


Summary

In this paper, a series of fertility models are presented as progress-
ive extensions of the basic ideas behind the life table. Dimensions like age,
parity, marital status, birth interval, and marital status duration are in-
troduced in turn, and interrelations between the various models are indicated.
The main arguments are developed in connection with a model which includes
age- and parity-specificity.

The various net (influenced) and gross (partial) fertility measures
are given some consideration. It turns out that retrospective fertility
investigations give rise to a third kind of functions, which are denoted
purged measures. These are parallel to but conceptually distinct from the
gross measures. The introduction of the purged measures seems to throw some
light on aspects of the theory which have previously appeared problematic.

The models are formulated in terms of transition probabilities rather
than survivorship functions. In a final chapter it is argued that the latter

are superfluous and even potentially harmful.

1. Introduction

1.4. For natural reasons the demographic literature is rich in
studies of various aspects of fertility. Many of these investigations
explicitly build on some model, which may be mathematically or verbally
formulated. In other cases an underlying model can be inferred from the
treatment given to the problems considered.

Several kinds of model are in use. One type which seems to be fairly
well represented, builds on extensions in various directions of some of the
basic ideas behind the life table model. (Ryder (1964, p. 453): '""The proto-
type of statistical analysis in demography is the life-table.") It is the
purpose of the present paper to study a probabilistic formulation of a set of

fertility models moulded in this tradition.

1.B. The life table model, particularly as extended to cover several
causes of decrement, has applications in a wide range of situations of which
mortality investigation is only one. (Sce for instance Depoid, 1937; Grabill,
1345; Wolfbein, 1949; Sverdrup, 1967; Potter, 1967; Hoem, 1969 a. Compare
also footnote 5 in Hajnal, 1958.) Two prominent features of this model as

applied in demography are



(i) the treatment of individual persons as units operating indepen-
dently of each other, and

(ii) the fact that only a single unspecified sex is considered.

These two features may be carried over to more complex models developed
to represent the more involved types of demographic phenomena. This gives rise
to a whole class of models which are characterized by (i) and (ii) and which
may be described within the framework of Markov process theory. The fertility
models which we shall study in this paper, belong to this class. Other
examples may be found in Du Pasquier (1912/13), Chiang (1968, Chapters 4, 5,
and 7), and Hoem (1968 a).

I.C. It turns out that we shall be able to throw some light on aspects
of fertility theory which have previously been problematic. We quote from
Ryder (1965, p. 298):

"A neglected problem concerns not the arithmetical effect so much as
the consequences for cbserved rate%l of the likely selectivity of mortality
and migration vis a vis fertility2 It is in principle possible to maintain
statistical control of those who enter or leave a cohort, if fertility
histories can be obtained for such persons, but this has not been done. A
similar problem plagues the interpretcr of retrospective cohort fertility
records, obtained by census questions addressed to women past the menopause,
who are a select subset of their cohort by virtue of survival. In summary,
the conventional cohort fertility history is a somewhat synthetic construction,
and research is required to determine the consequences of implicit selectivity."

The question of selectivity due to mortality and migration leads to
the distinction between net and gross fertility, which we will take up. Retro-
spective fertility investigations give rise to a third set of fertility func-
tions, parallel to but distinct from the gross fertility measures. We shall
give some consideration to this third set of functions as well.

Since Ryder refers to "observed rates" and to "statistical control”,
i.e. presumably to statistical estimates, we should perhaps state that results
quite similar to the ones developed here for the theoretical model, hold also
when real data are considered. (We shall not be systematically concerned
with statistical estimation theory in this paper, but have studied such quest-

ions elsewhere (Hoem, 1968b, 196%9a, 1963b).)

1) I.e. occurrence/exposure rates.

2) He then refers to Henry (1959).



1.D. Tor case of exposition we shall proceed from a particularly
simple fertility model through progressively more complex cnes. In our
first, introductory model (Model I), we will only take age-specificity into
account. In our second model, age-parity-specificity will be introduced.
Later models will contain age, parity, marital status, birth interval, and
marital status duration.

Our main points will be made in connection with the age-parity-
specific model (Model II). In many respects this model is too simple to give
a "realistic" description of fertility. However, its very simplicity permits
us to concentrate on the argumcnt which we want tc bring out without over-
burdening the discussion with the details of a more complex model. As we
shall sometimes indicate, the argument has general application and is in-
dependent of the disguise in which it appears. We have given a formulation
of the same line of reasoning in general terms elsewhere (Hoem [}Z]).

We shall sometimes use the same symbol for quantities which have the
same verbal interpretation in different mcdels, but which otherwise have
different properties. Thus, c.g., RB will designate the gross reproduction
rate in all models, but its properties differ somewhat from one model to
another. Some comparisons of such pairs of parallel concepts will be made

in 4.G and 8.E.

1.E. Before introducing the models which we intend to study, let us
close this introductory chapter by mentioning two types of designs which we
shall not consider:

(i) Fertility naturally involves parents of both sexes, and it would
be nice if our models could reflect this fact. To achieve this, it would
presumably be necessary to apply a "collective' treatment of the reproductive
population in the sense that all persons of the population were considered
simultaneously as (possibly) interacting units. To this end we would prob-
ably use models cut from the same pattern as birth-and-death processes, or
more generally the theory of branching processes. This type of model will
not be studied in the present papecr.

(ii) We shall also leave out detailed micro-models for patterns of
human reproduction, such as those studied by Sheps (1965) and her refer-

ences.



2, Some conventions

2.A. Unless something else 1s explicitly stated, our presentation
will be in terms of an actual cohort of parents in a closed population. It
is not at all necessary to restrict oneself to this case however. For one
thing the cohorts need not be closed (see 10.D), and for another the same

theoretical framework can be used in period analysis.

2.B. By a birth we shall mean a confinement producing at least one
live child, irrespective of its sex. Thus a multiple birth will be counted
as one birth in the same way as a single birth is., We shall not give any

special consideration to multiple births.

2.C. To fix our ideas, we shall take the parity of an x year old
person to be the number of births at ages up to and including age x. We
shall use the symbol N(x) for the parity at age x. An X year old person

with parity m will be called an (x,m)-person.

2.D. The highest possible live age will be designated w as usual.

The reproductive age interval will be designated <wl,m2>.

