specifications which coincide in the generating deterministic case.

To illustrate the application of the structural time series approach to seasonal adjustment, we utilize time series for
first time registered passenger cars in Norway from 1973 to 1994. We are also seasonally adjusting this time series
using X11-ARIMA, and we apply some practical criteria in order to compare the decompositions obtained from the
structural time series models and X11-ARIMA.

Keywords: Unobserved components, State Space Form, seasonal adjustment, X11- GRIMA.
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1. Introduction'

Statistics Norway seasonally adjusts a large number of both monthly and quarterly time series on a regular basis.
The seasonal adjustment takes place in different departments of the institution , but they all use the same
computer program, namely X11-ARIMA (cf Dagum(1988)). X11-ØMA is well suited for a situation where a lot of
time series have to be seasonally adjusted (and smoothed) fastly. This is due to the high level of automatization in
the program.

However, in the time series literature competing methods for seasonal adjustment have been available for a long
time. In the influential book of Box and Jenkins (1970) the class of seasonal ARIMA-models was introduced in
order to model univariate seasonally unadjusted data. Ordinary and seasonal differencing was undertaken in order
to model stationary time series data. On the basis of the work of Box and Jenkins two different but strongly related
traditions have evolved. In the first of this which one can label a reduced form approach, one identifies an
adequate ARIMA-model and for the chosen model one uses frequency domain methods to identify the different
time series components. From the results in the frequency domain one can make optimal filters in the time domain
which mirror the results obtained from the spectral decomposition. The resulting filters can be interpreted as pass-
filters. For instance the trend filter is a low-pass filter which allows only cycles with long periodicity to pass. This
methodological approach is pursued by Maravall (1988) and is also the basis for the computer program SEATS (cf
Maravall and Gomez (1994)) which has been launched as a competitor to X11-ØMA.

The other tradition is the structural time series model approach which was orginated by the work of Engle (1978).
In the structural the time series model one assumes explicit ARIMA-processes for the unobserved components.
From the underlying assumptions it is possible to deduce a reduced form ARIMA-representation in which however
the parameters are constrained since they are function of a lower dimensional vector of the parameters in the
structural model. After having estimated the structural parameters the seasonal component can be extracted from
the observed time series and a resulting seasonally adjusted time series are obtained.

The advantage of all these time series methods is that the assumed data generating process for a time series is
written down explicitly. This facilitates the interpretation of the decomposition of the time series since one in some
way or another is forced to define for instance what is meant by the seasonal component. Besides they emphasize
that there will always be some arbitrariness inherent in the seasonally adjusted data since several distinctive
models can be set up for the purpose of seasonal adjustment. Thus one should not forget that secondary data has
another status than original data.

X11-ARIMA does not produce any uncertainty measures connected to the estimates of unobserved components
such as the seasonally adjusted values. Even if Pfefferman (1993) and Pfefferman, Morry and Wong (1995) have

' The author wishes to thank Olav Bjerkholt, Ådne Cappelen and Anders Rygh Swensen for comments and Tone Veiby for the
final typing of the report.
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given formulas for the variances of estimated components from X11 and X11-ARIMA under very weak conditions,
it may still be more straighforward to estimate the uncertainty from parametric models.

In this paper we will be concerned with the structural time series models approach to seasonal adjustment. The
computer program STAMP', which methodological basis is the book by Harvey (1989), will be used for the
numerical calculations. Since STAMP is a menu-driven program it should not be viewed as an alternative to X11-
ØMA when it comes to production of seasonally adjusted data. However, it will frequently be necessary to
evaluate the options choosen for seasonal adjustment of specific time series by X11 ØMA, and as natural part of
this process it seems worthwhile to utilize the conclusions which can be drawn from univariate time series
modelling.

In order to illustrate the structural time series approach to seasonal adjustment the monthly time series for the
number of first time registered new passenger cars in Norway is used. There are at least two reasons for choosing
just this economic indicator. First this is an economic variable which receives a lot of attention by economic
agents. It is by many viewed as a leading indicator. An upswing in this variable is often believed to be followed by
better prospects for the economy in general. However, the time series contain seasonal and irregular components
which have to be removed in order to isolate the trend. Second this economic indicator has been subject to time
series analysis in which intervention techniques have been combined with X11-ØMA. Intervention analysis can
be used to correct a time series for abrupt changes which may or may not have a substantial explanation. Within a
seasonal adjustment context abrupt changes may contaminate the seasonal factors. Pham (1995) preadjusted the
number of first time registered new personal cars by using the intervention technique and applied X11-ØMA to
the corrected time series. The intervention technique was first applied to economic data by Box and Tiao (1975)
and different variants of it have also been implemented in several computer programs. Also within a structural
time series approach one can correct for intervention effects. This has not been done in the current report, but may
be a topic for further reasearch.

The rest of the report is organized as follows: In chapter 1 we describe the different structural time series model
which are used in this study. Some fundamental properties of these models are deduced in appendices A and B. In
section 2 we show how these models can be presented in the State Space Form, whereas we in section 3 dwell
upon estimation, diagnostic testing and smoothing. Section 4 is devoted to the empirical results based on the
structural time series models. In section 5 we give a very short description of the X11-ØMA method, and in
section 6 we compare the seasonal adjustment of the number of first time registered passenger cars by use of
structural time series models and X11-ØMA. The conclusions are drawn in section 7. The data are given in
appendix C.

2 A new version of STAMP called STAMP 5.0, cf Koopman, Harvey, Doornik and Shephard (1995), is now available. The
calculations in this paper are based on STAMP 3.0.
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2. Modelling framework

In this paper we focus on the following decomposition of a monthly time series, y t :

(1.1)	 y t = t + y t + Et ,

where µt is taken to be an unobserved trend component which in the general case follows a random walk with
stochastic drift:

(1.2)	 µ t = µ t-i + f -1 + u t , where

(1.3)	 f3t=I3t-1 +c .

