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PREFACE

To create a Norwegian milieu for population studies, the Central

Bureau of Statistics of Norway has established a Socio-Demographic Research

Unit with the objective of contributing to a better understanding of popula-

tion behaviour and development through the use of numerical models and other

activities. Some of the work done in the Unit is based on the tools of

mathematics. . The present article, written by the Chief of the Unit, contains

elements of this theory. It has been included in the Bureau's series Artikler

to make it more easily available to Norwegian readers.

The Central Bureau of Statistics of Norway is grateful to Skandinavisk

Aktuarietidskrift for permission to reprint the paper. The original pagina-

tion has been retained.

The Bureau simultaneously reprints two other papers of the same

character as No. 46 in this series.

Central Bureau of Statistics, Oslo, 16 June 1972

Petter Jakob Bjerve



FORORD

For å skape et norsk milj0 for befolkningsstudier har Statistisk

Sentralbyrå opprettet en sosiodemografisk forskningsgruppe, hvis målset-

ting er å bidra til forståelse av befolkningens atferd og utvikling, bl.a.

gjennom bruk av numeriske modeller. En del av arbeidet i gruppen er basert

på et matematisk modellverkty. Denne artikkelen, som er skrevet av grup-

pens leder, inneholder elementer av denne teorien. Den er tatt inn i

Byråets serie Artikler for å gjOre den lettere tilgjengelig for norske

lesere.

Statistisk Sentralbyrå takker Skandinavisk Aktuarietidskrift for

tillatelse til gjenopptrykk av artikkelen. En har beholdt den opprinnelige

pagineringen.

Byrået utgir samtidig to andre artikler av samme karakter som

nr. 46 i Artikkel-serien.

Statistisk Sentralbyrå, Oslo, 16. juni 1972

Petter Jakob Bjerve



Purged and Partial Markov Chains

By Jan M. Hoem, Oslo

1. Introduction and summary

In multiple decrement theory, disability theory, nuptiality and fertility theory,
and in other connections, actuaries and demographers often study what in
effect is simple Markov chain models. In these models, the transition probabi-
lities are defined on the basis of the forces of transition (infinitesimal transition
probabilities). For various reasons, new models are sometimes constructed by
replacing some of a, ; original forces of transition by 0. We shall call the transi-
tion probabilities of such a new model partial probabilities.

The main purpose of this paper is to generalize and clarify the simple concept
of a partial probability. We show how it is defined within the framework of
the theory of general time-continuous Markov chains, and consider its rela-
tion to the transition probabilities of a second derived model, the purged
chain, which we also define.

2. Motivating examples

Example I: Multiple decrement theory

In multiple decrement - theory,' members of a given stock of individuals are
observed to leave the stock due to in causes of decrement. (One common
interpretation is in terms of deaths from m different causes.) To each such
cause there corresponds a continuous, age-dependent force of decrement, say
,u (xk) at age x for cause k; k= 1, 2, ..., m. An individual will not return to the
stock once he has left it.

Let t q (xk) be the probability that an x-year-old member will leave the stock
within age x + t due to cause k. Then

Obviously the value of tqP will be influenced by the values of the /um for
v +k. This is often regarded as a nuisance which one would like to eliminate. 2

A quantity

	tq x ,k = f	 exp — 11(xki)_ 0 dOldr = 1— exp — ,12(k) dT1X -FT
	0 	 0	 0

1. See e.g. Zwinggi (1945), Simonsen (1966), Sverdrup (1967).
Fix and Neyman (1951, p. 216), Henry (1959, 1963), Hoem (1968 a, § 3.2; 1968 b, § 3 D).

771 inmt

	(v) dO}dr.tqx(k) = n(k) exp — /IX 0
v =1 0
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148 Jan M. Hoem

is then introduced as a measure of the strength of cause k as a cause of de-
crement. tqx , k would be the probability that an x year old member of the
stock will leave it due to cause k within age x+t if only cause k of decrement
were at work while the other causes were inactive. The corresponding prob-
ability if only causes kl, kr (with 1,<r <m) were effective, would be

t
(k)

t x +T exp — f ritixk o d0} dr (2.1)
v=i 0

provided one of the k„ equals k.
Following Sverdrup (1967), we shall call te ) an influenced probability. We

shall call tqx , k and the quantity in (2.1) partial probabilities (DuPasquier,
1913, §4).