2.E. We will designate the probability that an (x,m)-person will
have parity n and be alive at age y by Pmn(x,y)9 for n2m, y2x. Similarly
the probability that an (x,m)-person will have n-m further births and then
die within age y will be designated an(x,y).

For each member of the population, let us define a survival variable
D(x) by

_ ib if the person is alive at age X,
D(x) = .
E otherwise.

Then obviously

i
it
t
it
i

P (x,y) = P{N(y) = n,D(y) 0|N(x) = m,D(x) = 0},

P{N(y) = n,D(y) = 1|N(x) = m,D(x) = 0},

an(x,y)

when N(y) is taken as the parity at death if D(y)=l. We also introduce

Wmn(x,y) = Pmn(x,y)+an(x,y) = P{N(y) = n|N(x) = m,D(x) = 0}

and Pm(xoy) = g Pmn(x’y) = P{D(y) = 0|N(x) = m,D(x) = 0}.

nzm



Thus ﬂmn(x,y) is the probability that an (x.m)-person will have n-m further
births within a period of y-x years, and Pm(x,y) is the probability that an
(x,m)-person will survive to age v.

Since obviously N(0) = 0, D(0) = 0, we get POm(O,x) = P{N(x) =m,D(x) = 0},
Qom(O,x) = P{N(x) = m,D(x) = 1}, PO(O,X) = P{D(x) = 0}, and nom(o,x) =
P{N(x) = m}.

3. Model I: Age=-specificity only

3.A. Let u(x) be the force of mortality and ¢(x) the force of
fertility for an x year old person, irrespective of parity, marital status,
time elapsed since last birth or possible marriage, etc. This will be taken
to mean the following:

We observe a person alive at age x during the age interval <x, x+Bx>

with Ax>o0. Then

(1) the probability that the person will die in the age interval without
giving birth to any children, equals u(x)Ax + o(Ax), where
o(Ax)/Ax —> 0 as Ax —> 0,

(ii) the probability that the person will have exactly one birth in the

age interval and survive to age x+Ax, equals ¢(x)Ax + o(dx),

(iii)  the probability that the person will survive to age x+Ax without
giving birth to any children in the age interval, equals
1- [p(x) + ¢(x)]Ax + o(Ax), and

(iv) the probability that the person has more than one birth, or has at

least one birth and dies within the age interval, is o(Ax).

. . >
We shall assume that p(x) and ¢(xX) are continuous functions for x=0

with p(x)>0 for 0Sx<w, U(x) —> ® as xTw, $(x)>0 for w <x<W, ¢(x) = 0 other-

1
wise. Thus the fertile period is the age interval where ¢(x)>0.

8.B. The force of fertility is of course a theoretical counterpart
to the common age-specific empirical fertility rate (with a number of births
in the numerator). Similarly u(x) is a theoretical counterpart to the age-
specific empirical mortality rate. In fact the occurrence/exposure rates
may be regarded as statistical estimates for the corresponding forces
(Hoem, 1969b, (4.3)).



3.C. One may show (Hoem, 1969b) that in the present situation the

following formulae arc valid for all m:

LY X y_ ]
P (x,y) = ET-{£¢(€)dE} exp {-£[¢(E) + n(g)|agl,

m,mtk

y
an(x,y) £ Pmn(x,i)u(i)dis and

t
P (x,x+t) 4Py T exp {~éu(x+T)dT}.

If we define the net reproduction rate RN to be the mean number of

births that will ever be born to a new-born person (counting offspring of

both sexes) then

W

(3.1) Ry = il <Po d(x)dx.

If the gross reproduction rate RB is the corresponding mean number

of births provided there is no mortality before age W, then

Wy
(3.2) Ry = £1 d(x)dx.

38.D. By definition, we have

¢(x) = lim Pm’m+l(x,y)/(y~x),
y|x
w(x) = 1lim Qmm(x,y)/(y—x), and
yx
lim P (x,y)/(y-x) = lim Q(¥sy) = 0
y|x y|x

for all other values of m and n with n>m. It is easily verified that the

formulae of 3.C satisfy these relations.

3.E. One of the disadvantages of this kind of model is that it does
not specify any largest possible parity. In fact we seec from the formulae

of 3.C that the probability that an (x,m)-person will ever experience another



birth is independent of m, which is obviously quite unrealistic. In the next

model, this defect has been removed.

4. Model II: Age~parity-spectficity. Bastiec

concepts

4.A. To get a model with age-parity-specificity, we introduce

generally

¢m(x)

1lim
yix

11}

Pm,m+l(x,y)/(y*x),

um(x) = lim Qmm(x,y)/(y-x)a and
y|x

Ym(X) lim Qm,m+l(x,y)/(y-x),

y]x

without of course using the special formulae for Pmn(x,y) and an(x,y) of
3.C. (Note the analogy with the formulae of 3.D.)

Then ¢m(x)Ax + o(Ax) 1is the probability that an (x,m)-person will
have a birth within age =x+Ax and will survive to age =xtAx. We will call
¢m(x) the force of fertility for an (x,m)-person. Of course ¢m(x) = 0 for
xéﬁ<wl,w2>. Presumably one will also have ¢m(x) = 0 for high values of m

when x only just exceeds w We assume that there is some largest possible

parity M. Then ¢M(X) wili be identically equal to zero.

Similarly um(x)Ax + o(Ax) 1s the probability that an (x,m)-person
will die within age x+Ax without having another birth. We will call um(x)
the force of mortality for an (x,m)-person.

Finally ym(x)Ax + o(Ax) is the probability that an (x,m)-person
will both have a birth and die within age x+Ax. Let us call Ym(x) the
force of childbirth mortality for an (x,m)-person.

We will take the forces of transition ¢m(x), um(x), and Ym(x) to

be continuous functions of x.

For completeness we also state that

lim Pmn(x,y)/(y—x) = 1lim an(x,y)/(y-x) =0
yx y]x

for all m and n with n>m, except in the cases at the beginning of this

paragraph.