The variable yt is an unobserved component which represents seasonality. In this paper we explore two stochastic
seasonal processes which coincide in the degenerating deterministic case. A detailed treatment of these processes
will be given in the next section. Finally, the variable ct is an irregular component which is assumed to have white
noise properties.

2.1 The seasonal component

For the seasonal component we distinguish between two stochastic specifications which under a degenerating
deterministic case coincide. These two seasonal models are termed the dummy seasonal and the harmonic seasonal
specification, respectively. In the dummy seasonal case the seasonal component is assumed to develop according to
the following stochastic process:

(1.4)
11

Y t-2 — wt.
i=o

For the measurement error in (1.1) and the disturbances in (1.2)-(1.4) we make the following stochastic
assumptions:

(1.5) (ct,µt,v„ wt) 'A NID (o4Xi ,DIAG[ E, C511 ,0-2w , & ])

where NID stands for normally and independently distributed.

Both the specification of the trend and the seasonal component implies non-stationarity of the observed variable.
However a stationary specification can be easily obtained after some appropriate differencing. In appendix A we
deduce the socalled stationary form of the basic structural model with the dummy seasonal specification (cf
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equation (A.10)). This implies that some transformed (by differencing) value of yt is a linear function of current
and lagged values of the measurement error and of the disturbances in the processes of the unobserved
components.

Besides the above specification of the seasonal component, we also explore the consequences of using an
alternative specification based on trigonometric functions. In this model the seasonal component, y t, is given as a

sum of stochastic seasonal cycles corresponding to the fundamental seasonal frequency and the companion
harmonics. (For the properties of trigonometric functions see table 1.) Thus, formally we have the following model
for the seasonal component:

6

(1.6) 	y, =	 Y i,t
i=1

For 1< i < 5, yl,t is defined implicitly by the following two equations:

(1.7a) y 	cos(A. ; )'y , _ i + sin( , )Y -
 + c), and

.
(1.7b)	 * 	 _ -- '	 .	 .  	 _ 

2^i	y	 ,, 	sin(^, ; )Y  t - i + cos(^,  )Y  t - i• 	 + ca ;  t ,• where ^ 	.
12

The yl't's are auxilliary variables facilitating a state space formulation of the structural time series model. For i=6
we have, since sin(X,6) = sin(n) = 0, a simpler specification given by:

(1.8)	 y 6,t -- y 6 , t —i -^- c° 6,t •

Let ca t= [co1,t,wi 	 be an 11x1 vector containing the disturbance terms at period t. Then the

following stochastic assumptions are made:

2(1.9)	 w t N(011,0.,6  Illxll)^ and

(1.10) Ecota,' =O11x11•

Equation (1.9) imposes the same variance for all the disturbances. This is not required for the identification of this
structural time series model, but it is an assumption which to a large extent simplifies the numerical calculations
associated with the estimation of the hyperparameters. In appendix B we elaborate more on this structural time
series model. It is shown that we can apply the same filter on yt as in the dummy seasonal case in order to obtain
stationarity. As for the dummy seasonal case the autocovariance function of the transformed variable only depends
on 4 hyperparameters. The difference between the two seasonal specifications comes from the different ways they
structure the autocovariance function.
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3. Structural time series model in the
State Space Form

We want to estimate the hyperparameters of the structural time series models and we also want to extract the
components using all the sample information. Besides we want to assess how successful the decomposition has
been. It turns out that the State Space Form is useful for all three purposes. We start up this section with some
general remarks about the State Space form and turn later to how our structural time series models can be
formulated within this context. It should be pointed out that we do not write out the State Space Form in its most
general form since this is not necessary facing our concrete application. In the State Space Form with a single
measurement one distinguishes between the measurement equation (2.1) and the transition equations (2.2)

respectively:

(2.1) y   = AI't +Ø and

(2.2)	 rt = 1-Tt_ 1 +

In (2.1) yt (a scalar) is the value of the observed variable or some simple transformation of it in period t. The
observed variable in period t is a linear function of the unobserved state vector in the same period , rt. Let this

vector have the dimension m x 1. The system vector A is of dimension 1 x m. In our application this matrix is

known. Finally the scalar Øt represents measurement noise in period t. The development of the state vector is

governed by the transition equations in equation (2.2) . The m x m matrix T which is termed the transition matrix
is like the vector A known in our application. R is a time invariant and known m x q matrix (where q is less than or
equal to m) and ^ is an q x 1 vector of disturbance terms in the transition equations. The following stochastic

assumptions are made:

(2.3)	 Øt --- NID (0, (Y244) ; t = 1,... , T,

(2.4) 	-'- NID (oq), 1, S2) ; t = 1,...,T,

(2.5) E(4s) = Og x i ; t ,s = 1,...,T,

(2.6) ro ~ N (E (ro), E (roro ' ) ),

(2.7) E(roØt) = 0; t= 1,...,T, and

(2.8) E (I'oC, ' ) = 0.. q; t = 1,..., T.

12
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In (2.3) a ØØ is the variance of the noise in the measurement equation. The matrix S2, which is of dimension q x q,

is the covariance matrix of the disturbance terms in the transition equations. In our empirical application this will
be a diagonal matrix. The assumption in (2.5) means that the noise in the measurement error is stochastic
independent of the errors in the transition equations.. In (2.6) - (2.8) we state our assumptions with regard to the
initial conditions. The initial state vector is assumed to be distributed independently of the noise in the
measurement equation and of the disturbances in the transition equations. Since we only have nonstationary
elements in the state vector some care must be taken in defining the initial conditions.

Let ht.„ denote the optimal estimator of rt., using observed information up to and including period
t-1, and let Pt_ 1 be the covariance matrix of the estimation error:

(2.9)	 Pt-1 = E[(h t-1 _ r _, )(h1 _ Pt_, )' ]

Given ht_1 and P, 1 the the optimal estimator of rt is

(2.10) h tit -1 = Th t _ 1 , with covariance matrix

(2.11)

Equations (2.10) and (2.11) are known as the prediction equations. When a new observation of y becomes
available the estimator of ht and its covariance matrix P t will be updated according to:

(
 h t = h t1t _ 1 + Ptit _ 1 A'

`ft i
(Yt	 Ahti t -1) and

Ptit _ 1 = TPtv1 T '  + R.S2R'.