Other authors have used terms like "dependent" (Zwinggi, 1945; Jordan,
1952), or "crude" (Chiang, 1968) for the influenced probabilities. tqx,k has
been called an "independent" (Zwinggi, 1945) an "absolute" (Jordan, 1952),
or a "net" probability (Chiang, 1968). Unfortunately the latter term conflicts
with other demographic terminology, as the partial probabilities would cor-
respond to a gross decrement table while the influenced probabilities would
correspond to a net table (Hoem, 1968b, chapter 3).

Chiang (1968) and others would call the quantity in (2.1) a partial crude
probability.

If the total force of decrement is defined as

,ux = ,u (;), then tpx = exp — ttx+rdr}
v=1	 0

is the probability that an x-year old member of the stock will not leave till
after age x+t. At least in studies of mortality in human populations it is
customary to specify some highest living age w such that tpx =0 for t>w — x.
To make this possible, ,ux must increase without bounds as x t w.

The multiple decrement system is really only a time-continuous Markov
chain model with one transient and m absorbing states. The careers of the
individuals are regarded as independent sample paths. Such a path is in the
transient state as long as the individual belongs to the stock, and upon de-
crement from the stock, it moves to the absorbing state corresponding to the
relevant cause of decrement. The forces of decrement are the infinitesimal
transition probabilities of the process.

Example 2: A disability model

In disability theory,' one studies, among other things, a Markov chain model
with two transient states called "active" and "disabled" and an absorbing
state called "dead". 2

DuPasquier (1913), Simonsen (1966), Sverdrup (1967).
2 The latter is sometimes split into several absorbing states (Fix and Neyman, 1951; Chiang, 1968).
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Purged and partial Markov chains 149

The infinitesimal transition probabilities are called the force of disablement,
say vx, the force of recovery ex, and the forces of mortality ,uxa for the active
population and ,u ix for the disabled, respectively. The (non-infinitesimal) transi-
tion probabilities of this process will be called influenced probabilities in this
paper.

A somewhat simpler model results if 0 is substituted for ez . We shall say
that the corresponding disability model (without recovery) is partial to the
model with possible recovery, and its transition probabilities will be called
partial probabilities (relative to the original model).

Example 3: A fertility model

Elsewhere (Hoem, 1968a) we have considered a very simple fertility model
in which an x-year-old parent has a force of mortality ,u(x) and a force of
fertility gx), both of which are independent of all other factors than age, such
as the previous number of births and their spacing, etc. (This is a stopped
Poisson process.) The probability that an x-year-old parent will have k births
in the age interval [x, x + t] and survive to age x + t equals

pk(x,t) 	0(x + .„) dti k exp { _ ft,,.(x+.)+0(x+r),,} .
K! 	 0 	 0 	 •

The corresponding probability of having k births and dying within age x + t
equals

Q k(x, t) =	 Pk(x, z.),u(x + -r)dr.
Jo

The partial probability of k births, which occurs if mortality is inactive, is,
of course

Pk(x, t) = —
1 

If 
t
0(x + T.)	 k exp{ f ty6(x --F dr} .

k!	 o

3. Blanket assumptions

We shall see how the concepts of influenced and partial probabilities appear
within a more general theory. Consider a time-continuous Markov chain with
a finite or countable state space I and with time-dependent transition probabili-
ties (Feller, 1957, Chapter XVII. 9) over the fixed time interval [0, C >. If a
sample path is in state i at time s, let Pii(s, t) be the probability that it will be
in state j at time t >s.