4.B. Formulae like the following are easily cstablished and have

obvious interpretations:

1]

y -
(4.1) P _(x,y) exp-ﬁ-ﬁ[um(i) + ¢ (£) + v (£)] ag}.

n

(4.2) Pmn(x,z) kgm Pmk(X3y) ?kn(y,z)

n

(4.3) =

X SN

Pon(E) 6.(E) By (E,2) dE

]
X = N

P 1(68) 0 _(E) P (E,2)dE

m,n-1

for m<n, xsysz.

y
Quu ) = T B G,E) W (E)AE + (1-6 ) TP ) Y, (8) dE

mn’ y m,n-1

for msn, xSy, where 6mn is a Kronecker delta.

y
(5.4) P Guy) = BGoy) + L BLGE) ¢ (8) B (E,y) 4.

y
(&,y)d& + 9 / Pmm(x,E) Y, (8) dE

Y
M a(xsy) = i Pmm(x,§)¢m(£) m mtl,n x

m+1l,n

for m<n, xSy.

4.C. The probability that an (x,m)-person will reach at least parity

n within age y, is

amn(x,y) = P{N(y) 2 n|N(x) = m,D(x) = 0}

(4.5) (x,y) = f Pan-1(%08) [0, (B + v, (€)] g,

k> lTIk

for xSy, m<n; while amm(x,y) = 1. In particular,

(4.6) am,m+l(x,y) = 1-ﬂmm(x,y).

For n>m, o (x,y) also represents the expected number of n-th order
births to be prerlchOd within age y by an (x,m)-person. (Compare Karmel
(1950), formula (1).)
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4.D. ¢m(x) and Ym(x) are measures of what we might call the
"instantaneous fertility'" of an (x,m)-person. The amn(x,y) are measures of
the fertility of such a person during the age interval <x,y1. Another such
measure would be the expected number of further births within age y. This is

E{N(y)-N(x)|N(x) = m,D(x) = 0} = £ km (x,y)

vgo m,m+k

b

1

Rm(x,y)

y _ y
i P n(%:8) ¢ () Ll+Rm+l(€,y)1dA€i-£ P (x,8) v (E)dE

(4.7) Lo (x,y),

n>m

where both of the two latter formulae have obvious further interpretations.

In particular our net reproduction rate Ryes according to the verbal

N
definition given in 3.C, equals

w2 -
(4.8) Ry =R (0,0) = ; 41 Pon(0-x)[0 (x) + v (x)] dx.

4.E. The preceding paragraphs contain four measures of the short-

time fertility of an (x,m)-person. These are

¢ (x) + y_(x), which we could call the "total" force of fertility,

(x,x+1), which is the probability of having exactly one birth

m
m,m+l T
within age x+1,

o m+l(x°x+l)’ which is the probability of having a birth (i.e. at
2

least one birth) within age x+1, and

Rm(x,x-t-l)a which is the expected number of births within age x+1.

In theory, all of these are different, and they should be kept
conceptually apart. In practice, however, the numerical difference between
the four measures may well be negligible. By way of the mean value theorem,

previous formulae give

- - . . ¥ *
Wm,m+l(x,x+l) h Pmm(&’gx) q)m(gx) ﬂm+lam+l(gx’x+l) * Pmm(x’gx) Ym(gx)’
Oy (oxt1) = PaGoe)[6 (69) + v (E)] , and
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R (x,x+1) = a (x,%x+1) + the probability of having at least two
m m,m+l

births within age x+1,

where ix,izi and Eé are values in <x,xtls. Presumably the numerical differ-
ence between each of these measures and ¢m(x) + Ym(x) will generally be
swamped by the other causes of error involved in estimating the quantities

concerned.

4.F, Ryder 'has found it useful to employ & measure he has termed
the parity progression ratio. The progression ratio for a particular parity
is the proportion of women who, having arrived in that parity, move on to
the next." (Ryder, 1958, p. 43.)

A theoretical counterpart to the parity m progression ratio would

be the probability

B = P{N(w,) 2 mtl [N(wy) 2 m}

for m20, which we could call the parity m progression probability. We get

- ( > - . - -
(4.9) 8, = P{N(mz) 21} =0, (0,0,)) = 1-m (0,0,),

while for m?l,

P{N(w2)2m+1}

o (0,w,) T (0,w,)
(4.10) B_ = - o _O,mtl P27 o om * 27
P{N(w,)Zm} &y (0,0,) 0 m(0505)

4.G. Rm(x,y) depends on the parity m. We may also define parity-
independent fertility measures, even within the present model. Let R(x,y)
denote the expected number of further births within age y to an x year old

person. Then
R(x,y) = E{N(y)-N(x)|D(x) = 0} = £ E{N(y)-N(x)|N(x)= m,D(x)= 0} P{N(x)=m|D(x) =0}
m

which gives the formula

POm(OSX)

4,11 R = X —_—
( ) R(x,y) 2 Rm(x,y) PO(O,X)

Thus R(x,y) is a weighted average of the Rm(x,y).



The probability that an x year old person will have a birth within
xtAx and survive to age x+Ax, equals ¢(x)Ax + o(Ax), where

P_(C,x)
(5.12)  d(x) = & ¢ (x) =28
m m

Note the difference between the use of the symbol ¢(x) in Models I
and II. In Model I, ¢(x) was defined verbally in 3.4, and the relation given
in 38.D 1is really its formal definition. In Model II, ¢(x) is defined in
(4.12), and this quantity has the same verbal interpretation as in the
previous model. While the ¢(x) of Model I is independent of mortality by
definition; the ¢(x) of (4.12) obviously depends on mortality via the survival
probabilities.

With a similar interpretation in terms of child-birth mortality,
we introduce

Y(x) = L v (%) Eg&igiil

m M P,(0,%)

Some simple manipulations with (4.2), (4.5), (4.7), and (4.12)

then gives the formula

y
R(x,y) = [ P,
X

(0,8) [0(8) + Y(£)]dE/P,(0,%).

Furthermore, (4.8) reduces to

W
2 _ -
RN = il PO(O,X)L¢(X) + y(x)]dx.

(Compare this with (3.1).)