(2.13)	 Pt =Pt1t-1 - Pt^t _1A ►

r l^

Jt)
Øtlt-1 ,

where the scalar ft is defined as:

(2.14) f; = APt ^ t -1A ' + 
62Ø•

We are now prepared to recast the two structural time series models in the State Space Form. In the dummy
seasonal case the state vector is given as:

(2.15)	 I't =(tt,f3t57t5Yt_i,.••5yt_10) •

13
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The transition matrix T is given by the following 13 x 13 matrix:

1 1 0 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0 0

0 0 1 1 1 1 1 1 1 1 1 1 1

0 0 1 0 0 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0 0

(2.16) T = 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 0 0 0 1 0

The system matrices A and R are given by respectively:

(2.17) A41 0 1 0 0 0 0 0 0 0 0 0 01 and

(2.18) R = f I3x3 1
[010x3j

Furthermore we have that 6 204, = c L and C _ (ut, vr, wt)' with covariance matrix

(2.19) S2= DIAG 6 2
uu ,6 2,,„6 2ww

This completes the specification of the dummy seasonal model in the state space form. In the model with harmonic
seasonality the state vector is given by:

* 	 * 	 * 	 * 	 *
(2.20)	 rt =- µ 	 Pt Y l,t 71,t 72,t Y 2,t 134 Y 3,t 744 Y 4,t Y 5,t Y 5,t Y 6,t •

14
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The transition matrix T is given by:

1 1 	 0	 0	 0	 0	 0 0	 0	 0	 0	 0	 0

0 1	 0	 0	 0	 0	 0 0	 0	 0	 0	 0	 0

0 0 if 1 	0	 0 0 0 0	 0	 0	 0	 0
2	 2

0 0 —1 1^ 0	 0 0 0 0	 0	 0	 0	 0
2 2

0 0 0	 0	 1 1^ 0 0 0 	 0 	 0	 0 	 0
2	 2

0 0	 0	 0	
2-f-2
	 0 0	 0	 0	 0	 0	 0

(2.21) T= 0 0	 0	 0	 0	 0	 0 1	 0	 0	 0	 0	 0.

0 0	 0	 0	 0	 0	 —1 0	 0	 0	 0	 0	 0

0 0 0	 0	 0	 0 0 0 —^ l^	 0	 0 	 0
2 2

0 0 0	 0	 0	 0	 0 0 
—213-
	 —2	 0	 0	 0

0 0 0	 0	 0	 0 0 0 0	 0 —l^ 1 	0
2	2

0 0 0	 0	 0	 0 0 0 0	 0	 —1 —lf 0

0 0 0	 0	 0	 0	 0 0	 0	 0	 02
	 2

0	 —1

In the structural time series model with harmonic seasonality the matrix R is the 13 x 13 identity matrix, whereas
the system vector A is given by

(2.22) A= [1 0 1 0 1 0 1 0 1 0 1 0

For the variance of the measurement equation we have that 6 200 = 6w . The vector of the disturbances in the

transition equations is given by:

=
	 *	 * 	 * 	 * 	 *

(2.23)	 çt ° ut 	Vt	 ^ l,t	 ^ l ,t	 032,t 	CJ 2,t 	C° 3,t 	'°3 3,t 	 4,t	°3 4,t 	(1) 5,t 	 (1) 5,t 	(1) 6,t 	 •

The covariance matrix of this vector is:

(2.24) SZ=DIAG y. ,62ww ,a2,0. ,Cå20.0 , C ĉuc^ ,62c0w ,62ww ,c52ww ,
c520,0) , 62. , 
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4. Estimation, testing and smoothing

Estimation of the hyperparameters can be done both in the time and the the frequency domain. The log-likelihood
formulated in the frequency domain can be viewed as an approximation to the true log-likelihood which works
well when none of the hyperparameters are close to zero. However in practical applications borderline solutions is
rather the rule than the exception. Because of this we use the algorithm in STØ which is based on the time

domain formulation of the log-likelihood.

Let the (theoretical) one-step-ahead prediction errors be defined as:

(3.1)	 St = Yt — Ytit-1 .

In equation (3.1) yt,t-1 denotes the optimal predictor of yt given past information. This predictor may also be written
as:

(3.2)	 y t1 t-1 = ATh t_1.

The variance of the one-step-ahead prediction errors is given by:

(3.3) ft = ATPt_ 1 T'A' + ARCM 'A' + 6 ØØ

Note that St and ft is a function of the hyperparameters of the structural time series model. We are now able to
express the log likelihood function in the the prediction decomposition form. We assume that the initial state
vector has been initialized by a diffuse prior. This means that the initial state vector can be taken to have
expectation zero and a scalar covariance matrix in which the scalar is large but finite. In accordance with this
assumption maximum likelihood estimation is done conditional on the first d observations. The number d equals
the number of non-stationary components in the state vector, which in our application turns out to be 13. The log-
likelihood function may now be written as:

(T -- d)	 1 T 	1 T S t(3.4)	 ln(L) = — 	2 	 ln(27t) — —	 111.(ft ) — —	 •
t=d+1	 2 t=d+1 ft

However, it is possible to simplify the numerical problem further by reparameterizing all the variances in the set of
hyperparameters in such a way that they share a common scalar. The ususal normalization is to let this scalar
coincide with the variance of the measurement noise. This means that this scalar can be concentrated out of the
log-likelihood functions and that maximimum likelihood estimation can proceed by maximizing a lower
dimensional concentrated log-likehood. For this procedure to work it is however essential that the variance of the

16
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measurement error is positive. If it is not, the common scalar must coincide with one of the remaining variances
which is positive.