Let PiA(s, t)	 piAs, t) for A g_. I.
5GA

The following assumptions will be adopted to hold throughout the paper.
Assumption 1. For all i and jE I,

(s, t) 0, Pi/ (s, t) = 1 for 0 <s<t<C,

Skand. AktuarTidskr. 1969



51 	1670 4 1 t„

rn Pi7 (s
ts

and

for' any sE [0,

) PA P. u) for 0 T s < t < u

Assumption 2. To every pair (i.j) of states where it/ there corresponds a
time-dependent force of transition

u(s) = lim Pii (s,t)	 s	 for s E [0,c; >	 (3.1)

Assumption 3. To every state i there corresponds a time-dependent total
force of decrement

p i (s)	 lim {1 -- Pi ,(s,t)} 1(t ,)	 c-,0 for s E [0, >

where ,u i (s) =	 p z ,(s).	 (3.2)
jEt

	We permit the possibility ,u	 (or p 1 (s)-÷ 00) as s t for some state i
and someLti. (Cf. example 1 above.) The Po(s, t) will be called the influenced
probabilities of the model.

4. The concept of a partial chain

4 A. The main idea behind the partial probabilities, as they appear in the ex-
amples of chapter 2, is that they result from the corresponding influenced
probabilities when certain forces of transition are replaced by 0. Let, then, I,
be a set of pairs (i,j) with i CI, /CI, i .1. We want to construct a set of transi-
tion probabilities from the forces of transition ý', Ls) where (i, j)1$L, while 0
is substituted for the forcc.; wher (i,j)CL.

Let K be the set of those i. e.' for which there exists a jEI such that (i,j)(fL
or (j, i) (tL. For iEK, jEK, let

p ii(s)	 for (L j)c,t 1,,
00(s) =

0	 for (i,j) C

Assumption 4. Assume that a set of transition probabilities P ii(s, t; L) can
be uniquely constructed over the state space K, with the forces of transition

and such that the Po (s., t; L) satisfy assumptions quite similar to assump-
tions .1 to 3, with

0 1 (s) =	 00(s).
JEK

We will call the P ii(s, t; L) the partial probabilities corresponding to L,
and the Markov chain model with those transition functions will be said to
be partial relative to the original one.

Assumption 4 will hold automatically if K is finite and the O ij are continuous.

1 å ii is a Kronecker delta.
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Otherwise, theorems concerning this assumption are given by Reuter and
Ledermann (1953), by Chung (1967), and by their references. In t:ilamples I
and 2 above, both I and K are of course finite. in example 3, assumption 4
holds since a Poisson process results if we let u(x) --O,

It is interesting to note that Keue	 nd Ledes rna;in (1053) actually study a
model with I {1, 2, ...} in whidl thcy, succcs:,ively lot	 substItute

0 for all y if 	r	 In our l',.rininology,	 ,oliesponds -to `letting
L	 and i ---n	 and 1K	 : i

4 B. The partial probability P f As, t;L) need not have any interpretation at
all as a probability within the original model, In some cases this is different,
however. Assume for instance that the sample space has the form I—M
where M is finite or countable, and where N	 2, ..., n} for some positive
integer n 2. Assume further that the forces of transition have the form.'

,p(s)	 for i, E M,	 -	 E N,

---- 7),),is(s)	 for i	 /E M , . 	C N ktz

10	 otherwise

We let P, i ,„ ), ) , N ,(S,	 (4	 ), and
PEN

Theorem I. Let L -	 'C	 f3E N.	 a c n E N. Pie?!

t .,L)

Pwof. If i	 lim t4s. P( , Œ). (I.N) (SI 0 "( t	 - li - 1 1 (6,. Moreover,

lim i ,{ I — P,i..),(LN)(S,W	 7Pif	 M11

The theorem then foLwAs from assumpiioci

This argument is easily extended to the case v.leie N	 (,.L	 ...;, pruvided
lim, 4 ,	 fi, (s, t)/(t -- s) exists uniformly i 	 for	 (j,i3). Our theorem I
gives a new interpretation of Sch -v,eder's theorem I (1968).