5. Model II: Measures of fertility in the

absence of mortality

5.4, We see from the formulae of chapter 4 that the values of
each of the functions Pmn(x,y)s Rm(x,y), Ry» R(x,y), ocmn(x,y)S Bm, and
even ¢(x) are influenced by the mortality conditions, as they depend on the
Um(x) and Ym(x). (This is the case for the an(xay), Trmn(x_,y)9 Pm(x,y)9
and Y(x) as well, of course, but that is without interest herc.) Since they
are all measures of fertility, such an influence is regarded as a nuisance

(Henry, 1959; Hoem, 1969b, §3.2). It is customary to construct corresponding
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"pure'" measures which are free from dependence of mortality by substituting
zero for all forces of mortality in the formulae of the influenced measures.
In the present context this corresponds to setting um(x) and Ym(x) identic-
ally equal to zero. Following the terminology of Du Pasquier (1912/13) and
Sverdrup (1967), we shall call the functions which then appear partial

measures, and shall designate cach of them by a bar over the symbol for the

corresponding influenced measure. Thus, for example,

— y
(5.1) Pmm(x,y) = exp {—i ¢m(5)d€},
— y ~
Rm(x,y) = ném i Pmn(xsg) ¢n(€)d€s
— y _
R(x,y) = [ ¢(&)dE, with
X
(5.2) d(x) =

% ?b (0,x) ¢ _(x).
m m m

As we have already noted, the quantity ¢(x) is influenced by
mortality in the present model. The removal of mortality therefore makes

(5.2) necessary.

5.B. By (4.5), (4.6), and (5.1)

- y
dmn(X,y) = i Pm,n—l(x’g) ¢n_l(5)d€ for n>m, and

(5.3) O‘msmi-l

y
(x,y) = 1-exp{-/ ¢ _(&)ag}.
x 'm

(Compare Karmel (1950), formula (4).) It is apparently sometimes erroneously
believed that in the absence of mortality, the expected number of first

births to a woman equals

w2
(5.4) I ¢ (x)dx,
wl 0
Wa
instead of BO = aOl(O,wz) =1l-exp{~/ ¢O(x)dx},which is the correct answer.
w
1

This belief presumably rests on a false analogy with (3.2). Whelpton, who
has explained the nature of the fallacy (1946, p. 505), calls calculation



methods based on (5.4) the "conventional procedure™ (1949, p. 735). The
numerical error resulting from the use of (5.4) can be considerable and can
lead to absurd results, such as estimates of the expected total number of
first births to a woman exceeding 1 (Whelpton, 1954, pp. 9-10). This kind
of "result' has also been found in other connections, e.g. for Norweglan

first marriages (Vogt, 1952, 1964).

5.C. We recognize the influenced functions as measures of net
fertility, as is reflected in the name of the net reproduction rate.
Similarly the partial functions are measures of gross fertility, and the
gross reproduction rate, as defined verbally in 3.C, (or more commonly in

the case where offspring of both sexes are counted: the total fertility rate)

is
Wy
) = P { .
(5.5) RB % él Pam(O,x) ¢m\x) dx

We have chosen to use the designations "influenced" and "partial”
beside the more common 'net" and 'gross', in order to emphasize the corre-
spondence with similar concepts in other applications (Hoem [)2]). Many
other names are in use for the same thing.

The origin of the idea of introducing partial measures can be

traced through Makeham (1874) and Du Pasquier (1912/13).

5.D. In sections 5.4 to 5.C, we have substituted zero for all
Ym(x) as well as for all um(x), and the partial measures resulted. Another
possibility is to substitute zero only for the um(x), while all Ym(x) are
retained. This would give us a modecl where childbirth mortality is
permitted while all other causes of death are inoperative. Such a procedure
would give rise to a set of fertility and mortality measures intermediate
between those which we have called influenced measures and those for which

we have used the term partial measures.

6. Model II: Retrospective fertility

imvestigations

6.A. In studies of the past fertility of (say) women living in
a given area (e.g. a country or part of a country), data may be collected by

asking the women living in the area at a certain date to give an account of



their individual fertility histories. In such a case, data will be missing
for the women who have died or migrated from the area before the date of
observation. In Ryder's words (sce the quotation in 1.(), the women

included in the investigation thereforec are "a select subset of their cchort
by virtue of survival". Even when we disregard all problems concerning the
reliability of the information colleccted, there is thus a systematic differ-
ence betwecen data obtained by retrospective fertility questions in a survey
or census on the one hand, and data collected by a continuous population
register, say, on the other hand (Grabill, Kiser, and Whelpton, 1958,

pp. 316, 425-426). We shall now study some particulars of such retrospective

fertility investigations.

6.B. Let the members of a particular cohort for which retrospective
fertility information is collected, be z years old on the date of observation.
Even before any data are at hand, the investigator will know that D(z) = 0
for each member investigated from this cohort. All probability statements
must take this into account. Thus for instance the probability that one
of the persons studied who had parity m at age x, will have had parity n

at a subsequent age y (mSn, xSySz), equals
P{N(y) = n|N(x) = m,D(z) = O}.

Similarly the expected number of further births within age y to such a

person equals
E{N(y) - N(x) | N(x) = m,D(z) = 0}.

In other words: In the present situation all statistical functions appear

as measures conditional upon the event '"D(z) = 0",

6.C. We introduce some additional notation: For msn, xSySz, let
A< |
Pmn(x,y,z) = P{N(y) = n|{N(x) = m,D(z) = 0}

P{N(y) = n,D(z) = 0 | N(x) = m,D(x) = 0}

P{D(z) = 0| N(x) = m,D(x) = 0}

(6.1) B (xy) P (y,2)

Pm(xsz)
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Then P;;(x,y,z) is the quantity which in the present situation corresponds

to the Pmn(x,y) of chapter 4 and the ﬁgn(x,y) of chapter 5.

6.D. Corresponding to ¢ (x) we have
& m

| . Pm+l(X’Z)
(6.2) ¢m(XSZ) = l’iz Pﬁl,ln+l(X9yaZ)/(Y“X) = (pm(X) Pm(X,Z)

Here ¢m(x) is the force of fertility for an (x,m)-person as it would appear

in a continuous registration system, and ¢§(x,z) is the corresponding force

in a retrospective fertility investigation.

Pm(x,z) and Pm+l(x,z) are survival probabilities. It is intuitively

obvious that these two functions will be equal if um+k(y) is independent of

k for k20, xSySz, i.e. if mortality is independent of parity exceeding m

in the age interval [?,z], and it is possible to prove this mathematically
(Hoem [123, 3 R). Thus the two sets of forces of fertility (for all m and
all x5z) arc identical if mortality is independent of parity. In real life,

however, mortality is probably apt to increase with parity, so that
(6.3) Pm+l(x,z) < Pm(x,z),

One must expect, therefore, that @i(xxz) s usually smaller than ¢m(x).