Let a symbol with an A indicate a realized value based on maximum-likelihood estimation of the hyperparameters.
The standardized innovations which can be utilized in the definitions of several test diagnostics are defined as:

(3.5)	 I t
 = S t .

Ë:
0.5

The standardized innovations should be free from autocorrelations. This can be tested by a Box-Ljung portmanteau
statistic suited for structural time series models. Let the autocorrelation at distance i of the standardized
innovations be defined as:

Eu t 	-i)
(3.6)	 (T)	 t=d+1+T 

T

Eu t _1)2
t=d+1

The Box-Ljung statistic of the significance of the first P autocorrelations is then given by:

P

(3.7) Q = (T—d)(T—d+2)(T—d — T) - 'rI (t).

Under the null of no autocorrelation Q is f-distributed with (P-(n-1)) degrees of freedom, where n is the number

of parameters in the concentrated log-likelihood function. In the empirical application P will be set to one third of
the (effective) sample size.

A simple test of heteroskedasticity is based on the following statistic:

(3.8)	 H(h)

I2t
t=T—h+1 
d+1+h 	•

/2t

t=d+1

Under the null of no heteroscedasticity hH(h) is f-distributed with h degrees of freedom. In the empirical
application h will be taken as one third of the (effective) sample size.

To test for normality in the standardized innovation we employ a Jarque-Bera type statistic. It can be shown that
the maximum likelihood of the variance of the measurement noise, which is concentrated out of the log-likelihood
function, is given by the following formula:

T

3.9	 62 = 	 1 	 2 ( ^ 	EI,.
(T — d) t=d+l

To set up the test statistic for normality let us first define the following expressions:

17



Seasonal Adjustment by Structural Time Series Analysis 	 Reports 95/30

(3.10)	 b l = 
6vv

	 (
I t  I)3  ,and

r=a+t (T — d)

T (I t —. 
)4
(3.11) b2 =6 ,^,

t=d+1
 (T -- d)

The test statistic for normality is now given by:

(3.12) N = (T d) b + (T 
	^ 2d) b —3)2 .

6 1	 24

The first term on the right hand side of (3.12) takes care of skewness whereas the latter takes care of kurtosis.
Under the null of normality N is f-distributed with two degrees of freedom.

Since our aim is to estimate the components of the state vector, it will be optimal to utilize all the sample
information. This is known as smoothing and is conducted by running the Kalman-filter recursions backward.
Several algorithms are available, but below we will only mention the fixed interval smoothing algorithm. Let
generally xriT mean that we are estimating a component at period t utilizing the sample information of all T periods
and let us for short write 	 as xi.. The fixed interval smoothing equations are given by:

(3.13) h t ^ T =h + Pt (h t+1^T —Tht),and

(3.14) Pt I T = Pt + Pt (Pt+11T — Pt+lit ), where

(3.15) Pt = PtT ' Pt+l^t, t =

For t=T-1 we have:

(3.13a) h T-1'T — h T -1 + PT -1(h T

(3.14a) PT-11T = PT-1 +PT-1(PT — PTT-]) , and

(3.15a) PT-1 — PT-1T ,PTI T-1 '

Note that all terms on the right hand side can be obtained from the Kalman filter. Having calculated the left hand
side of these equations one can proceed to calculate hT_2 T, PT-21T and PT_2 • The process continues until one has
calculated hi iT, P1 IT and Pi.

18
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5. Empirical results

Table 2 contains some estimation and test results for the structural time series models. The upper part of the table
corresponds to the dummy seasonal specification, whereas the lower corresponds to the harmonic seasonal
specification. The entire sample length is January 1973 to December 1994. Since we in the next section will be
occupied by revision of the seasonal component table 2 also contains some estimation results based on subsamples.
Our first subsample does only cover the period up to december of 1990. Then in the next subsample 12 new
observations are added. This process continues until we reach the entire sample. In the right part of the table we
have given som test diagnostics connected to the standardized innovations.

The most striking feature is that the drift of the trend and the seasonal component seem to be close to

deterministic. In the last three subsamples the variance of the slope of the trend component 62, is zero, i. e. at the

border of the admissible parameter set. In the two first subsamples we have a small positive value. For the
disturbance variable of the seasonal component it is the other way around. The estimation result for the first three
subsamples supports a fixed seasonal pattern. For the two last subsamples there is some evidence of a changing
seasonal pattern. These results are common for both representations of the seasonal component. The highest
variance is obtained for the disturbance term of the trend component, which is somewhat higher than the
estimated variance of the irregular component. Of course it would be more satisfactory to test for fixed
seasonality on a formal basis and simultaneously assuming a deterministic drift in the trend component. This is
however not straigthforward since it involves non-standard inference. It should be noted that if no evidence of
stochastic seasonality is found in any of the the models, the models in the upper and lower panel degenerates to
the same. There is no evidence of heteroscedasticity or non-normality in any of the models or subsamples.
However there is some sign of serial correlation in the standardized innovations. In the full sample the significance
probability of the Box-Ljung statistic is 2 per cent in the model with the dummy seasonal specification and 2.8 per
cent in the model with the harmonic seasonal specification. These relative low significance probabilities are mainly
due to a rather high autocorrelation of the standarized innovations at lag 12.