4 C. A set A of states is said to be closed if Pcu. A(s, 0-0 for any iE A and all
0 . ..,s<t‹. Let R be the set of states j for which there exists a state iEI such
that (i, AEL. In the following sections, we shall study the case where R is
closed, as it is in examples 1 and 3 above. If R is not closed, as in example 2,
the problem can often be re-defined so that a new R' becomes closed. This
may be done in the following manner.

Let I' ------- I x 11, 21. For i E I, j E I, i+j, we introduce

	p ii(s) if o:	 1, (0) t i.,
	if a 	l,fl -- 2, (i,	 L, or

if a( = (3 --- 2, and

0 if cx -- /3 --- 1,(i, DEL, or

if a ---- 1,	 2, (ì,j) L.fzt

An example with n —2 has been given by }loom (1968 b, § 3 C). IIn the example a transi
(i,1)-+ (1,2) corresponds to an emigration.

(J,ß)( )
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152 Jan M. Hoem

Assume that it is possible to uniquely construct a set of transition probabili-
ties Rri , (s, t) over the state space I', with the forces of transition vi i r, and
such that the Air satisfy assumptions quite similar to assumptions 1 to 3.

Now let rk = {(i, k) : i El} for k =1, 2; and let L' =	 : EI',]' E E}. Then
R'	 is closed, and

Rom, (5,1)(s, t; L') = Pii(s, t; L),

as follows from assumption 4 by a comparison of forces of transition. If the
tt ij similarly uniquely define the Pii(s, t), then

P15(s5 t) = -Rom, um (5, t) +	 (5,2) (s5 t) = R(i,2), (5,2)(s, O•

The idea behind this construction is as follows: Let a sample path of the original
chain be w = {S(t, co) : 0<t<4 Such a sample path will either at some time
T(w)E [0, > have a first direct transition i--->j for some (i,j)EL, or have no
such transition, in which case we let T(co)=. Assume that TO is measurable. 1

A new sample path co' = {(S(t, co), U(t, co)) : 0 t	 is then constructed by
letting

{ 1 for 0 < t < T(co),
U(t, co) =

2 for T(co) < t <

Thus w will be copied in the part I; of the state space I' until the first direct
transition in L occurs, whence it will be copied in I.

In the rest of this paper, we will take R to be a closed proper subset of I.

4 D. Let ,u i A(.) = L E A tiik) for any A g_ I. In some models, such as in example
3, lu l((.) is independent of i for iEK. It seems intuitively plausible that in such
cases the probability Pii(s, t) may generally be calculated as if the model had
two states only, viz. the "transient state" K and the "absorbing state" R.
Thus if ict iR(.)=7 (.) for all iEK, where y(.) is a continuous function over
[0, one would expect to have

PiK(s, t) = exp — y(r)	 (4.1)

for all iEK, 0 <s< t	 under rather weak conditions. We prove

Theorem 2. Assume that the limit in (3.1) exists uniformly in (i,j) for iEK, JE R.
Then (4.1) holds under the conditions stated for y.

Proof. Let 0 <s < t< t +	 and i E K. Then

1
-Ä—tfriR(s, t + At) — PiR(s, t) — PiK(s, t) y(t)

< Pik(s, —
1

PkR(t, t At) — y(t)
keK	 At

<	 Pik (s, t)
keK	 JeR

1
-7- Pki(t t + At) juki(t) < ePiK(s, t) for 0 < At < n(e,t),        

This assumption can certainly be made to hold if sup { itt i(s) : i E I, 0 <s < Cl <00, as the original
process is then a step -process (Dynkin, 1965, p. 93; Hoem, 1968 c, § 2.9).
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by the uniform existence of the limit in (3.1). Since PiR(s, t + At) — PiR(s ,
{PiK(s + At) — PiK(s, t)}, we get (a I at) Pas, = y (OP , t), from which

the theorem follows.
Formula (4.1) similarly holds if the limit in (3.1) exists uniformly in (i, j)

for i E K, j E K (instead of JER as in the theorem).