Grabill, Kiser, and Whelpton (1958, pp. 425-427) would seem to
take the ¢;(x,z) as the basic functions and the ¢m(x) as a kind of sub-
stitutes. They write, e.g.: '"Ideally, a cumulative birth rate for the women
in a cohort who live to a specified age would be computed by adding the
annual rates for these women during younger ages, rather than the rates for
all the women living at each younger age." (P. 425. Their italics.) For
model-building purposes it has been natural to reverse the situation and
take the ¢ _(x) as the basic functions and the ¢§(x,z) as derived ones.

Comparing fertility rates calculated from cohort data with corres-
ponding ones calculated from census data, Grabill, Kiser, and Whelpton (1958,
p. 431) find that "a substantial majority of the cumulative birth rates from
the cohort tables are slightly larger than those from the census data."
The numerical effect is very small (p. 316).

The authors explain such differences as there are in terms of
registration errors and different treatment of the data from the two kinds
of sources. Can it be possible that the systematic differences that should
be present, can have contributed to the observed differences, which are in
the "correct" direction? Or is the systematic difference between the ¢m(x)

and the ¢;(x,z) so small that it is completely swamped by other effects?
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6.E. We see from (6.1) that Pin(x,y,z) is generally different
L

from Pmn(x,y). In particular,

(6.4) P;;(x,y,y) = Pmn(x,y) /Pﬁ(x,y) > Pmn(x,y)
and
& Pm(yﬁz)
(6.5) Pmm(x,y,z) = Pmm(X,y) ‘P—(X—Z—)- > Pmm(x,y).
m 9

It is important to note that F;h(xjy,z) also generally differs
from Pmn(x,y). This is so because the ?ﬁn(x,y) can be uniquely constructed
from the forces ¢m(x), and the P;n(x,y,z) can béwuniquely constructed in
exactly the same way from the different forces ¢;(x,z). In particular (5.1)

holds for ?ﬁm(x,y), while

" y ”
(6.6) Pﬁm(x,y,z) = exp f—i ¢m(€,z) dgl.

(A proof of (6.6) is given in the appendix.)

We also see that ¢§(xsz) and Psn(x,y,z) generally depend on

mortality.
6.F.  Corresponding to the R (x,y) of 4.0 we introduce (for
xSySz)
R (x,y,2) = E{N(y) - N(x) |N(x) = m,D(z) = 0} = kg@ k Pm,m+k(X,y,z)
V- ¥
= ném ){ Pmn(XBEQZ) (bn(gaz) dg
y P +l(g,z)
= I [P (x,8) ¢n(€)—%—-(—-——)—d€~
nzm X m X 4Z

Even in the absence of childbirth mortality (i.e. even when Ym(x) z0),

R;(XaY,Z) may therefore be different from Rm(x,y). (Cfr. (4.5) and (4.7).)
In particular
ol

- RE
R = Ro(o,mz,w2)

0,w 0
B Ry (00) /B (0,0))

w P (x,w,.)
2 . m+l 20
ISR (0,%) ¢ (x) —m—— dx.

(6.7)
m20 Wy PO(O,wg)
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This is the reproduction rate (i.e. the mean number of births ever
experienced) calculated for a person who has actually survived the
reproductive period. Alternatively it may be interpreted as the mean
.number of births ever to be experienced by a new-born person who will

survive to age w This quantity should not be confused with the gross

x
reproduction rate. Since ?bn(oax) will in general be different from

0 aris . . S
POm( sX) Pm+l(x3w2) /PO(O,w ), a comparison of (6.7) and (5.5) shows that

2
R* and R, are generally different.

’ Nor should R" be confused with Woofter's completed generation
reproduction rate (1947), which is simply our RN calculated on a cohort
basis.

It may be useful to have a name for RK, and we shall call it
the purged reproduction rate. Similarly ¢;(x,z) and P;ﬁ(x,y,z), as well as
the quantities uéh(x,y,z) and Bz defined below, will be called purged
measures. The idea behind this terminology is that data of the kind
collected in a retrospective fertility investigation have the same
properties as the data that would result from purging a continuous
population register of all information concerning members deceased or

emigrated (i.e. removing such information).

6.G. As a counterpart to the amn(xsy) of 4.C we introduce

aig(x,y,z) = P{N(y) 2 n|N(x) = m,D(z) = 0O},

We get for n>m

n-1
kZ Pmk(x,z) akn(z,y) /Pm(x,z) for xSz<y,
=m '

1]
#

*
umn(x,y,z)

§ P (x,y) P (y,2) /P (x,2) for xSySz.
kzn

. *
In particular, am,m+l(x,y,y) = l-‘Pmm(x,y) /Pﬁ(x,y).

The purged parity m progression probability will be

B = PIN(w)) 2 mr1|N(w,) 2 m,D(w)) = 0}
> \ - e y
5.0 _ P{N(w,) 2 m+l{D(w,) = O}: u@)m+l(o,m2,w2) )

P{l(w,) 2 m|D(w,) = 0} agm(oswz,mQ)

. & X . N
with BO = aOl(O,wQ,wz) in particular.
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6.H. As examples of the use of the purged measures, we refer
to Welpton (1954, Table A) and Ryder (1958). In Welpton's Table A, the

column headed "total births" contains estimates of
ﬁg(o,x,x) = E{N(x)|D(x) = 0},

and the subsequent columns contain estimates of
a%m(o,x,x) = P{N(x) 2 m|D(x) = o}

for m=1,2,etc. The corresponding parity distribution can be calculated

from the formulae

P{N(x) = 0|D(x) = o}

]

1- uf (O,x X),

P{N(x) 0}

1]
i
i

a (O X,X) - (0,x,x) for m2l,

m| D(x) O 1

Ryder (1958) uses (6.8) to calculate time series of estimates for
*
the Bm.

6.1, By way of summary, then, we repeat that there is a definite
conceptual difference between the purged and the partial fertility measures.
Thus in particular the purged measures account for survival to a given age,
say z, but they do not generally result from the assumption that there is
no mortality, as seems commonly believed. (Compare, e.g., Ryder (1960),

footnote 3.)

7. Model II: Mean age concepts

7.A. In the life table model, there appears a quantity éx‘FT
representing the expected (or mean) lifetime up to age xtn of an x year
old person. In the present chapter we shall generalize this concept to the

situation described by Model II.