Since both the drift in the trend component and the seasonal process seems to be fixed it is of great interest to test
the joint hypotheses that both the accompanion variances are zero. It is however not straightforward to use
standard testing principles such as LR, WØ or LM. However, Franzini and Harvey (1983) have constructed a
point optimal test which can be used in this case, which they term the partially deterministic case. Using a point
optimal test both the null and the alternative hypotheses are fully specified. Harvey shows that the test statistic,
which he denotes the b* - statistic, can be calculated as the ratio between the sum of squares of standardized one-
step-ahead prediction errors corresponding to the partially deterministic case divided by an other sum of squares
of standardized prediction errors corresponding to the model under the alternative hypoteses. The seasonal
specification of the seasonal process under the alternative hypothesis is based on the dummy seasonal

specification. The numerator is obtained by running the Kalman filter with 6 EE = 0, a 2„„ =1 and c = a = q

(where q is a fixed number which depends on the frequency of the data as well as the sample size) whereas the

denominator is obtained by running the Kalman filter with a 2cE = 0, 62m, =1 and 6 2, = a = 0. The partially

19



Seasonal Adjustment by Structural Time Series Analysis
	 Reports 95/30

deterministic model is rejected if the ratio become to small. Critical values (corresponding to an optimal value of
q) have been tabulated by Franzini and Hendry (1983) for quarterly data. However, in principle a corresponding
test can also be constructed when facing monthly data. This implies fixing q to a new value and establishing new
critical values.

Test diagnostics

Non-
Last month 	 Serial correlation 	 Heteroscedasticity 	 normality

in sample 	 a'u„ 	 6
2

, 	u„,^ 	 a 2
	Q	 DF 	 P 	 hH(h) 	 DF 	 P 	 N 	 P

I. Dummy seasonal specification

	1990.12 6.1699	 0.0002 	 0 	 4.6014 	 18.15 	 11 	 0.078 0.8587 (67,67)	 0.733 	 2.5181 	 0.284
	(1.3894)	 (0.0003)	 (1.0296)
	1991.12 5.9365	 0.0002 	 0 	 4.5092 	 18.92 	 11 	 0.063 0.8199 (71,71) 	 0.798 	 2.7144 	 0.257
	(1.3028)	 (0.0004) 	 (0.9724)
	1992.12 5.6345	 0 	 0 	 4.6750 	 23.53 	 12 	 0.024 0.7366 (75,75) 	 0.906 	 2.6062 	 0.272
	(1.2010)	 (0.9386)
	1993.12 5.7988	 0 	 0.0002 	 4.6328 	 23.46 	 12 	 0.024 0.8158 (79,79) 	 0.816 	 1.7597 	 0.415
	(1.1977)	 (0.0123) 	 (0.9533)
	1994.12 5.7130	 0 	 0.0145 	 4.3586 	 24.02 	 12 	 0.020 0.7818 (83,83) 	 0.868 	 2.4040 	 0.301
	(1.1513)	 (0.0163) 	 (0.9044)

IL Harmonic seasonal specification

	1990.12 6.1697	 0.0002 	 0 	 4.6015 	 18.15 	 11 	 0.078 0.8587 (67,67) 	 0.733 	 2.5184 	 0.284
	(1.3894)	 (0.0003) 	 (1.0296)
	1991.12 5.9368	 0.0002 	 0 	 4.5091 	 18.92 	 11 	 0.063 0.8199 (71,71) 	 0.798 	 2.7137 	 0.257
	(1.3029)	 (0.0003) 	 (0.9724)
	1992.12 5.6304	 0 	 0 	 4.6782 	 23.52 	 12 	 0.024 0.7365 (75,75) 	 0.906 	 2.6107 	 0.271
	(1.2004)	 (0.9834)
	1993.12 5.4872	 0 	 0.0015 	 4.4797 	 22.20 	 12 	 0.035 0.7728 (79,79) 	 0.873 	 1.9671 	 0.374
	(1.1602)	 (0.0008) 	 (0.9364)
	1994.12 5.3867	 0 	 0.0018 	 4.2489 	 23.00. 	 12 	 0.028 0.7440 (83,83) 	 0.910 	 2.8433 	 0.241
	(1.1071)	 (0.0009) 	 (0.8857)

a Standard deviations in parentheses. Parameters and standard deviations are multiplied by 1000.
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6. Seasonal adjustment using
X11- ARIMA

The number of registered new personal cars has also been seasonally adjusted using X11-ARIMA. The seasonal
adjustment by X11-ARIMA has mainly been conducted in agreement with the official way Statistics Norway
seasonally adjusts and publishes this time series. This means running the programme mainly with default options.
Calendar effects, i. e. trading day effects and the effect of the position of easter, are allowed for to the extent they
come out significantly. In principle it is rather easy to take account of such calender effects also within a structural
time series framework (cf for instance Dagum, Quennville and Sudrathar (1992)) . However, the estimation of the
augmented models taking care of such effects could not be done because of too little workspace. In X11-ARIMA
five ARIMA-models are automatically fitted to the time serie in question and properties of the respectively models
are decisive of whether they are accepted for forecasting. One always starts out with the most parsimonious model,
i. e. the so-called airline model. If this model is in accordance with the requirements it is chosen for forecasting, if
not one proceeds to the next model. However, a situation in which no of the five models are accepted is not
unusual. For the time series in this paper it is the case for some of the subsamples. The question is how one should
meet this result. For an explanation of the underlying algorithm confer Dagum (1988). Like in the structural model
we have assumed a multiplicative model for the unobserved components.

Besides the trend, seasonal and irregular component allowance is also made for extreme values and calendar
effects. The decomposition has been done on different subsamples, with observations ending in different months of
1994. Except for the case when the observations ends in December 1994, the simple airline model is found to be
adequate as a forecast model. Also when the sample ends in December 1994 one is very close to the acceptance
region using the airline model, and the airline model has also been applied here. The X11-ARIMA programme
supports some qualitative statistics in order to assess how successful the decomposition has been. These statistics
are all constructed in such a way that they vary in the interval from 0 to 3, where values below 1 are indicative of a
good decomposition model. For a further discussion of all measures confer Scott (1992) and Lothian and Morry
(1978) . All the subsample results show that all statistics but the first one is acceptable. The first statistic, which
measure the relative contribution of the irregular component to the variance of the percentage change in the
original series over 3 months span, is about 1.30. Figure 1 supports the seasonal adjusted values based on the
structural time series model with the dummy seasonal specification and the seasonal adjusted values from XII-
ARIMA. These values are based on the full sample. Since the seasonally adjusted values in the two structural time
series are rather equal, the seasonally adjusted values from the structural time series model with harmonic
seasonality has been omitted from figure 1. A comparison between the two structural models is given in figure 2.
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7. Seasonal adjustment by structural
time series models vs X11-ARIMA

It is not clear how one should compare seasonal adjustment by structural time series models and more mechanical
seasonal adjustment made by X11 -ARIMA. The main reason for this is that seasonal adjustment in X11-ARIMA to a
large extent can be viewed as non-parametric.