5. The purged chain

5A. It sometimes happens that sample paths which end up in the closed subset
R of the state space I, are not presented along with the rest of the data, e.g.
because they have been deliberately removed, or because such sample paths
simply have not been observed. In studies of the past fertility of women living
in some restricted area, for example, data may be collected by asking the
women living in the area at a certain date to give an account of their individual
fertility histories. In such a case, data will be missing for the women who have
died or migrated from the area before the date of observation.

We shall show that the remaining paths may generally be regarded as rea-
lizations of a new Markov chain over the state space K =I R, which we shall
call the purged chain.

5 B. Let H be the set of states in K from which R cannot be reached, and let
J=K —H. Of course, H may be empty. Otherwise H is closed. If H+0, we
shall assume that also Jr +0 and that there exists some i E J, s E [0, C >, where
PiH(s, >0, to avoid trivialities.

We wish to avoid that all sample paths end up in R by time with probability
1. We also want to secure that some paths starting in K may enter R. We
therefore make

Assumption 5. For any i EK and s E [0, >, PiK(s, >0. There exists an i EK
and an sE [0, C> such that PiK(s, C)< 1.

A sample path which does not end in R within time will have the (condi-
tional) transition probabilities

QiAs,	 PiKO, /P(s, C) for all iEK, jEK,0 s < t	 (5.1)

Specifically

Qii(s, t) =	
i-PiK(s,	 for i E J,jE H,

Pii(s, t) for i E H, jE K.
(5.2)

It is easily proved that the Q u(s, t) satisfy conditions similar to those in
assumption 1 with I replaced by K provided the following assumption holds:

Assumption 6. For any given jEK,	 is continuous from the right in
[0, C>.

Skand. AktuarTidskr. 1969



154 Jan M. Hoem

Under this assumption, the forces of transition satisfy

A 5(s) = lim Qij(s, t) /(t — s)	 (5.3)
t s

=	 PjK(S, /PiK(S, 	 for i +j,iE K, j E K,0 < s <

As in (5.2), this formula simplifies somewhat for iEJ, jEH, and for iEH, jEK.
For each iEH a total force of decrement (relative to the Q fj(s, t)) exists and
equals ,u,(s). (Cf. the second member of (5.2).) To prove the existence of a
finite total force of decrement satisfying a relation similar to (3.2) in the
purged process for an iEJ, more restrictive conditions seem necessary. Specifi-
cally, if K is finite,

2i (s) = lim {1 — Q ii (s,t)} /(t — s) =	 20(s) for all i E K.
t 4, s	 fe K—i

Obviously the sample paths removed from the data can be given a similar
treatment.

5 C. (The time-homogeneous case)
If the ,u i and the 1u are independent of s and Pu(s, s+t)=P ii(t), we have

2 i5(s) — P 5-1) ( SVPiKG

which may genuinely depend on 4 — s. Even when the transition probabilities
of the original Markov chain are stationary, :hose of the purged chain may thus
be time-dependent.

In this case, Q if(s, t) will depend on — s and — t, i.e. generally not on t — s
only.

5 D. It has some interest to compare the purged and the partial Markov chain
models. Both are derived from the original chain, and both have state space
K, but their transition probabilities will, of course, generally be different. By
(5.3) and assumption 4, the transition probabilities of the purged and the partial
chain are identical if and only if PiK(., is independent of i for iEK. (In that
case H must be empty, since otherwise 2 1(s)=Ii ii(s)/PiK(s, )>,(2,j(s) for some

E J, j E H, s E [0, >, by assumption 4.)
Theorem 2 states conditions sufficient for this to hold. We note that if (4.1)

holds, then

Pii(s, t) = Pii(s, t; L) exp —5 y(x) ch-}	 (5.4)

for all i and jEK, 0 ‹s< t<". (This follows from (5.1) and the fact that under
(4.1), Q ii(s, t)—P ij(s, t; L).) In this case, therefore, a particularly simple rela-
tion exists between the influenced and the partial probabilities.
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