7.B. For an (x,m)~-person the mean lifetime in parity n within

age y is

<

emn(xay) =/ Pmn(x,é)di

X

for mSn, xSy. In particular enm(xgw) is the expected future time to be

spent with parity m. The period during which an (x,m)-person continues to
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have parity m may end in one out of two ways: either by a birth (including
possible death in childbirth) or by the death (other than in childbirth)
of the person in question. Thus emm(x,w) is not the expected waiting time

up to the next birth. The latter quantity will be introduced in 7.C below.

7.C. For an (x,m)-person who ever reaches parity n>m, let Yn be
the age at which the person experiences the n-th birth. The corresponding

mean age is

A (x) = B{Y_[N(x) = m,D(x) = 0,0(w,) 2 n}

w
2 -
(7.1) = £ y Pman_l(x,y)[@n_l(y) + Yn_l(y)ldy'/umn(x,wQ).

In particular, Am m_’_l(x)-—x represents the expected waiting time
9
up to the next birth for an (x,m)-person who will have another birth.
For an (x,m)-person who ever experiences a further birth, let
Y

.Y represent the ages at which the future births arrive, and let

m+l’" " ? m+L
;1 L

Y= ¥ Y be the observed mean age. The expected mean age at future
L g=7 mtl

births of an (x,m)-person who will experience another birth then is

It

A_(x) E{Y|N(x) = m,D(x) = 0, N(wQ) > m}

Wy

/ yngm PGoy[o (y) + v (9] dy /R (x5w,))

(7.2) Amn(x) @mn(x,w )/ Rm(x,w ).

z
n>m

7.D.  We may motivate the introduction of the Amn(x) and the
Am(x) as follows: Consider a closed group of K (x,m)-persons. Suppose
that all births and deaths in the group during the age interval Ex,wzj are
recorded. Let Bkn: 1 if person no. k ever reaches a given parity n>m, and

let Bkn =0 otherwise, for k = 1,2,...,K. If Bkn= 1, let Yk

at which person no. k reaches parity n, and let Ykn:=w otherwise. Then

Bn= E Bkn is the number of persons ever to reach parity n, and the empirical

mean age at n-th birth of the group would be calculated as

n be the age

K

W = I Y

Kn k=1 kann/Bn9

provided Bn>0° If Bn: 0, set W, arbitrarily equal to w.

Kui



21

We now introduce

- >3 < — -— 2 >
F(x,y) = P{Ykn S yiNk(x) = m,D, (%) =0, N (w,) 2 n},

where Nk(-) and Dk(=) are the values of N(+) and D(:) of chapter 2 which
correspond to person no. k. Then
P Gy o, () + v (9]

(x,y) = -2

f (x,y) ji r

mn Y7 = 3 n
T

y m a. (x,w2)

for x§y§w23 and Amn(x) is the mean of this distribution. It is possible

K

to prove that as K-*W,-% z
ko1

with probability 1, and Bn/K converges to amn(x), similarly with probability

) = e 1 g 1 7‘1
7 By, converges to the integral in (7.1)

1. Thus, with probability 1, wKn converges to Amn(x).
The empirical mean age at any future birth of the group of K

persons (with K finite) would be calculated as

K
W, = L r Y B, /B
K~ sm k=1 kn kn °
where B = I B 1is the total number of future births observed. We see that
n>m
Bn/K

W, = T W, ——.
K nsm Kn B/K

With probability 1, B/K converges to n§m amn(x,wQ) = Rm(x,w2). Utilizing

this and previous results, we sece that W, converges with probability 1

K
to the quantity in (7.2), which equals Am(x)°

7.E. It is possible to introduce quantities Eﬁn(xay), ein(xsysz)s
Amn(X), Am(x), A;n(x,z), and A;(x,z) in analogy with our account in
chapters 5 and 6. It is quite obvious how this is done, however, so we will

leave out this part of the theory.



8. Model III: The <introduction of marital
status

8.4. Our next extension is to include marital status. For our
purposes it does not matter much exactly how the various marital statuses
are defined, so let any finite set of marital states 1,2,...,J be given,
with marital state 1 corresponding to the never-married status. (For
examples, see Hoem (1968a).) For a given person, let I(x) be the marital
state at age x. (If D(x)=1, let I(x) be the marital state at death.)

In replacement of the transition probabilities Pmn(x,y) and an(x,y) we

introduce

P(e,y) = PN(y)=n, T(y)=3, D(y)=0 | N(x)=m, T(x)=i, D(x)=0},

Qig(x,y) = P{N(y)=n, I{y)=j, D(y)=1 | N(x)=m, I(x)=i, D(x)=0}.

Similarly let

i

6. (x) bim P;im+l(x,y)/<y—x>,
yyx

=
~
s
~
1]

. ii
1lim Qmm(x,y)/(y—x)9 and
y¥x

Y. (x) = lim Qii

sl m’m+l(x,y)/(y~x),

be continuous functions with interpretation as forces of fertility,
mortality, and childbirth mortality, respectively. We also introduce
forces of change of marital state (i.e. forces of primary nuptiality, of

divorce, of remarriage, ctc.) by the definition

Aijm(x) = 1lim P;%(xay)/(y—x) for i%j.
y¥x

If it is impossible to move direct from marital state i to
marital state j at age x, the corresponding Xijm(x) will be equal to zero.
Thus for example Xilm(x) will be identically zero for all i 1.

For simplicity we shall assume that it is impossible to change

parity and marital status simultaneously, and also to change marital status

and die at the same time. Formally this is included in the assumption that
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lim Plj(x,y)/(y—x) = lim Qlj(x,y)/(y-x) =0
mn X mn
y¥r Y¥X
for all m, n, i, and j apart from the four cases above and apart from the
case i=j, m=n.

We shall also need the quantities

ﬂ;i(xay) = P{N(y) = n,I(y) = j|N(x) = m,I(x) = i,D(x) = 0} =
- pid ~13
= Pmn(x,y) + Hmn(x,y), and
P;(x,y) = P{D(y) = 0N(x) = m,I(x) = i,D(x) = 0} = L L P;i(x,y)-

n=m ]

A large part of the theory of Model II can be reproduced within
the present model. Since this mostly does not really produce interesting
new problems or results, we shall mainly be content to merely indicate

some of the possibilities.