However using the forecast option for extending the time serie implicitly means that an ARIMA model is fitted to
the time series. A natural question to put forward is in which situations X11-ARIMA can be expected to estimate
the seasonal component «optimally» assuming some reasonable definition of the seasonal component. This topic is
analyzed by Wallis (1983) and Burridge and Wallis (1984). However, in order to achieve some theoretical results
they had to assume the absence of data irregularities caused by calender effects and outliers which are often
important properties of real time series. In this paper we will apply some practical (but formal) criteria for
comparing the seasonal adjustment by the two approaches. These criteria are the same that is used by den Butter
et al. (1985) and Butter and Mourik (1990) (cf also Butter and Fase (1991)) and have some interest from a
practical point of view. The general idea is to measure how different methods score on different indicators for
desireable properties (as viewed by practioners) of the seasonal adjusted serie and the seasonal component.
However, it should be mentioned that in the above references a large amount of different time series are
investigated and the interest is attached to systematic differences in performance of different methods for seasonal
adjustment.

The results from measuring the scores of the different methods are given in table 3. Below we define and
interprete the different indicators.

7.1 The average absolute percentage change of the seasonally adjusted serie

If the irregular component is important the seasonally adjusted serie will tend to be volatile and hence hard to
interpret. Thus all other things equal the seasonal adjustment method which supports the smoother seasonally
adjusted serie is preferable. To measure smoothness we employ the average absolute percentage change. Let Y t be
the observed time serie (not log-transformed) and let SA t be the seasonal adjusted serie obtained by some method.
For the structural time series model we have the following relationship between the observed value and the
seasonally adjusted value:

(6.1) SA = Ytt	 e Yt '

where y t denotes the extracted seasonal component obtained from the previous estimated structural time series
models. The average absolute percentage change (ABPC) of the seasonally adjusted serie is now defined as:

T

(6.2) ABPC : T 1 1 1100
t=2

SA, — SAt_1

SAt_1 
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In equation (6.2) T denotes the entire sample, which is 264. Not surprisingly the lowest value is obtained for the
seasonally adjusted serie from X11 ØMA. The omission of calender effects and outliers in the estimated
structural time series models may explain why X11-ARIMA performs somewhat better.

7.2 Orthogonality between the seasonal component and the seasonally adjusted serie
It seems reasonable to require that the seasonal component and the seasonally adjusted serie should be
uncorrelated or near uncorrelated. For the structural time series model it is easy to see that this means that the
smoothed components should share a property of the theoretical variables. Remember that our stochastic
assumptions postulate that the different components are theoretically uncorrelated. Formally orthogonality is
defined as the correlation coefficient between the seasonal component and the seasonally adjusted serie. Let the
symbol St denote the seasonal component at period t. For the structural time series models it coincides with the
denominator of equation (6.1) . Thus we measure orthogonality in the following way:

(6.3) Orthogonality:

E (s,_ --§, (SA t —SA)
t= 1

IIE
T (St - S )2 (SA t — SA)2

t= 1	 t= 1

From table 3 we see that the correlation coefficient is small in all three cases so one can not claim that lack of
orthogonality is a severe problem for any of the models.

7.3 Idempotency
The meaning of this property is the following. Assume that we have obtained a seasonally adjusted time serie by
one arbitrary method. Let us next treat this variable as the observed variable, i. e. we try to decompose this
variable in a trend component, a seasonal component and a irregular component. Since the left hand side variable
is already seasonally adjusted the seasonal component should not be present. Let SSA, denote the seasonal
component in level when the seasonally adjusted variable is treated as if it was the orginal serie. Formally
idempotency is now defined as:

(6.4) Idempotency: 1 E100
r=1

SSAt — 1
SA  

From table 3 it is evident that the sum in (6.4) is very close to zero. Thus one can argue that one can not use the
idempotency criterion to distinguish between the seasonal adjustment methods.

7.4 Residual autocorrelation in the irregular component
As opposed to the standardized innovations which is uncorrelated by construction, there will be some
autocorrelation in the smoothed estimate of the irregular component. However one do not want this to be too
severe. To measure the residual autocorrelation in the irregular component obtained by different method we
employ a Box-Ljung type statistic which utilizes the autocorrelations of the first twelve lags. Formally, we measure
residual autocorrelation by:
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12 	 rz

(6.5) Residual autocorrelation: T(T+2)E  k
k_1 

T— k

Table 3 reveals that the irregular component from X11-ARIMA contains less residual autocorrelation than the
irregular component from the two structural time series models, but again this may be caused by calender effects
and outliers.

7.5 Stability of seasonally adjusted value
The last property that will be commented on is stability. Again we need to define some new symbols. Let ly denote
the latest year that is used for seasonal adjustment and let S ly denote the seasonal component obtained by seasonal

adjustment over the indicated observation period. Let furthermore SLTiy -1 be defined as the mean percentage

change in the seasonal components for year ly-1 by extending the adjustment period from year ly-1 to ly, Le:

T"
(6.6)	 SLT y- 1 =	 100

12 t=i y_2 

S 
t
ly 

s
 s ly-1

Yt 

The criterion for stability is now defined as:

Stability (latest year):

(6'7) 1	 ly -1 	 ly -2 	 ly -3 	 ly -4- (SLT iy 	+ SLT Iy _ i + SLT Iy _ 2 + SLT Iy _ 3 ).4

Table 3 shows that the two structural time series models are superior regarding stability. The stability measure is
four times as high for the seasonal factors from X11-ARIMA compared to the seasonal factors calculated using the
structural time series models.