8.B. We have

.. n o .
1] _ iV V]
Pmn(x,z) = \Z) kEm Pmk(xf‘y) Pkn(ysz)

for x<ye¢z and mSn, while for m<n, x<y,

. y oo .

1] _ AV V] .

P -(x,y) = \Z) i P (x,8) ¢ (8) Pmﬂ?n(iay)dg
ST g €) PY(e,y) dt
Ty x m,n-l %> ¢\),n-l nn- °»Y )

8.C. Consider a person who at age x is alive and has parity m
and marital status i. We will designate by Gig(x,y) the probability
that such a person will reach parity n while iZn marital state § within
age y, and by Rij(x,y) the number of births expected to such a person

while in marital state j within age y. Then

.. V..
1] - 1] r
amn(x,y) = i ngn_l(xgi) [¢j,n—l(8) + Yj,n—l(g)jd’g and
ij - ij,. .
Rm (x,y) = ngm umn(x,y).
(8.1) R(x,y) = LR (x,y)

J
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will be the corresponding expected total number of births, irrespective

of marital status at birth. Ve also have
i _ ij .
(8.2) Rm(x,y) = § kgl k ﬂmam+k(A’y)'

When comparing (8.1) and (8.2) one should not draw the erroneous

conclusion that R;j(x,y) equals

13
kgl]<ﬂmgm+k(x’y)°

The latter quantity is

E{N()-NGx)] 6 N(x) = m,I(x) = 1,D(x) = 0},

I(y)'

which may be quite different from R;](X,y). (SjI(y) is a Kronecker delta,

i.e. =1 if I(y) = j, 6. (v) = 0 otherwise.)

SjI(Y) FI(y

8.D, Purged measurcs similar to those of chapter 6 build on

transition probabilities of the form

P (a,y,2) = PON(Y) = n,I(y) = §[N(x) = m,1(x) = i,D(2) = 0}

ij,. J
Pmn\x,y) Pn(y,z) .

P (x,z)
m

Purged forces of transition will appear as

o _ . weidi _
¢im(x,z) = lim Pm’m+l(x,y,z)/(y %)
y¥x
;
P™ (x,2)
P (x,z)
m
and as .
\ i P;(x,z)
Aijm(x,z) = lim P (x,y,2)/(y-x) = Kijm(x) -
y¥x Pm(xaz)

Thus there is an extra set of purged forces, just as there is an extra set
of "original®™ forces, because of thc extra dimension introduced (viz.
marital status). (8.3) shows that we can easily carry over to the present

case what was sald as a commentary to formula (6.2).



8.E., In 4.A we defined a quantity ¢m(x) and gave a verbal
interpretation of it. In the present model, a quantity with the same

verbal interpretation would be defined by the formula

o (O x)
(8.4) 4,00 = B oy (x )T —
Omv 5%

1

£ PY3(0,x) = P{N(x) = m,D(x) = 0}
jOm
and where marital state 1 still corresponds to the never-married.

where Pém(oax)

While ¢ (x) of Model II was independent of mortality by
definition, ¢ (x) of the present model generally depends on all forces of
transition, including mortality, via the survival probabilities P (o x).

We recognize the same kind of reasoning as in our commentary to formula
(4.12).

When we introduced the partial measures in Model II by replacing
all um(x) and all Ym(x) by zero while keeping all @m(x) constant, the
value of ¢(x) had to be replaced by a quantity ¢(x), which generally is
different. Similarly, if in Model III we replace all uim(x) and all

(x) by zero and keep all ¢1 (x) constant, the values ¢ (x) will generally
changc unless we make some componsatory changes in the A (x) Thus in
Model III, constant values of ¢m(x) is inconsistent with the very idea of
the partial measures, which in the present context appear through the
removal of mortality while all other basic forces of transition are kept
fixed. We see, therefore, that the properties of quantities like these
depend very much on the model in which they appear, even in cases where
the verbal interpretation of two quantities may be independent of the model.
(The same kind of ideas appear, e.g., in Stolnitz and Ryder (1949).)

In this connection there does not seem to be any model which is
"really fundamental” and in which the 'real” properties of the verbal concepts
are brought out. One could keep adding new dimensions to the fertility
model, and this would lead to a hierarchy of progressively complex and
"more basic’ models. We have included the dimensions age, parity, and
marital status. We could go on and include social status, income, resi-
dence, religious denomination, health, status and age of spouse (for
marital fertility), and so on. (Compare Murphy (1966), Chapter VI.)

There is no apparent end to this process. In practice, therefore, the
investigator must make a deliberate choice of model, and this very choice

will in itself influence his findings.



9. Model IV: The <itntroduction of birth

intervals and marital status duration

9.A. We shall not make the extensions suggested at the end of
8.E, although most of this could actually have been done with only minor
changes in notation. Instead we shall briefly indicate how important
variables like marital status duration and birth interval can be included

in the analysis.

9.B. For an (x,m)-person in marital status i, let T(x) be the
time elapsed since last birth for m2l, and let T(x)=x for m=0. Similarly,
let U(x)=x if i=1 (marital state 1 still corresponds to the never-married),
and let U(x) be the time elapsed since the last change of marital status
if i»l. We may then call T(x) parity duration at age x, while U(x)
similarly is the duration of the present marital status at age x, 1.e.
the duration of I(x). (Other definitions of "marital status duration" may
be relevant, for instance in the case of a remarried person, but U(x), as
defined above, suffices in bringing out the basic ideas of this kind of

concept.)

3.C. The durations T(x) and U(x) are brought into the analysis

by the introduction of transition probabilities of the form
54
Fmi(x,y,s,tausv) =

P{N(y)=n, I(y)=3, D(y)=0, T(y)st, U(y)Sv|N(x)=m, I(x)=i, D(x)=0, T(x)=s, U(x)=u},

and

Gig(x,y,s,tgu,v) =
P{N(y)=n, I(y)=j, D(y)=1, T(y)$t, U(y)Sv|N(x)=m, I(x)=i, D(x)=0, T(x)=s, U(x)=u}.

Forces of transition have the form

. ii
;iin( Fm9m+l(x9y ssaooou’oo)/(y_X)9

¢im(X,s,u)

. ii
lim Gmm(xayssnmauam)/(Y'x)s

uim(x,S,u)
y¥x

and so on. The whole apparatus of the previous models can be reproduced in
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the present context, but the formulae will obviously reach a new level of

complexity.