.. 	 .. 	 . 	 . 	 . 	 .. 	 -

able	 adjustment. 
. . 	 ..	 . 	 . . . . 	 . 	 .

'.....^`le ;`^.': Comparison seasonal ^d 	 b structural time series models and ^X1'^MARIMA^ 	 1	 Y structural

Properties Structural time series models  

	Dummy seasonal
	

Harmonic seasonal
	specificaton 	 specification

ABPC 9.0674 8.8062 6.4751
Orthogonality 0.0056 0.0128 0.0105
Idempotency 2.097 •10•' 3.752.10"' 4.382 •104

Residual autocorrelation 56.6 57.3 25.3
Stability 0.4751 0.6647 2.0045
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8. Conclusions

In this paper we have shown how structural time series models can be used for decomposition of monthly time
series in a trend, seasonal and irregular component. The term structural means that for each component of the
time serie an explicit parametric statement of the underlying process is made. All the assumptions taken together
ensures identification of the different components. In the most general case the trend component follows a random
walk with a drift, which also is allowed to follow a random walk. Two different non-stationary stochastic processes
were employed, which coincided in the degenerated deterministic seasonal case. In our empirical illustration the
models were applied on the log of the number of registered new passenger cars. A model simplification in which
both the drift of the trend component and the seasonality were fixed seemed reasonable, even if no formal
argument was given. An important property of the models mentioned above are that they can be used for seasonal
adjustment. After having estimated the system parameters, all components can be estimated using the entire
sample information. Thus a trend, seasonal and irregular component are extracted, which means that the observed
time serie can be corrected for seasonality. The time serie was also seasonally adjusted using X11-ARIMA and was
mainly done in accordance with the way Statistics Norway officially adjusts the serie. Some practical, but formal
criteria, were used in order to compare the output from the seasonal adjustment based on the two structural time
series models and X11 ØMA. The main result from this comparison was that the structural time series models
and X11-ARIMA had their strengths in different areas. A feature which made the comparison of seasonal
adjustment by structural time series models and X11-ARIMA difficult was the omission of calender effects and
outlier adjustment of the former. This was not done deliberately, but was a result of some technical shortcomings.
An alternative route could have been to run X11-ARIMA with no allowance of these effects, but then we would
have removed from the official seasonal adjustment of this time series.
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Appendix A. Properties of the basic
structural model with the dummy
seasonal specification

Let B be the backward operator such that for an arbitrary variable x t we have

(A.1) B i xt = xt_i .

Using this lag operator notation (1.2)-(1.4) can be written as:

(A.2) (1-B)gt=B13t+ut,

(A.3) (1-B) Qt=vt and

(A.4) S(B)=wt.

The expression S(B) in equation (A.4) denotes the summation filter and is, for monthly time series, defined by
11

(A.5) S(B) = B'

If we furthermore let the difference operator at distance i, Di, be defined by:

(A.6) Ai = 1 B l ,

we obtain after having multiplied by O 1 on both sides of (A.2) :

(A.7) Al N- = By i + A ^ u t .

If we now apply the combined filter D  i S(B) on both sides of (1.1) we obtain:

(A.8) S(B)DiY t =S(B)Bv +S(B)A i u t +Aiw t +S(B)AIE t .

Since we have that:

(A.9) 012 = S03)01,

equation (A.8) may also be written as:

(A.1O) Al A l2 Yt -- S(B)Bv t + 6, 12 U t + A1W t + A l2 61 1 6 t .

Equations (A.8) and (A.10) are termed stationary form representations of the nonstationary structural model.
Note that the highest power of B on the right side of (A.8) and (A.10) is 13. Equation (1.15) may also be written
down in its socalled reduced/canonical form. In this form the lefthand side of (A.10) is a function of a single error
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term. If one follows this route of action it can be shown that the reduced form of (A.10) is an MA(13)-process in
which the 14 parameters are functions of the four hyperparametersin the structural time series model. In principle
the constrained MA-parameters can be found by equating the autocovariances of 6, 16,12 y, following from the

structural time series model and the MA(13) process respectively. This implies solving a simultaneous non-linear
equation system. Such a system will have more than one solution, but only one of them will be consistent with
invertibility of the MA-process. With the seasonal process used in this structural time series model the

autocovariances are given by:

(A11.1) var(01^12 Y t ) = 12aw +2auu +Ø 2  +Ø 2.,

(A11.2) cov(0 1 012 y t , Ol ^12 Y t-1) = 1 laW - 4c5 2 - 26 EE ,

(A11.3) cov(A 1
 

Al2Yt9A1Al2Yt-2) = 106 2̀,, +6 2 ,

(A11.4) cov( 0 1 0 12 Y t 9 Al Al2 Y t-i ) = (12 — i);3 <— i _< 10,

(A11.5) COV(Al ^12 Y t ^ ^'1 ^12 Y t-11 ) = 
0

.2
v 4.

(A11.6) COV(01^, 1 2 y t, t11^12 Y t_ 1 2 ) = -
 a _uu 2^.,2

(A11.7) COV(Ol ^ 12 Y t ^ ^1 ^12 Yt-1 3 ) = a ^, and

(A11.8) COV(Ol ^12 Yt , - 1 A12 Yt- i ) = 0; i > 14_ .
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Appendix B. Properties of the basic
structural model with the harmonic
seasonal specification

Further insight about the seasonal model based on harmonic functions can be obtained by solving for yl,t in (1.7a)

and (1.7b) and inserting the results together with the expression for 76,t into (1.6) . This yields when B again is the

backward operator:

[1— cos(^, )13]o)^ + [sin(^, ^ )B]c^ * 	 (1){ 	J	 J,t 	 J	 J,t  + 	6,t 	
(B.1) Yt =	 2  

j=1 	[1 -2cos(^,j)B +B ]	 1—B

The earlier introduced summation operator can be written as the product of the full complement of trigonometric
operators.