9.D. The models of the present paper appear as progressive
extensions of each other. Once Model IV has been reached, one can produce
other models by removing one or more of the dimensions included there.
There are five such dimentions in all in Model IV (viz. agc, parity, marital
status, parity duration, and marital status duration) so there are many
possibilities. The literature abounds with models which can be produced
in this way.

An example of reasoned suggestions for this kind of procedure

can be found in Ryder (1965, pp.295-296).

10. Survivorship funections. In- and o0ut-

migrat<on

10.A. 1In the life table model, Py is the probability that an
X year old member of the population survive to age xt+t. A survivorship

function QX is defined by specifying some radix QO and defining

(10.1) L= % Dy

One of the many simple relations which can then be established, is

(10.2)

A rigorous proof of this formula goecs as follows: If T denotes the total

lifetime of a member of the population considered, then

P{T>x+t}
Py = P{T>x+t]T>x} = =
P{T>x}

x+tp0

>
%P0
which by (10.1) implies (10.2).

No doubt the survivorship function is a valuable tool when
properily understood, although the one-to-one relationship (10.1) with the
survival probabilities makes it quite dispensable. Unfortunately, to use

the survivorship function also has its dangers, as we shall point out in

the following paragraphs.
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10.B. The form of formula (10.2) invites an interpretation in
terms of a number of favouralble cases divided by a number of possible cases.
As a mnemotechnical device and an aid to intuition, such an interpretation
may have its value, but it is important to be aware that it is not
rigorously correct. (The misconception that the interpretation is correct,
or even that (10.2) defines Py is often quite apparent. See, e.g.,
Menge and Fisher (1965, p.1l), ~ Saxer (1985, p.9), Zwinggi (1945, p.22).)

EX is not a number of possibic cases, and similarly 2x+t is not
a number of favourable cases. Probabilistically Rx is interprcted as the
expected number of survivors to age x of a closed cohort of QG new-born
persons, and Qx need not even be an integer. Similarly for 2x+t'

An additional weakness of a formula like (10.2) is that it may
substantiate the frequent novicial misconception that a probability must

necessarily occur as a ratioc between two mumbers of cases'".

10.C. Although this has not proved necessary, we could introduce
survivorship functions, e.g. in Model II. This might be done in analogy

with (10.1) by choosing some radix 10 and letting
(m) _ :
(10.3) lx = QO POm(O,x).

m . . .
Qi ) would then be the expected number of survivors with parity m at age x
of a closed cohort of 20 new-born persons. (Whelpton's Table C (1954%)

. . n ; ) ;
contains estimates for numerous values of Qi ).) We would then get

5 _ ,(0) (0)
Loo(x5x+t) = Qx+t / QX .

in complete analogy with (10.2). For all other values of m and n (mSn),
(n) (m) .
Pmn(x,x+t) does not equal £x+t / QXX (not even for n=m), as one might

believe at first thought. Utilizing (10.3) we see that, on the contrary,

o) _PINGert) = m, DGt) = 0
Rim) P{N(x) = m, D(x) = 0}
n
oL, PUN(x) = v, D(x) = 0, N(x+t) = n, D(x+t) = o}
i P{N(x) = m, D(x) = 0}
5 PIN(x) = m, D(x) = 0, N(xtt) = n, D(x+t) = 0}
P{N(x) = m, D(x) = 0}
= P{N(x+t) = n, D(x+t) = 0 | N(x) = m, D(x) = 0},
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so that
(m)

(n)
Pmn(x,x+t) < £X+t /kx

unless n=m=0,

In order to achieve the flexibility due to the use of the
transition functions Pmn(x,y)5 one would have to include a whole family of
survivorship functions, and even if this were done, it would not give any

new insight.

10.0. (In- and out-migration.) The survivorship function concept
is connected with a cohort closed to in-migration, but out-migration may
easily be taken care of. What we have called forces of mortality, can be
taken to represent out-migration as well as mortality. Alternatively, each
force of mortality may be split into two or more forces of decrement (i.e.
decrement from the population), one of which may represent out-migration.
(Compare Ryder (1964, p.455).)

In-migration, on the other hand, is not easily included into
arguments based upon survivorship functions. he present writer has never
seen anyone succeed in doing so, and it seems doubtful that it is at all
possible.

To this the formulation in terms of transition probabilities
offers a stpriking contrast. If we look through the arguments of chapters 2
to 9 once more, we see that in-migration poses no problem. All arguments
are given in terms of individual persuns about whom it is known that at
age x they are alive and have some parity m (and possibly also some marital
status i and given parity duration and marital status duration), and
nothing apart from this is said about their behaviour prior to age x. As
long as they have the same fertility and mortality etc. as the rest of the
population, they may have migrated into and out of the population several
times for that matter. (If the migrants differ from the original population
in respect of mortality, fertility, etc., their data should be analysed
separately.)

To be sure, the models of the present paper do not take in-
migration explicitly into account. Due to the concentration on the indivi-
dual rather than on the population as an aggregate of individuals, this has
not been necessary. To incorporate in-migration as an explicit part of the
model would require a macroanalytic approach with a "collective' treatment

of the individuals within at least one population.

10.E. In summary, then, we have refrained from using survivor-
ship functions in our fertility models because they are superfluous,
because they may be harmful since potentially misleading, and because they

may hamper the introduction of in-migration.
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Appendicx

Proof of (6.6): By (6.5),

3 = 5 3 ‘
(A1) 3y Pmm(x,y,z) i Iy Pmm(x,y)+ 5§-Pm(y,z)
P (X,y,2) P on(¥sy) P (y,2)

Differentiation in (4.4) gives

5-9; P (x,y) = B__(x,y) [l (%) + ¢ (x) + y (O] = B (y) ¢ (%)

+
X<

P (%,8) {pm(x) t ¢ (%) + Ym(x)I ¢ (&) Pm+l(g,y)<ig

i
lae)

LGy T () g (%) F ym(x)] - Pm+l(x,y) ¢m(x).

Introducing this in (A.1), we get

W Pmm(xsy,Z)

- - q}r;(.V:tZ)'

P (x,y,2)

Since P;m(xax,z) = 1, (6.6) immediately follows.| |
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