6

(B.2) S(B) = n Y  (B), where
j=1

(B.3a) Y (B)=1—(2cos(X j ))B+B 2 , j=1,...,5 and

(B.3b) y 6 (B) = + B.

Let furthermore Si (B) be defined by:

(B.4) S i B = 
 S(B) 

 ,J ( )	 B J =1, . . . ,6 .
Y ( )

It can be shown that:

5 [1 — cos(k )B]co+ [sin(^, ^ )B]co *	 S6 B c^
B.5	 —	 S^$ 	J	 J,t 	J,t +  6 ( ) 6,t 
( ) Yt ^ Si( B){	 ^

j=1 S(B)	 S(B)

Multiplying with S(B) on both sides of (B.5) yields:

5
(B.6) y t = Esi(B){{1 —  cos(a,  )B]c) j , t + [sin(X,  )Bco;,t } + S6 (B).

j=1

From our stochastic assumptions it follows that only one hyperparameter is involved both for the dummy seasonal
and the harmonic seasonal specification. For both seasonal models it is the case that the sum of the seasonal
component taken over 12 consecutive months equals zero. However, whereas this sum follows a white noise
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distribution in the case with the dummy seasonal specification, it follows a smoother process in the case with the
harmonic seasonality specification. Since the S S (B) terms can be written as:

(B7.1) s,(B)= [i — s+Bz ][i+B2 ][i+s+BZ ][i+ ,5B+B2 ][i-s],

(B7.2) s2 (B)= [1.—/3-B+B2 ][1+s2 ][1+s+ B2][1 + 13-s +B2111-13],

(B7.3) s 3 (B)=[i —/3-B+Bz I[i —s+Bz ][i+B+a z ][i+ ,TSB +B2 ][i—B],

(87.4) s4(s)=[i -/3s+Bz][ i - B+BZ][1+s2][I+	 B2][1 -13],

(B7.5) S 5 (B) =[1—fB+B 2 ][1—B+B 2 ][1+B2 ][I+B+B2 11I— B],and

(B7.6) S6 (B)=[1 — ^B+BZ ][1 — B+BZ ][1+B2 ][I+B+BZ ][1+ZB+B 2 ],

it is evident that the maximum lag of the disturbance terms co j,t and col*„, is 10, thus S (B)yt follows an MA(10)

process in which the coefficients are constrained according to the above structural seasonal model. As with the
dummy seasonal specification the contribution from the seasonal component in the stationary form is given by (1-
B)2S(B)yt. Multiplying by (1-B) 2 on both sides of (B.6) gives:

s
(B.8) (1 — B) 2 S(B)y t = 	 (1 = B)2 Si (B){ [1 — cos(k j )B]co t + [sin(X,  )13]o ^ , t } + (1 — B)2 S6 CB* 6,t •

j=1

This means that the maximum of the disturbance terms on the right hand side of (B.8) is 12. Thus as for the model
specification with dummy seasonals (1-B) 2 S(B)yt follows a constrained MA(13) process. Thus the autocorrelation
function for (1-B) 2S(B)yt has a cutoff at lag 14 no matter whether one uses the dummy seasonal or the harmonic
seasonal model or not. In principle one can solve for the theoretical autocorrelation function of (1-B)  2S (B) yt , but
because of the MA-structure of the seasonal component the algebraic calculations are much more tedious in the
latter case and should be left to a programme such as Mathematica. It should also be emphasized that the number
of hyperparameters are the same in both the structural time series models, i.e. 4 parameters.
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Appendix C. The number of first time
registered new passenger cars in Norway
1973-1994

Month

Year
	

Jan. 	 Feb. 	 Mar. 	 Apr. 	 May 	 June 	 July 	 Aug. 	 Sep. 	 Oct. 	 Nov. 	 Dec.

1973 6219 6331 8656 8077 9289 10068 8583 8048 7186 8024 6276 3592
1974 5133 6644 8954 9330 9594 8616 8461 7258 8400 7737 6809 5275
1975 7168 7036 7579 9973 10034 10480 8641 7627 9985 11627 7969 6767
1976 8244 9059 11651 10872 12186 14183 12156 9747 11878 11357 10307 7989
1977 10739 10120 15050 13347 15174 16463 12170 10269 12358 11569 10763 10707
1978 8484 6918 7396 8225 7624 7101 5556 5515 6174 6666 6144 4270
1979 5965 6069 7818 7220 9687 9659 7165 6843 7640 9609 7689 5387
1980 7757 7106 8139 7627 9385 9066 8740 7297 8171 9934 7375 6213
1981 8139 8602 9234 8802 10251 9946 10509 7068 8518 9774 8906 6995
1982 10007 8836 10534 9542 9593 11919 10986 8062 11478 11220 9732 6164
1983 10027 9276 11156 9226 9992 10546 8731 8354 9980 10644 8730 5650
1984 8817 8152 9358 8319 10779 10097 9198 8261 8977 11570 9669 7191
1985 11563 10426 13130 12379 15304 14737 14938 12675 13794 18723 15658 11683
1986 16339 16548 15378 19572 21793 17241 13079 9982 13103 13816 9876 9185
1987 10320 10088 10892 10523 12068 11251 10747 7119 9594 10250 8319 7559
1988 9096 6572 6727 6352 6227 6110 5315 5014 5589 5194 4820 3292
1989 4288 3990 4180 5182 4774 5671 4343 4614 5037 5306 5428 4075
1990 5481 5054 5728 5071 6251 6048 5191 5025 5117 6047 5367 3289
1991 4448 4179 4607 5267 4858 4848 4684 4059 4778 5700 4636 3044
1992 5415 4553 5512 4967 5629 5432 5663 4194 5361 5821 4811 4275
1993 5769 4592 4889 4747 5228 5106 6377 5120 5797 6148 5488 4725
1994 6833 6044 7234 7966 8281 8679 8641 6823 7991 8096 8544 6197
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